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PREFACE  TO  SECOND  EDITION 

All  the  material  in  the  first  edition  has  been  retained  essentially 
in  its  original  form.  The  principal  addition  is  an  outline  of 
laboratory  experiments  on  alternating  current  machinery, 
correlated  with  the  presentation  of  principles  in  the  text.  A 
number  of  new  problems  have  been  added,  but  it  must  not  be 
forgotten  that,  in  order  to  secure  good  results  in  the  teaching  of 
alternating  currents,  an  abundance  of  problems  with  quantitative 
data  from  power  systems  and  machines  with  which  the  student 
comes  in  direct  contact  must  be  provided  by  the  instructor. 

Helpful  criticism  and  suggestions  for  improvement  have  been 
received  from  many  sources.  Special  credit  is  due  my  colleague, 
Assistant  Professor  L.  F.  Curtis,  for  the  computations  for  Line 
C,  Chapter  XXVII,  and  for  much  of  the  material  in  the  labora- 
tory experiments. 

C.  Edward  Magnusson. 

Univebsitt  of  Washington,  Seattle,  U.  S.  A., 
November  22,  1920. 


PREFACE  TO  FIRST  EDITION 

This  book  is  an  outUne  of  lectures  and  class-room  discussions  on 
alternating-current  phenomena  given  by  the  author  during  the 
past  ten  years  to  students  in  the  University  of  Washington.  A 
text-book  for  undergraduates,  in  so  extensive  a  field,  must  be 
limited  to  fundamental  principles  with  a  few  illustrations  of  their 
application  to  industrial  problems. 

Energy  transformation  and  energy  transmission,  with  due 
emphasis  on  the  storage  features  of  the  magnetic  and  dielectric 
fields,  are  the  f  imdamental  concepts  in  the  study  of  all  alternating- 
current  phenomena.  On  the  energy  basis  the  apparently  widely 
divergent  phenomena  of  the  magnetic,  electric  and  dielectric 
circuits  can  be  coordinated  under  the  same  general  laws. 

The  topics  discussed  are  arranged  in  the  sequence  that  has 
proved  advantageous  to  the  student.  The  elemental  principles 
are  first  applied  to  the  transformer,  as  this  is  the  pivotal  apparatus 
of  alternating-current  systems  and  also  the  simplest  of  all  alter- 
nating-current machines.  The  treatment  of  long-distance  trans- 
mission lines  in  the  last  chapter  is  more  extensive  than  is  ordi- 
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narily  given  in  undergraduate  courses.  The  author  believes  that 
after  the  student  has  completed  a  general  survey  of  the  iQain  char- 
acteristics of  alternating-current  machinery,  as  given  in' Chapters 
XII  to  XXVI  inclusive,  it  is  highly  desirable  that  at  least  one  cor- 
ner of  the  field  be  examined  more  thoroughly.  For  this  purpose 
long-distance  transmission  lines  offer  special  advantages  in  that 
the  problem  is  complicated,  the  solution  is  particularly  elegant 
and  the  theoretical  equations  must  be  used  in  the  computations 
of  commercial  transmission  Unes. 

The  purpose  of  the  book  is  to  aid  the  student  in  gaining 
clear  concepts  of  what  actually  takes  place  in  alternating-current 
machinery,  to  explain  the  relations  between  the  factors  involved 
and  to  express*  the  physical  facts  in  mathematical  forms  in  such 
manner  that  the  student  shall  understand  the  equations  and  be 
able  to  use  them  rationally  in  the  solution  of  every-day  industrial 
problems.  Graphical  diagrams  are  used  extensively  to  show  the 
relations  between  the  phjrsical  concepts  and  the  algebraic  equa- 
tions. For  convenience  a  few  t3rpical  problems  are  included, 
but  it  is  essential  that  the  teacher  supply  an  abundance  of  prob- 
lems with  quantitative  data  in  accord  with  local  conditions. 
The  use  of  problems  relating  to  nearby  power  systems  or  to  ma- 
chines  in  the  laboratory  is  of  great  importance,  for  the  center 
of  interest  must  be  on  the  real  machines  and  on  the  alter- 
nating-current phenomena  as  they  appear  in  industrial  problems, 
otherwise  the  student  merely  recites  from  a  text-book,  which 
would  be  of  little  or  no  value. 

In  the  preparation  of  the  book  material  has  been  drawn  from 
technical  joiurnals  and  other  sources,  while  space  limitations  make 
it  impossible  to  give  the  references  except  in  a  few  special  cases. 
Even  a  casual  examination  of  this  volume  will  show  the  author's 
indebtedness  to  the  matchless  works  of  Dr.  C.  P.  Steinmetz  and 
to  Dr.  A.  S.  McAllister's  treatise  on  alternating-current  motors. 
Credit  should  be  given  to  my  colleague,  Assistant  Professor  F. 
K.  Kirsten,  for  the  computations  on  the  long-distance  trans- 
mission lines  A  and  B,  Chapter  XXVII.  The  author  also  desires 
to  acknowledge  indebtedness  to  Dean  A.  S.  Langsdorf,  Dr. 
A.  S.  McAllister,  Mr.  L.  F.  Curtis,  Mr.  S.  R.  Burbank  and 
Professor  E.  A.  Loew  for  helpful  criticism  and  for  many  valu- 
able suggestions. 

C.  Edward  Magnusson. 

University  op  Washington,  Seattle, 
June  28,  1916. 
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INTRODUCTION 

A  logical  analysis  of  cause  and  effect  in  electrical  phenomena 
shows  that  the  Principle  of  the  Conservation  of  Energy  is  the 
fundamental  assumption,  the  basis  upon  which  the  argument 
rests.  Electrical  engineering  deals  with  energy,  not  only  in  the 
electric,  magnetic  and  dielectric  forms  and  their  interrelated 
phenomena,  but  also  with  its  transformation  into  light,  heat,  me- 
chanical work  and  chemical  reactions.  Moreover,  during  the 
many  transformations  which  the  energy  can  undergo  while  in  the 
electric  form,  it  is  essential  for  a  clear  understanding  of  the  proc- 
esses involved  that  the  student  should  take  observations  from 
the  energy  point  of  view.  In  general  the  problem  of  the  elec- 
trical engineer  consists  of  receiving  energy  in  the  mechanical 
form  from  a  prime  mover,  transforming  it  into  electric  energy, 
transmitting  in  this  form  to  the  desired  locality,  reconverting 
the  energy  and  delivering  to  the  customer  light,  heat  and  power. 
Electric  energy  is  the  connecting  link  or  chain  by  which  energy 
can  be  economically  transmitted  and  effectively  controlled.  To 
study  readily  the  laws  for  the  generation,  transmission  and  con^ 
trol  of  electric  energy  it  has  been  found  expedient  to  group  the 
phenomena  into  three  divisions: 
I.  Direct  Currents. 
II.  Alternating  Currents. 

III.  Electric  Transients. 

This  grouping  is  of  special  advantage  to  the  student  as  it  fol- 
lows the  natural  order  of  first  analyzing  the  simple  problem  and 
then  proceeding  to  more  complex  phenomena. 

Direct  Currents. — In  the  field  covered  by  direct  currents  the 
fundamental  laws  are  fully  established  and  the  phenomena  can  be 
calculated  with  mathematical  exactness.  In  direct  currents  the 
flow  of  energy  is  continually  in  one  direction.  The  energy  deliv- 
ered is  changed  into  heat,  light  and  mechanical  work,  or  stored 
chemically.  The  laws  for  direct  currents  state  the  relations  of 
the  several  factors  involved  when  the  current  and  voltage  have 
reached  constant  values  and  can  not  be  correctly  applied  while 

the  current  or  the  voltage  is  increasing  or  decreasing. 
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xiv  INTRODUCTION 

Electric  Transients. — While  the  current  or  voltage  increases, 
as  when  the  circuit  is  formed,  energy  is  being  stored  in  the  mag- 
netic and  dielectric  circuits;  and  part  or  all  of  this  energy  will  be 
returned  to  the  electric  circuit  when  the  current  or  voltage  de- 
creases. Phenomena  that  occur  during  the  change  of  circuit 
conditions  are  of  comparatively  short  duration  and  hence  form 
part  of  Group  III. 

The  chief  characteristic  of  transients,  as  implied  by  the  term, 
is  their  limited  and  usually  short  duration  between  two  periods  of 
stable  conditions.  Often  the  meaning  given  to  the  term  tran- 
sients is  broadened  so  as  to  include  other  phenomena,  such  as 
unstable  electric  equilibrium,  permanent  instability  and  cumu- 
lative oscillations,  that  would  not  be  included  by  the  above 
definition. 

Short  circuits,  lightning  discharges,  switching  under  load, 
opening  field  circuits,  and  similar  sudden  changes  with  their 
resultant  effects  on  the  system  are  included  in  this  division.  Any 
disturbance,  even  a  small  change  in  load  or  voltage,  causes  a 
readjustment  of  the  energy  content  in  the  system  and  hence  pro- 
duces a  transient  condition.  The  interdependence  of  the  impe- 
dance, dielectric  stresses  and  other  factors  with  the  periodicity, 
voltage,  current,  etc.,  forms  the  vast  and  extremely  important 
field  of  transient  phenomena.  This  field  is  rapidly  increasing  in 
commercial  importance  and  a  better  understanding  of  transients 
and  related  phenomena  is  now  necessary  for  the  successful 
operation  of  large  power  systems. 

Alternating  Currents. — In  this  volume  are  discussed  the  laws 
for  energy  transfer  and  transformation  when  the  current  and 
voltage  periodically  change  directions;  that  is,  for  alternating 
currents.  In  the  direct-current  generator  the  voltage  induced  in 
the  armature  reverses  in  direction  when  passing  from  one  pole 
to  the  next.  In  the  armature  the  voltage,  and  hence  the  result- 
ing current,  is  alternating,  and  it  requires  a  continuous  commuta- 
tion to  produce  unidirectional  voltage  and  current  at  the  brushes. 
By  eliminating  the  commutator  and  substituting  collector  rings, 
the  alternating  voltage  generated  in  the  armature  causes  alter- 
nating currents  to  flow  through  the  circuit.  With  the  rapidly 
changing  magnitude  of  current  and  voltage  many  new  factors 
must  be  taken  into  consideration.  The  laws  as  developed  for 
direct  currents  must  be  modified  so  as  to  include  these  addi- 
tional factors  before  application  can  be  made  to  an  alternating- 
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current  system.  The  phenomena  of  magnetic  and  dielectric 
induction  are  of  fundamental  importance  and  become  essential 
parts  of  the  calculation.  The  flow  of  energy  need  not  be  continu- 
ous in  one  direction  as  for  direct  currents,  but  by  virtue  of  the 
storage  possibilities  in  the  magnetic  and  dielectric  fields  it  may 
change  in  direction  during  each  cycle.  The  field  covered  by  alter- 
nating currents  has  been  thoroughly  investigated  and  the  funda- 
mental laws  are  now  well  known  and  can  be  expressed  in  the  form 
of  quantitative  equations.  By  the  use  of  effective  val'ues  and  com- 
plex quantities  alternating  currents  may  be  expressed  like  continu- 
ous phenomena  and  the  laws  stated  as  completely  and  concisely 
as  for  direct  currents. 
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CHAPTER  I 

THE  ELECTRIC  FIELD 

In  1831  Joseph  Henry  in  America  and  Michael  Faraday  in 
England  showed  that  a  conductor  canning  an  electric  current 
was  surrounded  by  magnetic  and  dielectric  fields,  and  determined 
the  fundamental  relations  existing  between  the  current  in  the 
conductor  and  the  magnetic  field  in  the  surrounding  space.  Any 
variation  of  the  current  in  the  conductor  produces  a  correspond- 
ing change  in  the  magnetic  field.  While  the  current  is  increasing, 
energy  is  stored  in  the  magnetic  field  and  while  the  ciurent  de- 
creases the  magnetically  stored  energy  is  returned  to  the 
electric  circuit. 

Similarly  energy  is  stored  dielectrically  (electrostatically)  in 
the  space  between  conductors  differing  in  electric  potential. 
With  increasing  difference  of  potential,  energy  is  stored  in  the  di- 
electric, and  while  the  potential  decreases  the  dielectrically  stored 
energy  is  returned  to  the  electric  circuit.  These  effects  of  the 
electric  current  and  voltage  on  the  siurounding  space  are  termed 
magnetic  induction  and  dielectric  (electrostatic)  induction;  and 
the  laws  of  the  energy  changes  causing  these  magnetic  and  di- 
lectric  phenomena  are  of  fundamental  importance  in  the  study 
of  alternating  currents. 

Lines  of  Force. — In  the  description  of  his  experiments  Faraday 
developed  the  idea  of  ''magnetic  curves"  and  "lines  of  magnetic 
force."  Although  lines  of  force  had  been  used  in  earlier  publi- 
cations, it  was  Faraday  that  applied  the  concept  to  magnetic 
and  dielectric  phenomena.  By  means  of  a  system  of  lines  of 
force  he  mapped  the  properties  of  the  magnetic  and  dielectric 
fields.  The  space  surrounding  a  magnet  as  well  as  the  electric 
field  siurounding  a  conductor  carrying  electric  power  was  pic- 
tured as  containing  a  definite  number  of  lines  of  force  possessing 
clearly  defined  properties.  This  method  has  proved  Extremely 
useful  for  both  practical  and  theoretical  purposes.    Th€l  designer 
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.of  elecMcai  machinery  bases  his  quantitative  calculations  on  the 
number  of  lines  of  force;  theoretical  investigations  are  based  on 
the  distribution  and  interaction  of  the  lines  of  force;  and  even 
superficial  electricians  make  use  of  the  lines  of  force  as  a  guide. 
The  phenomena  of  magnetic  and  dielectric  induction  are  closely 
related  and  both  can  be  expressed  by  similar  systems  of  lines 
of  force  having  almost  identical  propertiesc 
Magnetic  Lines  of  Farce. 

(a)  All  magnetic  Unes  of  force  or  "lines  of  induction"  are 
continuous  and  closed  upon  themselves. 

(b)  The  direction  of  a  magnetic  line  of  force  at  any  point 
follows  the  resultant  of  the  magnetic  forces  acting  on  a  north 
pole  placed  at  the  point. 

(c)  Magnetic  lines  of  force  in  the  same  direction  repel  and  in 
opposite  directions  attract  one  another. 

(d)  The  strength  of  a  mag-  ^^^^^^^^^^^ 
netic  field  is  measured  by  the  |  -^  I 
density  of  the  lines  of  force. 

Dielectric  Ldnes  of  Force. 

(a)  All  dielectric  lines  of  force       f ^ T 

are  continuous  and  terminate  Fig.  1.— Electric  circuit, 

at  conductors. 

(6)  The  direction  of  a  dielectric  line  of  force  at  any  point  fol- 
lows the  resultant  of  the  dielectric  forces  acting  on  a  conductor 
of  positive  potential  placed  at  the  point. 

(c)  Dielectric  lines  of  force  in  the  same  direction  repel  and  in 
opposite  directions  attract  one  another. 

(d)  The  strength  of  a  dielectric  field  is  measured  by  the  den- 
sity of  the  lines  of  force. 

Energy  Stored  in  an  Electric  Field. — ^Let  Fig.  1  represent  an 
electric  circuit,  in  which  a  generator,  G,  supplies  power  to  a  load, 
M.  Inside  the  conductors,  A  and  B,  some  of  the  electric  energy 
is  converted  into  heat,  as  represented  by  the  ri^  losses.  In  the 
space  surrounding  the  conductors  magnetic  and  dielectric  forces 
exist,  and  these  can  best  be  studied  by  means  of  magnetic  and 
dielectric  lines  of  force.  In  a  single  conductor,  A,  the  magnetic 
properties  of  the  electric  field  can  be  pictured  by  lines  of  force 
as  in  Fig.  2. 

The  conductor  is  surrounded  by  a  magnetic  field  as  shown  by 
the  continuous  lines  drawn  concentric  with  the  conductor.  The 
field  is  strongest  at  the  surface  of  the  conductor  and  rapidly  de- 
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creasea  with  increasing  distance  from  the  conductor  as  ia  indi- 
cated by  the  spacing  of  the  Unes. 

Likewise  in  Fig.  4,  the  dielectric  Btreases  surrounding  the  con- 
ductor are  represented  by  the  lines  drawn  radially  from  the  con- 


'Magnetic  field  of  circuit. 


ductor.  The  strength  of  the  dielectric  field  likewise  decreases 
with  the  distance  from  the  conductor  as  indicated  by  the  widen- 
ing of  the  space  between  the  lines. 

If  both  conductors  are  brought  close  together,  both  the  mag- 
netic and  dielectric  stresses  in  the  electric  field  will  be  modified 


Fio.  4. — Dielectric  field  of  Fia.  5. — Dielectric  field  of  circuit, 

single  conductoi. 

as  represented  by  the  distribution  of  the  lines  of  force  in  Figs. 
3  and  5.  Superimposing  the  magnetic  and  dielectric  hnes  a  map 
(rf  the  complete  eUdnc  field  for  the  circuit  is  shown  in  Fig.  6. 
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Magnetic  Energy. — The  magnetic  flux  *  surrounding  a  con- 
ductor is  proportional  to  the  current  as  expressed  by  equation  (1) . 

,t,  =  Li  (1) 

The  proportionality  factor  L  is  called  the  Indudartce  of  the 
circuit.  The  magnetic  field  represents  energy,  stored  in  the  space 
surrounding  the  conductor,  and  hence  requires  energy  from  the 
electric  circuit  to  produce  it.  Expressing  power  in  terms  of  cur- 
rent and  voltage  we  have  equation  (2)  in  which  tC  is  called  the 
inductance  voltage. 

P  =  .«■  (2) 


Fia.  6. — Dielectric  and  magnetic  fields,  or  electric  field  of  circuit. 

The  voltage  ^e  required  to  form  the  field  is  directly  proportional 
to  the  rate  of  change  of  the  flux. 

'*  (3) 


Hence  by  (1) 


(4) 

The  energy  suppUed  hy  the  power  p  in  forming  the  magnetic 
field  is: 

dW=  pdt  (6) 

By  (2)  and  (4): 

W  =  L^[idi  (6) 

w-'4  (') 
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The  energy  stored  magnetically  in  the  electric  field  surround- 
ing a  conductor  is  proportional  to  the  square  of  the  current. 
When  the  current  decreases  the  energy  ia  returned  to  the  circuit, 

di 
for  if  %  and  therefore  *  decrease,  then  ^  and  hence  *6  are  nega- 
tive; which  means  that  the  energy  is  returned  to  the  electric 

circuit. 

The  practical  unit  of  inductance  L  is  the  henry.  In  any  con- 
sistent system  of  units  a  circuit  possesses  one  unit  of  induc- 
tance if  a  unit  rate  of  change  of  current  in  the  circuit  generates 
or  consumes  one  unit  of  voltage.  If  the  current  changes  at  the 
rate  of  one  ampere  per  second  and  the  voltage  generated  or  con- 
sumed is  one  volt  then  the  inductance  in  the  circuit  is  one  henry. 

Dielectric  Energy. — ^For  the  dielectric  field  exactly  similar  rela- 
tions exist.    The  dielectric  flux  ^  is  proportional  to  the  voltage. 

^  =  Ce  (8) 

• 

The  proportionality  factor  C  is  called  the  condensance  (capaci- 
tance) of  the  circuit.  The  dielectric  field  represents  energy  stored 
in  the  dielectric.  This  energy  must  be  supplied  by  the  electric 
circuit  when  the  dielectric  field  is  established. 

p  =  eie  (9) 

In  equation  (9)  the  p>ower  required  to  produce  the  dielectric 
field  surrounding  the  conductor  is  expressed  in  terms  of  the  vol- 
tage e  and  the  condensance  current  ei.  The  condensance  current 
is  directly  proportional  to  the  rate  of  change  in  the  dielectric 
flux. 

d^ 
ci  =  -li  (10) 


From  (8)  and  (10) : 


dt 

ci-C%  (11) 

dW  =  pdi  (12) 

W^C\\ede  (13) 

W^^  (14) 

Hence  the  energy  stored  dielectrically  in  the  electric  fleld  sur- 
rounding a  conductor  is  proportional  to  the  square  of  the  voltage. 
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When  the  voltage  decreases  the  energy  is  returned  to  the  electric 

circuit,  for  if  e  and  therefore  ^  decrease,  then  -^  and  hence  ei  are 

negative,  which  means  that  the  energy  is  returned  to  the  electric 
circuit. 

The  unit  of  condensance  (capacity),  C,  is  the  farad.  In  any 
consistent  system  of  units  a  circuit  possesses  one  unit  of  con- 
densance if  a  unit  rate  of  change  of  voltage  produces  (or  absorbs) 
one  unit  of  current,  K  the  voltage  changes  at  the  rate  of  one 
volt  per  second  and  the  current  produced  (or  absorbed)  is  one 
ampere,  the  condensance  of  the  circuit  is  one  farad.  The  farad 
is  too  large  a  unit  for  practical  use  and  hence  in  most  commer- 
cial problems  the  condensance  is  measured  in  microfarads. 

1  farad  =  10*  microfarads. 

Kinetic  Energy. — In  dealing  with  new  phenomena  it  is  well 
to  compare  the  derived  expressions  with  the  laws  of  similar 
phenomena  previously  studied. 

The  storing  of  energy  in  a  moving  body  follows  relations 
exactly  analogous  to  those  just  derived  for  dielectric  and  mag- 
netic fields.  Using  the  customary  notation  for  mass  (Jf),  force 
(F),  velocity  (v),  acceleration  (a),  power  (p),  and  energy  (W),  we 
have  the  relations  given  in  equations  (15)  to  (21). 

F  =  Ma  (16) 

dv  ,^^v 

a  =  ^  (16) 

p  =  F»  (17) 

dW=pdt  (18) 

dW  =  Mvdv  (19) 

W  =  M^^vdo  (20) 

F  =  ^'  (21) 


The  energy  stored  kinetically  in  a  moving  mass  is  propor- 
tional to  the  square  of  the  velocity.  If  the  moving  body  is 
connected  to  a  machine,  as  the  reciprocating  parts  of  a  steam 
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engine,  when  the  velocity  is  reduced  the  energy  is  returned  to  the 
system.  In  such  reciprocating  parts  energy  is  stored  when  the 
velocity  of  the  mass  increases  and  returned  when  the  velocity 
decreases. 

By  comparing  equations  (7),  (14)  and  (21)  it  is  readily  seen 
that  inductance  (L),  condensance  (C),  and  mass  {M)  are  simi- 
lar coefficients  representing  the  amount  of  energy  that  can  be 
stored  in  the  system  for  any  given  current,  voltage  or  velocity. 

In  order  to  use  these  equations  for  numerical  calculations  the 
proper  units  and  reduction  factors  must  be  used.  For  com- 
mercial work  the  following  units  are  in  general  use: 

Energy  in  a  Magnetic  Field. — 

_,.     ,    .       L(henrys)  i^  (amperes) 
Tr(joules)  = 2 

Energy  in  a  Dielectric  Field. — 

,^,.     ,    ^       C (microfarads)  e*  (volts) 
TF(joules)  = 2^^j^i 

Energy  in  a  Moving  Body. — 

.r«./       X       M(grams)  v^  (cm.  per  sec.) 
Tr(ergs)  = 2 

,^,.     ,    ^       Jf  (kg.)  v^  (meters  per  sec.) 
TF(joules)  =  2 * 


TF(ft.-lb.)  = 


MQb,)  v*  (ft.  per  sec.) 


2  X  32.2 

1  joule  =  1  watt-sec.  =  10^  ergs  =  0.7376  ft.-lb. 

=  0.2389  g.-cal.  =  0.102  kg.-m.  =  0.0009480  B.t.u. 
1  ft.-lb.  =  1.356  joules  =  0.3239  g.-cal.   =  0.1383  kg.-m. 

=  0.001285  B.t.u.  =  0.0003766  watt-hour. 
1  B.t.u.  =  1,055  joules  =  778.1  ft.-lb.  =  252  g.-cal. 

=  0.2930  watt-hour. 

The  close  analogy  existing  between  the  magnetic  and  dielectric 
(electrostatic)  fields  can  best  be  shown  by  arranging  the  cor- 
responding quantities  in  tabular  form  as  in  Table  I.  The 
equations  will  also  serve  as  definitions  for  terms  used  when 
discussing  the  properties  of  the  magnetic  and  dielectric  fields. 

The  magnetic  and  dielectric  phenomena  are  caused  by  energy 
changes.    The  laws  for  storing  and  returning  energy  in  the 
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Tablb  I^ 


Magnetio  field 


Magnetic  flux: 

^  »  LilO*  lines  of  magnetic  force 
Inductance  voltage: 


.e  ^n-^^  10- 


L  ^  volta 


Magnetic  energy: 

Li*.        ' 
tr  =  -s"  joules 

Magnetomotive  force: 

if  ^  ni  ampere-turns 
Magnetizing  force: 

F 

/    =  7  ampere-turns  per  cm. 

Magnetic-field  intensity : 
3C  —  4ir/10~*  lines    of    magnetic 
force  per  cm.* 

Magnetic  density: 
(B  B  M^  lines  of  magnetic  force, 
per  cm,« 

Permeability:  fi 

Magnetic  flux: 

^  »  il(B  lines  of  magnetic  force. 


Dieleotrio  fidd 


Dielectric  flux: 

^  ^  Ce  lines  of  dielectric  force 
Condensance,  permittance  (capacity) 
current: 

Dielectric  energy: 

Ce* 
w  =  -ft-  joules 

Electromotive  force: 

€    =  volts 
Electrifying  force  or  voltage  gradient: 

O  »  J  volts  per  cm. 

Dielectric-field  intensity: 

G     lines  of  dielectric  force 

per  cm.' 
Dielectric  density: 
D  =  kK  lines  of  dielectric  force 
per  cm.* 
Condensivity,  permittivity  or  specific 

capacity:  k 
Dielectric  flux: 

"9  —  AD  lines  of  dielectric  force 


v  «  3  X  10"  «  velocity  of  light 


magnetic  field  are  exactly  analogous  to  the  laws  for  a  like  energy 
transformation  in  the  dielectric  field.  Much  confusion  has  been 
caused  by  erroneous  metaphysical  concepts  of  the  nature  of  the 
so-called  electrostatic  (dielectric)  phenomena.  It  should  be 
kept  clearly  in  mind  that  the  energy  or  "charge"  in  all  di- 
electric (electrostatic)  phenomena  is  distributed  in  the  dielectric 
outside  the  conductor,  and  does  not  consist  of  something  smeared 
on  the  surface  of  the  conductor.  A  serious  difficulty  in  studying 
dielectric  phenomena  is  found  in  the  misleading  terminology 
still  in  common  use.  Such  terms  as  "electrostatic  electricity," 
"capacity,"  "specific  inductive  capacity,"  and  "charging  cur- 
rent" lead  the  student  astray  by  giving  the  impression  that 

^  Steinio&tz:  ''Electric  Discharges,  Waves  and  Impulses,"  page  17. 
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dielectric  (electrostatic)  phenomena  are  radically  different  from 
those  in  the  magnetic  or  electric  circuits.  By  referring  to  Table 
I  it  is  evident  that  by  using  the  terms  dielectric,  condens- 
ance,  condensive  reactance,  condensance  current,  and  permit- 
tivity or  condensivity,  the  close  analogy  between  magnetic  and 
dielectric  phenomena  may  be  more  easily  kept  in  mind,  and  the 
study  of  the  complete  electric  field  greatly  simplified. 

Magnetic,  Dielectric  and  Electric  Circuits. — Since  all  mag- 
netic lines  of  force  are  closed  upon  themselves,  forming  a  com- 
plete circuity  it  is  customary  to  speak  of  the  magnetic  circuit  in 


Table  II^ 


Magnetic  circuit 

Dielectric  circuit 

Electric  circuit 

Magnetic     flux      (magnetic 

Dielectric     flux     (dielectric 

Electric  current: 

current): 

current) : 

4   «  lines  of  magnetic  force 

"9  »  lines  of  dielectric  force 

i    —  electric  current 

Magnetomotive  force: 

Electromotive  force: 

VolUge: 

9    *  m  ampere-turns 

e    —  volts 

e    —  volts 

Permeance: 

♦ 

Inductance: 
L    -^10-«-^10-« 

Condensance,     capacitance, 

Conductance: 

permittance  or  capacity: 
C   -  1  farads 

g    ■■  -mhos 

henry 

Reluctance: 

Resistance: 

«-! 

r    ^  -r  ohms 

Magnetic  energy: 

Dielectric  energy: 
u»   -    2    -    2  ^°^** 

Electric  power: 
P   —  n"  —  ge*  —  n  watts 

Magnetic  density: 
(B   -  ^  ■■  /i3C  lines  per  cm.* 

Dielectric  density: 
D  ^  -7  m  kK  lines  per  cm' 

Electric-current  density: 

• 

/    —  -7  —  vOamp.  per^.* 

Magnetising  force: 
/     ■■  J  amp.-turns  per  cm. 

Dielectric  gradient: 

Electric  gradient: 

0 
0   ^  Y  ^olts  per  cm. 

(?  —  ^  volts  per  cm. 

Magnetic-field  intensity: 

Dielectric-field  intensity: 

3C  -  0.4t/ 

Permeability: 

Condensivity,    permittivity 

Conductivity: 

(B 

or  siMcific  capacity: 

7    ■■  ^  mfao-cm. 

Reluctivity: 

/ 
"    "(B 

Elastivity: 
1         K 

k    "  D 

Resistivity: 
p    ■■"■■/"  ohm-cm 

Specific  magnetic  energy: 
joules  per  cm.' 

Specific  dielectric  energy: 
kO*      GD 

joules  per  cm.' 

Specific  power: 
po  -  pi*  ^  0*  ^  GJ  watts 
per  cm.' 

^Steinmetz:  ''Electric    Discharges,  Waves    and    Impulses"    (slightly 
modified)  page  18. 
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a  manner  analogous  to  the  electric  circuit.  The  magnetic  field 
in  a  dynamo  or  motor  completes  a  circuit  through  the  field  poles, 
the  yoke,  air  gap  and  armature  iron,  thus  forming  a  magnetic 
circuit.  Likewise  all  dielectric  lines  of  force  are  continuous  and 
terminate  in  conductors.  The  path  taken  by  the  dielectric 
line  of  force  is  called  the  dielectric  circuit.  The  close  analogy 
existing  between  magnetic,  dieleo^c  and  electric  circuits  can 
best  be  shown  by  arrangiipg  the  corresponding  quantities  in 
tabular  form  as  in  Table  II.  The  three  circuits  are  interde- 
pendent and  in  general  exist  simultaneously  in  all  electro- 
magnetic-dielectric phenomena.  The  relative  magnitude  may 
vary  greatly  and  in  many  cases  one  or  even  two  of  the  circuits 
may  be  negligibly  small  and  may  be  omitted  from  the  calcula- 
tions, but  intrinsically  all  three  are  present.  For  a  imidirectional 
constant  current  the  magnetic  field  remains  constant;  and 
similarly  for  a  unidirectional  constant  voltage  the  dielectric 
field  is  constant.  With  both  the  current  and  the  voltage  uni- 
directional and  constant,  the  electric  circuit  alone  transfers  energy 
and  hence  is  the  only  circuit  that  enters  in  the  problem.  But 
in  alternating  currents  both  the  voltage  and  the  current  are 
continually  varying  in  magnitude  and,  moreover,  for  each 
successive  half  cycle  reversing  in  direction.  Therefore,  in  the 
study  of  alternating  currents  energy  changes  occur  continuously 
and  simultaneously  in  the  interlinked  magnetic,  dielectric  and 
electric  circuits. 

PROBLEMS 

1.  A  bullet  weighing  8  oz.  is  projected  from  a  gun  with  a  velocity  of  2,250 
ft.  per  sec.  An  incandescent  lamp  takes  25  watts.  How  long  must  the 
lamp  bum  to  consume  an  amount  of  energy  equal  to  the  kinetic  energy  of 
the  bullet? 

2.  Find  the  height  to  which  1  ton  must  be  raised  in  order  to  have  the 
same  amount  of  potential  energy  as  is  consumed  by  a  40-watt  Mazda  lamp 
in  1  hr. 

8.  An  air-cored  solenoid  has  an  inductance  of  0.062  henry.  How  much 
energy  is  stored  in  the  magnetic  field  when  30  amperes  flow  through  the 
coil?  Compare  the  amount  of  magnetic  energy  in  the  coil  to  the  amount 
consumed  by  a  25-watt  incandescent  lamp  in  3  sec.     In  ^{20  s^* 

4.  Let  the  current  flowing  through  the  solenoid  in  problem  3  vary  from 
0  to  100  amperes.  Plot  a  curve  with  amperes  as  abscissse  and  joules  as 
ordinates. 

5.  A  condenser  has  280  microfarads  condensance.  How  much  energy  is 
stored  in  the  condenser  when  625  volts  are  impressed  across  its  terminals? 
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100  volts?    2,250  volts?     Express  the  answers  in  joules,  gram-calories  and 
foot-pounds. 

6.  Let  the  voltage  impressed  on  the  condenser  in  problem  5  vary  from  0 
to  3,000  volts.     Plot  a  curve  with  volts  as  abscissse  and  joules  as  ordinates. 

7.  In  a  water-cooled  transformer  a  system  of  pipes  is  placed  in  the  oil 
and  water  passed  through  to  remove  the  heat  produced  by  the  copper  and 
iron  losses.  Given  a  300-k.v.a.  transformer  operating  at  full  load  with  an 
efficiency  of  98.2  per  cent.  The  temperature  of  the  water  on  entering  the 
transformer  is  16*^C.  and  on  leaving  54^0.  How  much  water  is  flowing 
through  the  transformer  pipes?    Give  answer  in  pounds  per  hour. 

8.  What  must  be  the  velocity  of  a  body  weighing  6  oz.  if  its  kinetic  energy 
is  equal  to  the  energy  stored  in  a  condenser  of  750  microfarads  when  850 
volts  are  impressed  on  its  terminals?    For  2,500  volts? 

9.  Find  the  condensance  of  a  condenser  that  would  at  1|250  volts  store 
the  same  amount  of  energy  as  is  consumed  by  a  40-watt  incandescent  lamp 
in  7  see.     In  ^o  sec. 

10.  The  field  of  a  certain  dynamo  has  50  henrys  inductance.  Find  the 
energy  stored  magnetically  when  a  current  of  3.2  amperes  is  flowing  in  the 
field  winding. 

11.  An  electromagnet  has  a  self-inductance  of  180  henrys  and  takes  53.2 
amperes.  What  energy  is  stored  in  the  field?  Find  the  condensance  of  a 
condenser  that  would  store  the  same  amount  of  energy  at  1,200  volts. 


CHAPTER  II 

GENERATION  OF  ELECTROMOTIVE  FORCE 

WAVE  FORMS 

When  the  magnetic  lines  of  force  are  cut  by  an  electrical 
conductor  an  electromotive  force  is  generated  in  the  conductor. 
The  voltage  produced  is  proportional  to  the  length  of  the  con- 
ductor, the  intensity  of  the  magnetic  field  and  to  the  speed  of 
the  motion  perpendicular  to  the  magnetic  field  and  the  direction 
of  the  conductor,  or,  to  the  rate  of  cutting  lines  of  force. 

e.^  (25) 

1  volt  o  10*  lines  of  force  per  sec.  (26) 

If  the  conductor  forms  a  closed  circuit  the  voltage  produces 
a  ciurent.  Faraday  showed  that  the  relative  motion  of  the  field 
and  the  conductor  is  the  determining  factor.  In  small  al- 
ternators the  field  is  usually  stationary  as  in  direct-cturent  gen- 
erators while  the  conductor  on  the  rotating  armature  cuts  the 
lines  of  force,  thus  generating  voltage.  In  larger  generators 
more  economical  designs  are  obtained  by  placing  the  fields  on 
the  rotating  spider,  while  the  armature  conductors  are  sta- 
tionary, surrounding  the  moving  part.  In  the  transformer  the 
field  moves,  due  to  the  periodic  increase  and  decrease  of  the 
current,  while  both  the  primary  and  secondary  conductors  are 
stationary. 

Direction  of  Generated  Voltage. — ^In  determining  the  direc- 
tion of  the  generated  voltage  several  rules  or  devices  have  been 
suggested. 

Fleming* 8   Rule. — "If    the    thumb,    forefinger    and    middle 

finger  of  the  right  hand  are  all  set  perpendicularly  to  each 

other  so  as  to  represent  the  three  coordinates  in  space,  the  thmnb 

pointed  in  the  direction  of  the  motion  of  the  conductor  relative 

to  the  magnetic  field,  and  the  forefinger  in  the  direction  of  the 

lines  of  f  orce,  then  the  middle  finger  will  point  in  the  direction 
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in  which  the  generated  e.m.f.  tends 
tricity"  (Fig.  7). 


a  send  the  current  of  elec- 
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hem' a  Law. — "The  generated  e.ni.f.  always  tends  to  send  a 
current  in  auch  a  direction  as  to  oppose  the  change  in  flux  which 
produces  it." 

An  easily  renjembered  method  is  found  in 
visualizing  the  relative  motion  of  the  conduo- 
tor  and  the  field  and  referring  to  the  proper- 
ties already  ascribed  to  the  lines  of  force. 
Id  Fig.  8  let  the  conductor  relative  to  the  field 
assume  successively  the  first  to  the  fifth  posi- 
tions. When  the  conductor  moves  across  the 
lines  of  force  these  bend  and  form  small  circles 
across  the  conductor  indicated  in  the  figure. 
Given  the  direction  of  the  field  it  is  evident 
that  the  conductor  reaches  the  second  and 
following  positions  encircled  by  lines  of  force 
whose  direction  indicates  that  the  voltage  gen- 
erated tends  to  cause  a  current  to  flow  down- 
ward in  the  conductor. 

It  is  apparent  that  if  either  the  direction  of 
tiie  field  or  the  relative  direction  of  the  motion 
of  the  conductors  and  the  flux  were  reversed,  Y\a.  9. 

the  circular  lines  around  the  conductor  would 
also  be  in  the  opposite  direction,  and  hence  indicate  a  voltage 
tending  to  send  a  current  upward  in  the  conductor.    By  in- 
creasing or  decreasing  the  current  in  a  conductor  the  field  ex- 
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pands  and  contracts.  In  Fig.  9  let  A  and  B  represent  the 
parallel  conductors,  and  let  a  current  of  increasing  strength  be 
sent  through  A,  in  the  upward  direction.  Then  the  direction  of 
the  field  around  A  is  indicated  by  the  arrows,  and  the  intensity 
increases  with  the  strength  of  the  current  by  the  number  of 
lines  in  the  four  successive  time  intervals. 

With  increasing  current  the  field  around  A  expands  and  the 
lines  of  force  cut  conductor  B.  The  direction  of  the  arrows  in 
the  lines  around  B  shows  that  the  induced  voltage  is  in  the 
opposite  direction  to  the  voltage  in  A.  With  decreasing  current 
in  A  the  Unes  of  force  contract  and  move  toward  the  con- 
ductor. Hence  lines  will  encircle  B  in  the  opposite  direction, 
indicating  an  induced  voltage  in  J?  in  the  same  direction  as  the 
voltage  in  A,  By  visualizing  the  direction  and  relative  motion 
of  the  lines  of  force  and  the  conductors,  the  direction  of  the 
induced  voltage  can  readily  be  determined. 

Wave  Forms. — Since  the  electromotive  force  at  any  instant 
depends  simply  on  the  rate  of  cutting  lines  of  force,  this  deter- 
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mines  the  shape  of  the  wave  from  an  alternator.  The  rate  of 
cutting  will  depend  upon  the  distribution  and  direction  of  the 
magnetic  flux,  the  arrangement  and  the  number  of  conductors 
in  series,  and  the  speed.  From  equation  (25)  it  is  evident  that 
while  a  conductor  moves  at  a  uniform  speed  across  a  imiform 
field  the  voltage  will  be  constant.  If  the  field  is  reversed  for 
half  the  revolution,  as  in  Fig.  10,  the  voltage  also  reverses.  In 
Fig.  11  is  shown  the  form  of  the  wave  produced  by  a  single 
conductor  moving  at  right  angles  in  a  uniform  field  as  illustrated 
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in  Fig,  10  between  rings  a  and  b.  Evidently  the  voltage  wave 
between  a  and  c  will  have  the  same  rectangular  Bhape  but  of 
double  amplitude  as  shown  in  Fig.  11  since  the  two  conductors 
are  in  symmetrical  positions  and  connected  in  series.     In  those 
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portions  not  covered  by  the  poles  no  lines  appear  and  hence  no 
voltage  is  produced. 

If  the  distribution  of  the  flux  be  not  uniform  but  concentrated 
at  the  center  of  the  poles  as  in  Fig.  12,  the  resulting  wave  for 
a  concentrated  winding  becomes  peaked  as  shown  in  Fig.  13.  The 


3 

r  -# 

I  1 

/cyt/am  -  /ate 


shape  of  the  wave  is  aifected  by  the  number  and  spacing  of  the 
conductors  between  the  rings  as  well  as  by  the  density  and 
direction  of  the  lines  of  force.  In  a  uniform  field,  as  in  Fig,  14, 
the  rate  of  cutting  magnetic  lines  by  a  single  conductor  will  de- 
pend upon  the  angular  position  of  the  moving  conductor.  The 
vdtage  wave  will  under  these  conditions  be  a  simple  sine  wave, 


16  ALTERNATING  CURRENTS 

Fig.  15,  and  the  relation  between  the  instantaneous  and  maxi- 
mum values  is  given  by  equation  (27). 

e  =  "B  sin  27r/  {t  -  h)  (27) 

e  =  instantaneous  voltage. 
"E  =  maximum  voltage. 
/  =  number  of  complete  cycles  in  1  sec,  or  frequency. 
ti  =  epoch  or  phase  of  wave. 
t  ^  time  in  seconds. 
Similarly,   i  =  "I  sin  ^f{t  -  h}  (28) 

gives  the  instantaneous  values  of  a  sine  current  wave. 

On  small  systems  of  low  voltage  and  few  machines,  the  shape 
of  the  generated  voltage  wave  may  be  of  little  importance. 


Fig.  16.  Fia.  17. 

Thus  in  Fig.  16  is  shown  an  oscillogram  of  a  voltage  wave  from 
a  60-kw.,  1,100-volt,  1-0,  60-cycle  alternator  supplying  an 
independent  lighting  load  in  a  satisfactory  manner.  In  larger 
systems  with  several  generators  operating  in  parallel  and  with 
higher  potential  on  the  system  a  better  wave  is  necessary.  With 
the  increase  in  the  size  of  the  system  the  shape  of  the  generated 
voltage  wave  becomes  of  increasing  importance.  For  several 
reasons,  as  will  be  explained  in  detail^  later,  the  ideal  wave  form 
is  simple  harmonic  or  sinusoidal  as  expressed  by  equations  (27) 
and  (28).  Modern  alternators,  especially  for  large  systems, 
closely  approach  the  ideal  form.  In  Fig.  17  is  shown  an  oscillo- 
gram of  a  10,000-kw.,  6,600-volt,  3-<^,  60-cycle  alternator.  The 
shape  of  the  wave  is  very  nearly  simple  harmonic. 

1  See  Chap.  XXIII. 
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In  commercial  systems  the  voltage  and  current  waves  are 
modified  by  many  factors  in  the  system  outside  of  the  machine 
itself.  The  relative  amomits,  and  their  location  in  the  system, 
of  inductance,  condensance  and  resistance,  the  iron  in  trans* 
formers  and  other  apparatus;  the  location,  size  and  design  of 
synchronous  and  induction  motors;  reaction  of  leading  and 
lagging  currents;  load  variations  and  many  other  factors  modify 
and  distort  the  original  wave  supplied  from  the  generator  into 
an  endless  variety  of  forms.     As  an  illustration  of  distorted 

waves,  Fig.  18  shows  an  oscillogram  of  busbar  voltage,  curve  c, 
and  the  no-load  current,  curve  t,  of  a  600-kv.a.,  2,300- volt, 
60-cycle,  synchronous  motor  floating  on  the  line.     While  the 
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voltage  is  nearly  of  the  sine  form  the  current  wave  is  so  greatly 
distorted  as  to  bear  no  resemblance  to  the  simple  sine  wave. 
Under  full  load  the  current  wave,  curve  i,  Fig.  19,  approaches 
the  form  of  the  voltage  wave  curve  e.  While  the  voltage  or 
current  waves  may  be  greatly  distorted  in  certain  parts  of  the 
system,  as  illustrated  by  the  no-load  current,  on  the  synchro- 
nous motor  the  power  involved  is  relatively  small  compared  to 
the  total  power  of  the  system.  The  busbar  voltage  wave 
should  closely  approach  the  ideal  sine  form  as  shown  by  curve  e. 
Fig.  18. 

As  a  rule,  operating  difficulties  as  well  as  losses  from  cross- 
current are  reduced  to  a  minimiun  when  the  voltage  wave  in  all 
parts  of  the  system  closely  approaches  the  simple  sine  form.    To 
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gain  this  much  desired  end  a  number  of  factors  must  be  given 
careful  consideration  both  in  the  design  of  the  generators  and 
motors  as  well  as  in  every  part  of  the  transmission  line  and  dis- 
tribution network.  The  more  important  factors  are  discussed  in 
later  chapters. 

To  appreciate  the  need  for  eUminating  these  distortions  it 
is  first  necessary  to  fully  understand  the  laws  that  govern 
alternating-current  phenomena,  and  to  be  thoroughly  familiar 
with  their  application  to  simple  sine  waves. 
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SINE  WAVES 

Instantaneous  and  Maximum  Values. — An  alternating  current 
or  voltage  wave  passes  through  an  infinite  niunber  of  values 
in   each   cycle.     In   engineering   problems   the   instantaneous, 
maximiun,  average  and  effective  values  are  of  importance. 
Let: 

i,  e  =  instantaneous  values. 
"I,  "E  =  maximum  values. 
«V,  •''B  «  average  values. 
lyE^  effective  values. 

The  relation  between  the  instantaneous  and  maximum  value 
in  simple  sine  waves  is  given  from  the  equations,  as  shown  in 
(29)  and  (30). 

i  =  "I  sin  (cot  ±  7)  (29) 

e  «  "E  sin  («<  ±  y).  (30) 
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Average  Value. — The  average  value,  Fig.  20,  is  found  by 
integrating  the  area  for  one-half  wave  and  dividing  by  the  base. 
Letting  {(at)  be  the  variable, 


•V  =  —  5'  sin  (coO  d  M  =  0.636  "I 


(31) 


EfiFective  Value. — In  1841  Joule  proved  that  the  energy  con- 
verted into  heat  when  an  electric  current  flows  in  a  conductor  is 
proportional  to  the  square  of  the  current.    Stated  in  the  form 
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of  an  algebraic  equation  Joule's  law  is  expressed  by  (32)  for  direct 
currents. 

J  =  RI^T  (32) 

J,  in  joules,  is  the  energy  expended  by  /  amperes  flowing  through  a 
circuit  having  R  ohms  resistance,  in  T  seconds. 

In  watts,  P  =  RP  (33) 

The  quantity  of  energy  converted  into  heat,  expressed  in 
calories,  for  the  time  T  in  seconds,  is  given  by  (34)  for  direct 
currents. 

H  =  0.24/2i2r  (34) 

In  alternating  currents,  the  instantaneous  current  is  con- 
tinually varying  throughout  the  cycle.  Since  the  complete  cycle 
repeats  again  and  again,  the  average  heating  value  may  be  found 
by  taking  the  sum  of  the  instantaneous  heating  values  through 
one  cycle  and  dividing  by  the  time  for  one  complete  wave. 
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H  =  0.24fl\  iHt 


(36) 
(36) 
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Equation  (35)  gives  the  heat  in  calories  generated  in  one  cycle, 
and  equation  (36)  gives  the  heat  generated,  in  joules,  during  the 
cycle.  The  power  expended  in  heating  the  conductor  is  therefore 
proportional  to  the  averse  of  the  squared  instantaneous  currents, 
as  shown  in  equation  (37). 

'""'^'dt  (37) 


Rr 


The  direct  current  that  would  produce  the  same  heating  effect  in  a 
circuit  having  the  same  resistance  would  be  equivalent  to  the 
square  root  of  the  mean  square  of  the  instantaneous  currents.     This 
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value  is  termed  the  effedive   alternating  current,   or  the  ro<d 
mean  square. 

RPT  =  R^T^dt  (38) 

(39) 


i  =  'i  "v/a^  f'^in'  («0  d(«0  =  ^  =  o-^or-/ 


Hence   by   using   effective    values,  Joule's   law   applies   to    al- 
ternating currents  in  the  same  form  as  for  direct  currents. 

In  Fig.  21  the  squared  and  effective  values  are  compared  to  the 
current  wave.     It  is  of  importance  to  note  that  the  effective 
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values  appear  as  continuous  positive  values  and  not  half  positive 
and  half  negative  as  in  Fig.  20  for  the  average  values. 

Alternating  current  indicating  voltmeters  and  ammeters  give 
effective  values,  and  in  conunercial  work,  unless  specifically 
stated  otherwise,  volts  and  amperes  always  refer  to  effective 
values. 

Form  Factor. — ^The  ratio  between  the  effective  and  average 
values  is  called  the  form  factor  as  this  gives  an  indication  of  the 
shape  of  the  wave.     For  sine  waves  the  form  factor  is  1.11. 

Fundamental  Equation. — Since  voltage  is  generated  by  cutting 
lines  of  force  electrical  generators  are  arranged  so  that  the  coil 
in  which  the  e.m.f.  is  produced  alternates  in  position  relatively 
to  a  magnetic  field,  or  fiux,  4>.  Either  the  coil  revolves  in  a 
field  or  the  flux  passes  in  and  out  of  the  turns.  In  a  complete 
cycle  the  total  flux  would  be  cut  four  times  by  each  turn  of  wire 
in  the  coil.  Hence,  if  /  is  the  nimiber  of  complete  cycles  per 
second,  "^  the  maximum  flux  and  n  the  number  of  turns  in  series, 
the  average  voltage  generated  would  be, 

'E  =  4n''$/10-»  volts  (40) 


a« 


This  is  the  fimdamental  equation  of  electrical  engineering. 

In  the  preceding  paragraphs  the  ratios  between  the  average, 
maximum  and  effective  values  have  been  derived. 

"E  =  1"^  =  27rn'$/10-«  volts  (41) 

"E  - 

£;  =  — ^  =  y/27rnf''^l(y-^  =  4.44n/''#10-«  volts        (42) 

Equation    (42)    is   the   fundamental    relation   for    alternating 
current  induction  for  sine  waves. 

Frequency. — In  alternators  the  armature  conductors  pass 
alternately  under  north  and  south  poles  and  hence  the  generated 
voltage  wave  completes  a  cycle  for  each  pair  of  poles.  The 
number  of  cycles  per  second  is  termed  the  frequency  of  the 
alternating  current.  In  the  United  States  60  and  25  cycles  per 
second  are  standard  frequencies  for  light  and  power.  In  Europe 
50  and  25  cycles  per  second  are  in  general  use.  Other  frequencies 
are  in  commercial  use  both  in  America  and  Europe,  but  the  ad- 
vantages that  come  from  standardization  in  frequency  are 
very  great  so  that  by  far  the  greater  portion  of  industrial  power 
plants  operate  at  frequencies  of  60,  50,  or  25  cycles. 
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PROBLEMS 

1.  An  alternator  has  36  poles.  At  what  speed  must  it  run  to  give  a 
current  of  25  cycles  frequency?     60  cycles? 

2.  A  10-pole  alternator  has  a  normal  speed  of  1,650  r.p.m.  What  is  the 
frequency  of  the  generated  voltage? 

8.  What  is  the  normal  speed  of  a  60-cycle,  eight-pole  alternator? 

4.  A  110-volt  battery  is  connected  to  a  circuit  containing  resistance  only. 

The  direction  of  the  voltage  is  reversed  50  times  per  second.  The  resist- 
ance is  15  ohms.  Plot  the  voltage  and  current  waves  to  scale  with  time  as 
abscissse. 

6.  The  maximum  value  of  a  voltage  wave  of  sinusoidal  shape  is  127  volts. 

(a)  What  is  the  effective  value? 

(6)  What  is  the  average  value? 

6.  In  a  circuit  having  15  ohms  resistance  2,174  cal.  of  heat  are  generated 
in  5  min.  by  a  25-cycle  sinusoidal  current. 

(a)  Find  the  average,  effective  and  maximum  values  of  the  current  in  the 
circuit. 

(6)  Find  the  average,  effective  and  maximum  values  of  the  voltage  im- 
pressed on  the  circuit. 

7«  A  60-cycle  sine  wave,  whose  average  value  is  245  volts  is  impressed  on 
a  circuit  having  32  ohms  resistance. 

(a)  Find  the  effective,  average  and  maximum  values  of  the  current. 

(&)  Find  the  amount  of  heat  (calories)  generated  in  30  minutes. 

For  Experiments  see  page  526. 


CHAPTER  III 

FORMS  OF  REPRESENTATION 

The  importance  of  the  simple  sine  wave  in  the  study  of  alter- 
nating-current phenomena  has  made  it  desirable  to  use  several 
forms  of  representation  in  order  that  the  inter-relations  between 
the  several  factors  in  a  given  problem  may  be  more  easily  under- 
stood and  the  resultant  effect  readily  calculated.  The  methods 
in  conunon  use  may  be  grouped  as  follows: 


I.  Graphic 


II.  Analytic 


1.  Rectangular  coordinates. 

2.  Polar  coordinates. 

3.  Vector  diagrams,  (a)  Crank-phase  diagrams. 

(6)  Polar-phase  diagrams. 

_  4,  Topographic  (see  Chap.  XXVI). 

1.  Trigonometric  functions. 

2.  Expotential  functions  (see  Chap.  XXVI). 

3.  Symbolic  or  complex  algebra. 

Rectangular  Coordinates. — In  Chap.  II  several  simple  sine 
waves  and  their  corresponding  trigonometric  expressions  have 
been  discussed.  In  elementary  alternating  currents  equations 
of  the  simplest  form  as  (45)  and  (46)  and  Fig;  22  give  the  desired 
relations. 

i  =  "I  sin  (coO  (45) 

e  -'^"E  sin  {u)t  +  6)  (46) 

The  current  in  this  case  reaches  a  maximmn,  $^  later  than  the 
corresponding  maximum  of  the  voltage,  or  the  ciurent  lags  6^ 
behind  the  voltage. 

Polar  Codrdinates. — In  polar  coordinates  time  is  measured  by 
the  angle  between  the  rotating  radius  vector  and  the  reference 
axis;  and  the  instantaneous  value  is  given  by  the  length  of 
the  radius  vector.  Rotation  in  the  counter-clockwise  direction 
is  positive,  and  time  is  usually  measured  from  the  X-axis  in  the 
first  quadrant.  In  Fig.  23  is  shown  the  polar  diagram  of  equa- 
tions (45)  and  (46)  with  the  same  scale  and  maximum  values  as 
in  Fig.  22. 
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The  locus  of  a  simple  sine  wave  is  a  circle  passing  through 
the  origin  with  a  diameter  equal  to  the  maximum  value.  It  is 
evident  that  the  maximum  value  of  the  current  will  occur  when 

wt  =  ^  or  90°,  and  hence  the  diameter  of  the  current  locus  lies 

along  the  F-axis.  The  voltage  reaches  its  maximum  before  the 
current  and  its  locus  is  a  circle  whose  diameter  lies  6^  from  the 
F-axis  in  the  first  quadrant. 

In  revolving  from  0°  to  180**  the  radius  vector  traces  the 
circular  locus  and  this  is  equivalent  to  the  positive  half  wave  in 
the  rectangular  diagram.  From  180®  to  360®  the  same  series 
repeats  with  negative  values,  and  hence  is  laid  off  in  the  negative 


FiQ.  22. — Rectangular  diagram. 


Fig.  23. — Polar  diagram. 


direction  on  the  radius  vector,  and  therefore  retraces  the  same 
locus  as  for  the  first  half  cycle. 

Vector  Diagrams. — Quantities  that  can  be  fully  determined  by 
giving  the  value  of  one  factor  only  are  termed  Scalar,  Ex- 
amples: Mass,  length,  time,  conmion  numbers.  Such  quantities 
have  magnitude  only  and  can  be  represented  graphically  for 
comparison  by  straight  lines  of  proportionate  lengths.  Scalar 
quantities  may  be  grouped  or  divided  by  the  usual  arithmetical 
operations. 

The  sum  of  certain  other  quantities  can  not  be  determined 
from  the  known  magnitude  of  the  components.  For  example: 
If  a  person  walks  3  miles  east  and  2  miles  south,  his  distance 
from  the  starting  point  is  not  determined  by  stating  that  he 
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walked  5  miles.  If  three  forces  act  on  a  body  the  resultant 
would  equal  the  sum  of  the  three  only  under  the  condition  that 
all  were  applied  at  the  same  point  and  acting  in  the  same  direc- 
tion. If  a  force  of  6  lb.  acts  horizontally  due  north,  a  second 
force  of  2  lb.  due  west  while  a  third  of  9  lb.  is  appUed  in  a  vertical 
direction,  the  resultant  force  acting  on  the  body  is  not  6  +  2  +  9, 
but  11  lb.  If  two  simple  harmonic  waves  of  the  same  frequency 
are  combined,  the  resultant  maximum  value  will  be  equal  to 
the  sum  of  the  component  maxima  only  if  the  two  reach  their 
maximum  values  at  the  same  time.  For  every  other  phase  rela- 
tion the  resultant  maximum  will  be  less.  A  physical  quantity 
that  has  both  magnitude  and  either  time-phase  or  space-phase 
position  and  direction  is  called  a  Vector  quantity.  A  Une  which 
by  its  position  and  direction  represents  the  time  phase  or  space 
phase,  and  by  its  length  the  magnitude  of  the  physical  quantity 
is  termed  a  Vector,  In  all  vector  diagrams  it  is  customary  to 
measure  time  as  positive  when  the  vector  rotates  in  the  counter- 
clockwise direction. 

Polar-phase  Diagram. — In  polar  coordinates  the  length  of  the 
radius  vector  represents  the  instantaneous  values  of  the  function. 


\  \\  . 


Fia.  24. — ^Polar-phase  diagram 
current  lagging  6^. 


Fig.  25. — Crank-phase  diagram 
current  lagging  ^®. 


For  sine  waves  the  loci  are  circles,  and  in  order  to  keep  the  dia- 
gram as  simple  as  possible  it  is  customary  to  draw  only  the  di- 
ameter of  the  locus;  that  is,  the  maximum  value  of  the  current  or 
voltage.  Since  the  current  and  voltage  have  the  same  frequency 
the  condition  of  chief  importance  is  their  relative  time  position. 
In  most  problems  in  alternating  currents  the  only  factors  under 
consideration  are  the  relative  time-phase  positions  and  the 
maximum  or  effective  values  of  the  currents  and  voltages  under 
discussion.  The  phase-vector  diagram  is  thus  independent  of 
(a)0  and  can  be  drawn  in  any  position.    Thus  in  Fig.  24  the  mag- 
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nitudq  and  relative  phase  position  of  a  current  and  voltage 
are  shown  in  the  first  quadrant. 

Crank  Diagrams. — In  dealing  with  simple  harmonic  functions 
it  is  often  convenient  to  keep  the  rotating  vector  a  constant  in 
magnitude  and  let  the  instantaneous  values  be  represented  by 
the  projections  of  the  vector  upon  any  fixed  line  through  the 
origin  selected  as  reference  axis.  This  representation  is  called 
a  Crank-  or  Clock-phase  or  Vector  diagram.  Thus  in  Fig. 
25  let  the  line  B,  of  constant  length,  rotate  in  a  counter-clock* 
wise  direction.  The  time  is  measured  by  the  angle  {wt)  while  the 
instantaneous  values  of  the  sine  function  are  represented  by  the 
projection  of  the  line  upon  either  the  X-  or  the  F-axis.    Com- 


FiG.  26.^— Crank-        Fig.  27. — Rectangular  diagram.        Fig.  28.— Polar- 
phase  diagram.  phase  diagram. 


paring  the  quantites  in  the  crank  diagram  with  an  equation  for  a 
current  wave  of  sine  form:  i  =  "I  sin  (cd),  we  have  as  follows: 
The  vector  OB  represents  the  maximum  value  "1;  the  angle 
XOB  represents  the  time-angle  wi;  and  the  projection  upon  the 
F-axis  represents  i . 

The  resultant  of  two  sine  waves  having  the  same  frequency  but 
differing  in  phase  is  also  a  simple  harmonic  function.  The  plot- 
ting of  these  waves  in  rectangular  coordinates  is  tedious  and  the 
values  of  the  resultant  can  be  more  easily  found  by  using  the 
crank-  or  polar-vector  diagrams. 

In  Figs.  26,  27  and  28  are  represented  sine  waves  as  given  by 
equations  (47)  and  (48);  and  the  resultant  sine  wave  as  given 
by  equation  (49). 
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ei  =  "El  mn  (orf  +  7i)  (47) 

cj  =  'Et  sin  (ftrf  +  7,)  (48) 

e,  =  '£,  sin  i<d  +  7»)  ■     (49) 

The  quantitative  values  used  in  Figs.  26,  27,  and  28  are: 

'El  =  80  volts. 
'Et  =  60  volts. 
'E,  =  127  volts. 

7i  =  10®  =  vo  radians. 
71  =  60®  =  «  radians. 
7s  =  31°  =  Y^  radians. 

For  both  polar  and  crank  diagrams,  time  is  measured  by  the 
angle  from  the  X-axis  and  counted  as  positive  in  the  counter- 
clockwise direction.  It  should  be  noted  that  vectors  Ei  and  Et 
reverse  their  position  relative  to  Ez  in  Figs.  26  and  28.  This 
follows  directly  from  what  the  diagrams  represent.  In  the  polar 
diagram,  Fig.  28,  the  length  of  the  radius  vector  represents  the 
instantaneous  value  and  hence  the  position  of  the  vectors  OA, 
OBf  and  OC  representing  the  maximum  values  of  the  three  func- 
tions are  determined  by  the  values  for  ai,  a^  and  at.  With  the  line 
OT  representing  time  rotating  in  the  counter-clockwise  direction 
the  function  having  the  smallest  value  for  a  will  be  first  to  reach  its 
maximum,  and  likewise  the  function  having  the  largest  value 
for  a  will  be  last  in  order  to  reach  its  maximum  value.  Hence 
the  vectors  Et,  Ez,  Ei  lie  in  the  order  given  above  the  X-axis. 
In  the  crank  diagram,  Fig.  26,  the  instantaneous  values  are 
represented  by  the  projections  of  the  vectors  upon  the  F-axis. 
Hence  the  maximum  values  rotate  as  vectors  with  the  time,  and 
therefore  the  vector  Ei  with  the  smallest  y  leads  and  E^  comes 
last  in  order,  and  the  relative  positions  of  Ei  and  Ei  are  reversed 
when  compared  with  the  polar  diagram.  This  reversal  in  posi- 
tion of  vectors  in  the  polar  and  crank  diagrams  requires  a 
reversal  in  signs  when  the  functions  are  expressed  by  complex 
algebraic  symbols  as  explained  in  the  next  paragraph.  This 
change  in  sign  has  led  to  confusion.  To  remove  this  difficulty 
the  International  Electrical  Congress  in  1912  adopted  as  stan- 
dard the  complex  notation  corresponding  to  the  crank-phase 
diagram. 
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Symbol  of  Rotation. — Mathematical  symbols  are  useful  for 
expressing  concise  statements  in  compact  form.    Such  symbols 

as  +,  — ,  3,  log,  V>  otc,  state  completely  more  or  less  com- 
plicated operations.  In  dealing  with  scalar  quantities  the  minus 
sign  means  simply  subtraction;  that  is,  part  of  the  positive 
quantity  has  been  removed.  In  vector  quantities  the  minus 
sign  indicates  opposite  direction  from  the  vector  with  the  positive 
sign.  Since  the  application  of  the  minus  sign  reverses  the 
direction  of  the  vector,  it  is  evident  that  the  symbol  (— )  may  be 
considered  as  an  operator  indicating  rotation  through  180°. 
Two  applications  of  this  operator  would  result  in  a  rotation  of 
twice  180°  or  360°.  In  algebra  (-)  X  (-)  =  (+).  Successive 
applications  make  the  direction  of  the  vector  alternately 
positive  and  negative.  While  working  with  harmonic  functions, 
y  it  is  convenient  to  use  an  operator  in- 

i  i  dicating  a  rotation  of  90°.    In  the  nota- 

tion generally  used  when  discussing  alter- 
nating-current phenomena  the  symbol 

— £ ^^^   "j"  indicates  a  rotation  of  90°  in  the 

counter-clockwise    direction.    Thus,    if 
in  Fig.  29  F  represents  a  vector  quan- 
tity,   a   force   for    instance,    then  —F 
p.      29  would  represent  a  force  along  the  X-axis 

but  in  the  opposite  direction  from  F, 
Likewise  jF  would  indicate  an  equal  force  turned  90°  so  as  to 
lie  in  the  positive  direction  along  the  F-axis.  It  follows  that 
—jF  must  denote  a  Uke  force  in  the  negative  direction  along 
the  F-axis.  If  the  operator  "j"  indicates  a  rotation  of  90° 
then  two  applications  must  result  in  a  rotation  of  180°.  Stated 
in  the  form  of  an  equation : 

j  X  i  =  p  =  (180°)  =  -  1                          (50) 
Hence 

j  =  V^  (51) 

j'  =  1  (52) 

In  ordinary  algebra,  quantities  having  the  factor  \/^  are 
often  called  "imaginary."  The  term  is  misleading  by  giving  the 
impression  of  lack  of  reality  of  these  quantities.  The  term 
QiModrature  component  is  more  appropriate  as  the  relations 
between  quantities  having  the  factors  V— 1  ^.nd  the  real  values 
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may  be  shown  graphically  by  placing  the  two  quantities  in  quad- 
rature. The  factor  V— 1  or  "j"  may  therefore  be  considered  as 
an  operator  indicating  a  counter-clockwise  rotation  of  90^  and 
is  used  to  indicate  a  quadrature  component  or  a  quantity  in 
time  or  space  quadrature  to  the  reference  axis. 

Complex  Quantities. — Expressions  containing  both  the  real 
and  the  "imaginary"  or  quadrature  components  are  termed 
Complex,  and  the  system  of  consistent  operations  for  these  quan- 
tities the  Algebra  of  Complex  Quantities.  Only  the  few  simple 
operations  used  in  alternating  currents  will  be  discussed. 

The  laws  of  ordinary  addition  and  subtraction  apply  with  the 
one  proviso  that  real  and  quadrature  components  must  be 
taken  separately,  or  graphically.  The  X  and  Y  components 
taken  separately  may  be  added  and  subtracted  in  the  same  way 


Fig.  30. 

as  if  there  were  only  X  or  only  Y  quantities.  In  Fig.  30  let.  the 
horizontal  and  vertical  components  of  Ei  and  E%he  a,  c  and  b,  d 
respectively.  The  corresponding  complex  equations  would  be 
(53)  and  (54). 

Ei^a+  jb  (53) 

J?2  =  c  +  jd  (54) 

The  sum  of  the  X  or  real  components  is  a  +  c;  and  the 
sum  of  the  Y  or  quadrature  components  is  b  +  d.  Hence 
the  resultant  vector  Ez  ia  a,  complex  quantity  having  a  +  c 
for  the  X  component  and  c  +  d  along  the  F-axis. 

Ez  =  a  +  c+j{b  +  d) 

It  is  readily  seen  that  this  method  may  be  extended  for  three 
or  more  vector  quantities  and  that  the  resultant  can  be  found 
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both  graphically  and  algebraically.     This  is  illustrated  in  Fig. 
31  and  equations  (56),  (57),  (58)  and  (59). 

J?i  =  15  +  j8  (56) 

£2  =  12  -  j20  (57) 

J?8  =  -7  -  jl2  (58) 
The  resultant: 

£4  =  20  -  j24  (59) 

The  rules  for  ordinary  multiplication  and  division  can  be 
appUed  to  complex  quantities  with  the  additional  factor  j 
or  \/— 1  indicating  a  rotation  of  90®. 

Multiplying  the  complex  equations  (60)  and  (61)  gives  the 
resultant  complex  equation  (62).  The  corresponding  graphical 
representation  is  shown  in  Fig.  32. 


l^mJ3*'tZ 


(60) 
(61) 


Fia.  32. 

B  =  2+i3 
^  XB  =  (5+i4)  (2+j3) 

=  10  +  j8  +  il5  +  in2  =  -  2  +  j23  (62) 

In  division  the  operation  is  stated  in  the  form  of  a  fraction. 
The  denominator  is  rationalized  by  multiplying  both  numerator 
and  denominator  with  the  conjugate  quantity  as  shown  in 
equation  (63). 

A      a+jb      (a  +  jb)  (c  +  id)       (c  +  jb)  (c  +  jd) 


B      c  —  jd      (c  —  jd)  (c  +  jd) 

ac  —  bd  ,  j(,cb  +  ad) 

+ 


c*  +  d* 


c*  +  d' 


c^  +  d 


(63) 
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PROBLEMS 

/     1.  Given:  e  «  80  sin  (v;/  —  15")  volts. 

i  B  60  sin  (vft  +  40°)  amperes. 

(a)  Draw  curves  for  e  and  i  in  rectangular  coordinates. 

(b)  Draw  the  corresponding  polar-phase  diagram. 

(c)  Draw  the  corresponding  crank  diagram.     Note  on  all  the  diagrams  the 
angles,  wty  15°  and  40°. 

2.  Two  alternators  of  the  same  fre<iuency  are  connected  in  series. 

ei  =  120  sin  (wi) 

ei  =  100  sin  (wl  -  46°) 

(a)  Draw  the  polar-phase  diagram  of  the  three  voltages. 

(6)  Draw  the  crank-phase  diagrams. 

(c)  Find  graphically  the  value  of  "Et. 

{d)  Find  the  value  of  E,. 

(e)  Write  the  equation  for  es,  similar  to  those'  given  for  ei  and  es. 

/    8.  Given:  6i  =       20  +il5. 

iJ,  =  -  12  -  jS. 
iJ,  =  _  17  +  jlQ. 

(a)  Find  64  the  resultant  of  i^i,  6i  and  6i, 

(6)  Draw  the  corresponding  vector  diagram  (crank)  for  6if  6i,  ii,  and 

/     4.  Given:  a  circuit  with  «  =  5  -\-  jZ  ohms. 

/  =8-/7  amperes. 
6  =  zl  volts. 

(a)  Find  the  value  of  6  and  E. 

(&)  Draw  the  vector  diagram  for  6  and  /. 

6.  Given :  a  circuit  with  «  =  4  +  j3. 

Jj  «  50  -j20. 

(a)  Find  the  value  of  /,  7  and  "/. 

(b)  Draw  the  crank-vector  diagram  for  t,"!,  6  and  "6. 


CHAPTER  IV 
RESISTANCE,  REACTANCE,  IMPEDANCE 

SERIES  CIRCUITS 

In  direct  currents  the  relation  between  the  current  and 
voltage  is  given  by  the  equation,  E  =  RI.  In  alternating  cur- 
rents magnetic  and  dielectric  induction  enter  as  essential  factors 
and  must  be  taken  into  consideration  with  the  resistance  in 
determining  both  the  quantitative  and  phase  relations  of  the 
currents  and  voltages.  Most  commercial  systems  consist  of 
networks  with  the  three  factors,  resistance,  inductance  and 
condensance  (capacity)  distributed  and  intermingled  in  a  more  or 
less  complex  manner.  It  may  be  looked  upon  as  a  combination 
of  a  number  of  simple  series  and  parallel  circuits.  In  a  simple- 
series  circuit  the  current  is  the  same  throughout  while  the  vol- 
tage may  be  separated  into  parts.  The  voltage  consumed  by  the 
resistance,  inductance  and  condensance  (capacity)  may  be  found 
separately  and  the  total  obtained  from  the  resultant  of  the 
several  components. 

Resistance. — The  effect  of  the  resistance  factor  is  the  same  for 
alternating  as  for  direct  currents. 
Assuming  a  sine  wave 

i  =  "/  sin  (wO  (66) 

For  instantaneous  values: 

^  =  ri  =  r"!  sin  (cot)  (67) 

For  maximum  values: 

"rE  =  r"/  (69) 

For  effective  values : 

rE  =  rl  (70) 

The  voltage  is  similar  to,  and  in  time  phase  with,  the  current. 

Let  the  current  vector  be  placed  along  the  X-axis.  Since 
the  voltage  is  in  time  phase  with  the  current  the  voltage  vector 
will  also  lie  along  the  X-axis,  Fig.  33. 

As  already  stated  the  length  of  the  vector  represents  the 
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laaximum  value  of  the  voltage  or  current.  Since  the  ratio 
between  the  maximiun  and  effective  values  for  sine  waves  is 
-V^,  a  constant,  it  is  evident 
that  the  length  of  the  vector 
may  also  be  drawn  so  as  to 
represent  effective  values  of  volt- 
age or  current.  It  should  be 
noted  that  when  effective  values        '  -pio.  33. 

are  used  the  diagram  represents 

in  magnitude  constant  quantities  and  also  the  phase  relations  of 
the  maximum  values. 

Inductive    Reactance. — ^The   magnetic    field    surrounding    a 
conductor  is  proportional  to  the  current. 

</>  =  Lt  (71) 

The  voltage  consumed  by  the  inductance  in  the  circuit  is  pro- 
portional to  the  rate  of  change  in  the  lines  of  force. 

..  -  ^  m 

.'-L%  (73) 


From  71  and  72: 


Assmning  the  current  a  sine  wave  from  (66) 
For  instantaneous  values: 

^e  =  L  ^^"^  ^^^^   ^"^^^^  =  cuL''/  cos  (coO  =  ,x^I  cos  (coO      (74) 

For  maximum  values: 

:E  =  jc^L^I  =  j.x"!  (75) 

For  effective  values: 

,E  =  ju)LI  =  j,xl  (76) 

The  voltage  consumed  by  the  inductance  is  in  time  quadrature 
with  the  current;  that  is,  the  voltage  will  reach  its  positive 
maximum  value  of  90°  before  the  current  reaches  the  corre- 
sponding maximum. 

For  the  maxima  and  effective  values  the  phase  relation  is 
indicated  by  the  symbol  j.  Placing  the  current  vector  along 
the  X-axis,  the  voltage  vector  will  be  at  right  angles  and  lie 
upward  along  the  F-axis,  Fig.  34.  By  comparing  the  vector 
diagrams,  Figs.  33  and  34,  it  is  seen  that  for  the  same  ciurrent  the 


34 


ALTERNATING  CURRENTS 


voltage  consumed  by  the  inductance  is  in  time  quadrature 
with  the  voltage  taken  by  the  resistance.  The  quantity  wL 
or  2t/L  bears  the  same  relation  to  the  voltage  consumed  by  the 
inductance  as  r  to  the  resistance  voltage.  It  is  called  the 
indiuiive  reactance  of  the  circuit  and  is  represented  by  the  symbol 
^x.  It  should  be  noticed  that  ^.x  is  directly  proportional  to  the 
frequency  while  the  resistance  is  independent  of  the  frequency. 
In  a  circuit  having  resistance  and  inductive  reactance  in  series, 


Fig.  34. 


FiQ.  35, 


as  indicated  in  Fig.  35,  the  voltage  consumed  by  the  inductive 
reactance  is  in  time  quadrature  with  the  resistance  voltage. 
Hence  the  total  voltage  is  the  vector  sum  of  the  two  component 
vectors. 

For  instantaneous  values : 


Cq  =  r"!  sin  {(at)  +  jc"!  cos  (a>0 
For  maximum  values : 

"Eo  =  r-/  +  j.x"!  =  "rE  +  3\E 

=    "Eab   +   "Eltd 


(77) 


(78i 
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For  effective  values: 

^0  =  rl  +JLxI  =  rE+jiJE  =  Eab  +  hd  (79) 

In  Fig.  36  is  shown  the  vector  diagram  of  the  voltages  and 
current  in  a  circuit  having  a  resistance  of  8  ohms  in  series  with 
an  inductive  reactance  of  5  ohms.    The  current  is  12  amperes. 

Since  the  vectors  for  re  and  j.e  are  in  phase  quadrature  their 
sum  equals  the  square  root  of  the  sum  of  the  squares. 

J?o  =  Vr-B*  +  .E^  =  VrH^  +  ^'/'  =  /VtHT;^     (80) 

Hence  the  three  voltmeters,  connected  as  indicated  in  Fig. 
35  would  read  rE  =  96,  ^E  =  60  and  Eq  =  112.7  volts. 

Condensive  Reactance. — The  dielectric  flux  between  two  con- 
ductors is  proportional  to  their  difference  of  potential. 

• 

^  =  Ce  (81). 

Any  increase  or  decrease  in  the  dielectric  flux  requires  or  pro- 
duces a  corresponding  flow  of  current  in  the  condenser  circuit. 

i  -  %  m 

i-c'^  (83) 


Hence: 


=  ^^  = —^  sin  iu,t)dt  (84) 


For  instantaneous  values: 


"I 
e  = 7^  cos  ((at)  =  —  eX^I  cos  (cot)  (86) 


For  maximum  values: 


"E^  ^j^=  -  jcX^I  (86) 


'^  ~        '  (CC 

For  effective  values: 

cE^-j-^  =  -jcxi  (87) 

The  factor  -jy  is  called  the  condensive  reactance  and  is  repre- 
sented by  the  symbol  eX. 

A  circuit  having  resistance  and  condensance  in  series  is 
represented  in  Fig.  37.  The  corresponding  vector  diagram 
18  shown  in  Fig.  38.    The  voltage  consumed  by  the  condensance 


36 


ALTERNATING  CURRENTS 


id  represented  by  a  vector  along  the  F-axis  and  90®  behind  the 
resistance  voltage.  The  total  voltage  is  the  resultant  of  the 
two  component  voltages. 

The  circuit  represented  in  Figs.  37  and  38  has  6  ohms  re- 
sistance, 12  ohms  reactance  and  a  current  of  6  amperes. 

For  instantaneous  values: 


eo  =  r"!  sin  (jut)  —  eX^I  cos  {od) 


(88) 


For  maximum  values: 

"Eo  =  r"!  -  j^x"!  =  :E  -  j^E  ^"Eat  +  "E^a         (89) 


Fig.  37. 


For  effective  values: 


Fia.  38. 


E  ^rl  -  jcxi  =  rE  -  j,E  =  Eab  +  Etd  (90) 

The  absolute  or  numerical  value  of  the  total  voltage  is  the 
square  root  of  the  sum  of  the  squares  of  the  voltages  consumed 
by  the  resistance  and  reactance. 

Eo  =  Vi^P+'^P  =  iVr^  +  cx«  =  VrE^  +  cE^         (91) 

Impedance, — In  Fig.  39  is  represented  a  circuit  having  re- 
sistance, inductance  and  condensance  in  series. 

Let  I  =  7.5  amperes;  r  =  5.4  ohms;   t,z  =  4.0  ohms;  and  cX 
=  8.2  ohms. 
The  equation  of  the  circuit  is: 
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For  instantaneous  values: 

eo  =  r*/  sin  {wt)  +  ^x"/  cos  {(at)  —  cX"!  cos  («0  (92) 

C6  =  6.4  •  \/2  •  7.5  sin  («0  +  4.0  •  y/2  •  7.5  cos  (wO 
-  8.2  •  y/2  '  7.5  cos  M)  volts. 

For  maximum  values: 

'£o  =  r*/  +  i^/  -  i^a:'/  (93) 

=  5.4- V2-7.5  +  i4.0  •  \/2  •  7.5  -  j8.2  •  \/2  •  7.5  volts 


For  effective  values: 

J5?o  =  r/  +  irO;/  -  jcxi  =  r/  +  j/G^^  -  cX) 

=  6.4  •  7.5  +  j7.6(4.0  -  8.2)  volts, 

•  •  • 

==  Efi,  +  Ehd  +  Ed9 


(94) 


h r^-— ♦ 


^^ 


::d 


fiP 
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Let  X 
Eo 


jtX  ""  eX  — ~    "^  4.^ 

/(r  +  jx) 
=  7.6(5.4  -  i4.2)  volts. 

L^t  «  =  r  +  JX  or,  Z  =  \/r*  +  x* 

=  5.4  -  i4.2,  6.85  =  \/5.42  +  4.2* 

zi  or  £o  =  Z/ 
=  6.85  •  7.5  =  51.4  volts. 


Eq  = 


(95) 
(96) 

(97) 

(98) 


This  factor  Z  or  «  in  equation  (98)  is  called  the  impedance 
of  the  circuit.  By  replacing  the  resistance  as  used  in  direct 
currents  with  the  impedance.  Ohm's  law  is  reistabliahed  for 
aUernaiing  currents,  or  stated  in  its  complete  form  for  all  electric 
circuits.  In  Fig.  40  is  shown  the  vector  diagram  corresponding 
to  the  circuit  in  Fig.  39.    The  resultant  voltage  vector  along  the 
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y-axis  is  the  difference  of  the  voltages  consumed  by  ^.x  and 
cZ.  The  total  voltage  is  the  vector  sum  of  the  resistance  voltage 
on  the  X-axis  and  the  difference  of  the  two  reactance  voltages. 
Instead  of  drawing  the  voltage  vectors  through  the  origin,  as  in 
Fig.  40,  it  is  sometimes  less  labor  to  draw  a  triangle  of  the  voltages 
as  shown  in  Fig.  41. 

Since  J  is  a  common  factor,  a  right  triangle  may  also  be  formed 
from  X,  r  and  z  as  shown  in  Fig.  41.  This  is  called  the  im- 
pedance triangle.  The  complex  expression  2  =  r  +  jx,  from 
equation  (97),  indicates  the  same  relation.  Resistance,  reactance 
and  impedance  are,  however,  not  vector  quantities  like  current 
and  voltage,  but  merely  act  as  operators. 


.XI 


Fig.  40. 


Fig.  41. 


PROBLEMS 


1.  Given  a  circuit  as  shown  in  Fig.  35.     /  «  7  amperes;  r  =  5  ohms;  L  = 
0.02  henry;/  =  60  cycles 

«  «  r  4-  i(2ir/L)  =  r  4-  j^x. 
(a)  Find  rE,  ^E,  Eo. 

(6)  Draw  vector  diagram  for  /,  rJ^,  ^A,  and  Eo. 
(c)   Draw  the  impedance  triangle. 

2.  Same  circuit  and  data  as  for  problem  1,  except  the  frequency  is  26 
cycles. 

8.  Circuit  diagram  as  in  Fig.   37.     The  impressed  voltage,  Eo  =  220 
volts;  r  =  8  ohms;  C  =  320  microfarads;/  =  60  cycles. 


z 


-■'■y/c) 


r  -JcX. 
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(a)  Find  /,  rE  and  cE. 

(&)  Draw  vector  diagram  showing  t,  JSl,  JS  and  Ao. 
(c)  Draw  the  impedance  triangle. 

4.  Same  circuit  and  data  as  for  problem  3  except  the  frequency  is  25  cycles. 
6.  Circuit  diagram  as  in  Fig.  39.    The  impressed  voltage.    Eft  ■■  240 
▼oltB;  r  =  6  ohms;  L  =  0.05  henry;  C  =  273  microfarads;  /  -  60. 


r  +  J  \2irfL  -  g^j   -  r  +  ;(^  -  ^a:). 


(a)  Fmd  /,  fE,  J?,  ^^  and  »E. 

(b)  Draw  a  vector  diagram  showing  /,  rii  v^,  d,  z6,  i^o. 

(c)  Draw  the  impedance  triangle. 

6.  Same  circuit  and  data  as  in  problem  5  except  the  frequency  is  25  cycles. 

7.  Readings  taken  in  the  laboratory  with  an  alternating-current  volt- 
meter in  series  with  a  telephone  condenser  and  directly  across  a  60-cycle 
line  are  respectively  47.0  and  114.0  volts.  The  resistance  of  the  voltmeter 
is  3500  ohms  and  its  reactance  is  negligible.  What  is  the  impedance  and 
condensance  of  the  condeuser,  assuming  that  there  ia  no  energy  loss  in  it? 

For  Experiments  see  page  527. 
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PARALLEL  CIRCUITS 

In  a  series  circuit  the  same  current  passes  through  all  the 
partS;  while  in  parallel  circuits  the  voltage  is  the  common  factor. 
In  drawing  the  vector  diagrams  for  the  series  circuits  the  current 
is  generally  taken  as  the  reference  vector  since  it  is  the  conmion 
factor.    Similarly,  it  is  usually  desirable  to  take  the  voltage  as 

reference  vector  in  parallel  circuits. 
Just  as  in  dealing  with  series  cir- 
cuits in  Chap.  IV  the  total  voltage 
was  composed  of  several  compo- 
nents, so  in  parallel  circuits  the 
total  current  may  be  considered 
as  consisting  of  vector  components 
from  the  several  parallel  circuits. 
In  equation  (101)  and  Fig.  42  the 
voltage  is  separated  into  one  part, 
r/,  in  phase  with  the  current  and 
another,  jzl  leading  the  current  by  90°.  Solving  the  equation 
for  current  we  have  (102). 


Fig.  42. 


E  =  rl  +  jxl 


(101) 

.    •  (102) 

r  +  jx  ^       ^ 

Rationalizing  the  fraction   by  multiplying   both   numerator 
and  denominator  by  r  —  jx  gives, 

(r  -  jx)  rE  jxE 


J    ET 

r^  +  x^ 
For  convenience  let : 


y.2  _j_  ^2  y.2  ^  ^2 


(103) 


x 


Then: 


-«— ; — 5  =  g\  and  -5—; — 5  =  6 

I  ^  gE  -  jbE 
40 


(104) 


(105) 
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Equation  (105)  states  that  the  current  consists  of  two  compo- 
nents, one  in  phase  and  the  other  in  quadrature  with  the  voltage. 
The  corresponding  vector  diagram  is  shown  in  Fig.  43.  The 
minus  sign  before  the  quadrature  component  indicates  that  the 
voltage  leads  the  current.  That  this  is  the  same  relation  as 
indicated  by  equation  (101)  is  evident;  for,  if  the  current  lags 
behind  the  voltage,  necessarily  the  voltage  leads  the  current. 

The  factor  ~rn — i  is  called  the  condtidance  of  the  circuit 

r*  +  X* 

BJid  is  represented  by  thfe  symbol  g, 

X 

The  factor  ~-rT — 2  ^  called  the  susceptance  of  the  circuit 
and  is  represented  by  the  symbol  b. 


Iz 


K 


fT. 


u^x 


Fig.  44. 


Let 

y  =  g  -  jh)OTY  ^  y/g^  +  6* 

Then  2/  or  F  is  the  admittance  of  the  circuit. 
From  (105)  and  (106) : 

/  =  1/^,  or  /  =  YE 
Combining  this  with  (98)  in  Chap.  IV: 

y  =  ^,  or  Z  =  y 


(106) 


(107) 


(108) 


The   practical   unit  for   admittance,   conductance   and   sus- 
ceptance is  the  reciprocal  ohm,  called  the  mfio. 

For  an  illustration  take  two  circuits  as  represented  in  Fig.  44. 
In  the  first  circuit:  ri  =  12  ohms  and  ^xi  =  10  ohms. 
In  the  second  circuit:  ra  —  8  ohms,  and  ^Xa  =  15  ohms. 
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Let  the  voltage  for  both  circuits  be  120  volts, 
ri  12 


9i  = 
6i  = 


12*  +  10« 
10 


=  0.0492  mhos. 


=  0.0409  mhos. 


ri*  +  .xi»       12«  +  102 
/i  =  (7i^  -  ihiE  =  0.0492B  -  J0.0409B  amperes. 

0X2  15 


(109) 


=  0.0519  mhos. 


T%^  +  cXj*      8*  +  152 
t^^  gJE  +  jbii;  =  0.0276^  +  i0.0519J?  amperes.  (110) 

The  total  current  is  the  vector  sum  of  the  component  currents 
as  shown  graphically  in  Fig.  45  and  analytically  by  equation  (111). 

/o  =  /i  +  /,  =  0.0492£f  -  j0.0409£^  +  0.0276^ 

+  i0.0519J&  =  (0.0768  +^0.011)^  =  {go+jbo)6     (111) 

/  =  E\/{gQ^  +  60^)  ==  0.0843  E  =  10.12  amperes.  (112) 

Ohm's  Law. — From  the  discussion  in  this  and  the  previous 

chapter  it  is  evident  that  Ohm's 
law  may  be  expressed  either  by 
(113)  or  (114). 


E  =  zl 

i  =  yE 


(113) 
(114) 


Therefore   *'  the    joint  impe- 
dance of  a  nimxber  of  series-^con- 
nected  impedances  if  expressed 
in  complex  quantities,  is  equal 
Fig.  45.  to  the  sum  of  the  individual  im- 

pedances; the  joint  admittance 
of  a  number  of  paralleUcannected  admittances,  if  expressed  in 
complex  quantities,  is  equal  to  the  sum  of  the  individual  admit- 
tances. In  diagrammatic  representation,  combination  by  the 
parallelogram  law  takes  the  place  of  addition  of  the  complex 
quantities." 
Kirchoff's  Laws. — For  direct  currents  Kirchoff's  laws  state: 
(a)  The  sum  of  all  the  electromotive  forces  in  a  circuit  equals 
zero.     XE  «  0. 
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(b)  The  sum  of  all  the  currents  flowing  to  a  point  is  zero. 
2/  =  0. 

In  alternating  currents  the  phase  relations  as  well  as  the  mag- 
nitude of  the  component  parts  must  be  included.  Any  voltage 
wave  can  be  resolved  into  a  component  in  phase  with  the  current 
and  a  second  component  in  quadrature  with  the  current.  In 
combining  several  voltages  these  components  must  be  taken 
separately  as  neither  can  have  any  effect  on  the  magnitude  of 
the  other.  Likewise  the  currents  can  be  resolved  into  one  com- 
ponent in  phase  with  the  voltage  and  a  second  component  in 
quadrature  with  the  voltage.  For  the  same  reason  neither  of 
these  components  can  have  any  effect  on  the  magnitude  of  the 
other,  and  therefore  must  be  taken  separately  when  several  cur- 
rents are  combined. 

Kirchoff 's  laws,  therefore,  reestablished  for  alternating  currents 
are: 

(c)  The  sum  of  all  the  real  components  and  the  stun  of  all  the 
quadrature  components  of  the  electromotive  forces  in  a  circuit 
equal  zero. 

XE  =  0,  or  Xr6  =  0  and  S^JE  =  0  (117) 

(cQ  The  sum  of  the  real  components  and  the  sum  of  the  quad- 
rature components  of  currents  flowing  to  a  point  equal  zero. 

2/  =  0,  or  Xgi  =  0  and  xj  =  0  (118) 

PROBLEMS 

1.  Given  a  circuit  having  a  constant  reactance  of  0.5  ohms  in  series  with 
a  resstance  that  can  be  varied  from  0  to  3  ohms.  Plot  curves  for  imped- 
ance, admittance,  conductance  and  susceptance  as  ordinates  and  with 
resistance  as  abscisste. 

2.  Given  a  circuit  having  a  constant  resistance  of  0.5  ohms  in  series  with 
a  reactance  that  can  be  varied  from  +2  ohms  (inductive)  to  —2  ohms 
(condensive).  Plot  curves  for  impedance,  admittance,  conductance  and 
susceptance  as  ordinates  and  with  reactance  as  abscissae. 

3.  A  hot  wire  galvanometer  having  a  resistance  of  4.3  ohms  is  shunted  with 
a  0.005  m.f.  condenser.  What  percentage  of  the  total  current  will  pass 
through  the  meter  at  frequencies  of  3,000;  30,000;  300,000;  and  3,000,000 
cycles? 

For  Experiments  see  page  528. 


CHAPTER  VI 

SOLUTION  OF  CIRCUITS 

Having  in  the  preceding  chapters  shown  that  Ohm's  and 
Kirchoff's  laws,  when  expressed  in  their  complete  form,  apply  to 
alternating  currents,  we  are  in  position  to  calculate  alternating- 
current  circuit  networks  containing  resistance,  inductive  react- 
ance and  condensive  reactance  in  as  concise  a  manner  as  for 
direct  currents.  The  symbols  and  expressions  for  the  circuit 
constants  and  the  equations  for  Ohm's  and  Kirchoff's  laws  as 
applied  to  alternating  currents  are  grouped  for  ready  reference. 

Resistance  =  r  =  ^^  =  ^rZ^TfJzr^by  ^^^^^ 

Reactance  =  x  =  .x  -  a  =  ^r^-ftl  =  g»  +  J 1  jb)»  (122) 

Impedance  =  .  =  r  ±  jx  =  r  +  j^x  -  a)  =  '-  (123) 

Impedance  =  Z  =  \/r'  +  x*  =  VrM-  (lX  -  cXJ*  =  y  (124) 

Conductance  =  g  =  ^,  =  ^iqi^— )1  (125) 

Susceptance  =  b  =  ^,  =  ^./jf^),  (126) 

Admittance  =  2/  =  g+i6  =  g—  j(J>  —  c6)  =  -  (127) 

Admittance  =  7  =  \/q^  +  62  =  y/'g^  +  (,6  -  i^Y  =  ^  (128) 

Ohm's  Law  in  notation  indicating  both  magnitude  and  phase 
relations: 

^  =  2/  =  (r  +  jx)/  =  [r  +  i(,x  -  cX)]/  (129) 

i  ^yE=  (g-  jb)E  =[g-  j{J)  -  J>)]E         (130) 
For  absolute  values  without  directly  indicating  phase  relations: 


E  =  ZI  =  iSr^  +  x^  =  lyir^  +  (a  -  ^xY       (131) 


I  ^YE  =  E^Jg^  +  b^  =  E\g^  +  (Jb  -  J>y   (132) 
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Kirchoff's  law  in  notation  indicating  both  magnitude  and  phase 
relations: 

Si^  =  0  or  XrE  =  0  and  Sj,S  =  0  (133) 

S/  =  0  or  V  =  0  and  ZjJ  =  0  (134) 

From  the  above  equations  it  is  evident  that  the  field  of  con- 
stant direct  currents  is  merely  the  special  case  of  alternating 
currents  when  /  =  0.  The  energy  stored  in  both  the  magnetic 
and  the  dielectric  fields  under  this  condition  remains  constant, 
and  hence  only  the  electric  circuit  need  be  considered  in  direct- 
current  problems. 

It  is  obviously  impossible  to  discuss  all  of  the  infinite  variety 
of  combinations  which  can  be  imagined  or  which  may  exist  in  a 
network  of  circuits;  therefore,  only  some  of  the  simpler  and  more 
common  types  will  be  considered. 

Symbols. — In  the  circuit  diagrams  certain  symbols  are  used 
to  represent  the  quantities  and  the  arrangement  of  the  in- 
struments in  the  circuits.  Thus  resistance  is  indicated  by  a 
Baw-tooth  line  •'\AAAAMAri  inductance  or  inductive  reactance 
by  a  coil,  ^  i)O00OO(i^>  and  condensance  (capacity)  or  con- 
densive  reactance  by    condenser  plates,  \\  A  vari- 

able resistance  is  indicated  by  AAMAM^AAr*  ^  variable  inductive 
reactance  by  cOQQQJjjjj^  and  a  variable  condensive  reactance 

by         Jn  •    ^^®  symbol,  CSJ,  indicates  a  complete  cycle. 

The  notation  used  in  the  text  may  readily  be  kept  in  mind  by 
referring  to  the  corresponding  circuit  and  vector  diagrams.  The 
subscripts  in  the  lower  right-hand  comer  give  the  position  in 
the  circuit  while  the  subscripts  in  the  lower  left-hand  corner 
indicate  the  nature  of  the  circuit.  Thus  ^^2  indicates  in- 
ductive reactance  in  circuit  No.  2;  and  ©iCi  indicates  condensive 
reactance  in  circuit  No.  1.  Similarly  rEs  indicates  the  voltage 
consumed  by  the  resistance  r  in  circuit  No.  3;  and  eh  the  con- 
densance current  flowing  in  circuit  No.  2.  The  dots  above  E 
and  /  indicate  a  complex  or  vector  nature  of  the  voltage  and 
current,  while  the  same  letters  without  the  dot  stand  for  the 
absolute  or  numerical  values. 

I.  SERIES  CIRCUITS 

A.  Resistance  and  Inductance. 

Problem  1. — Circuit  diagram.  Fig.  46.  Vector  diagram, 
Kg.  47. 
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Given:  r  =4.9  ohms;  L  =  0.02  henry;  /  =  10 amperes;  /  =  60 
cycles. 
Find :  rE,  J?,  Bo,  ^o,  ^o,  cos  ^o. 

^E  ^  rl  =  48  volts  =  E„t. 

^E  =  ^xl  =  2ir/L/  =  75.4  volts    «  Ehd. 

Eo  =  /(r  +  j,x)  =  rJ^  +  i,ig  =  48  +  j75A  volts  =  J^^ad. 

Eo  =  vCB^  +  IB*  =  V48*  +  75.4«  =  89.4  volts   =  Ead. 


.X 


$0  =  tan-*  -  =  57^  31';  cos  ^o  =  0.537. 


OTIRT 


Fia.  46. 


Fig.  47. 


Problem  2. — Given  the  same  circuit  as  in  Fig.  46  with  r,  L  and  /  the  same 
as  in  problem  1,  but  /  =  25  cycles. 
Find:  rE,  ,,E,  JJo,  Eq,  So  and  cos  Bq. 
Draw  the  corresponding  vector  diagram. 


r^f 


x*-/ 


-rr-AA/VWWVr-^gTO06flO' 


^'         e         '•' 


-^WWWOOflVi/WWWW 


^4 4* 


,^. 


Fig.  48. 


Problem  3. — Circuit  diagram,  Fig.  48.  Vector  diagram.  Fig. 
49. 

Given:  ri  =  8.2  and  r%  =  2.7  ohms;  Li  =  0.01  and  L2  =  0.03 
henry;/  =  25  cycles;  /  =  10  amperes. 
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Find:  ^i,  J?i,  rEt,  J&j,  rE,  ,E,  Eo,  Eo,  Si,  $2,  ^c^,  oob  flih 
rEi  =  rj  =  82.0  volts  =  Eat. 
mM\  =  yxj  =  15.7  volts  «  Ehd' 

El  =  /Vr7TT^«  =  83.5  volts  =  E^oa. 
^,  =  r»/  =  27.0  volts   =  JS?d,. 
1^2  =  aJ[  ^  47.1  volts  =  E,f. 

E%  =  /•N/r2*  +  ai^  =  64.2  volts  =  -E?d/. 

rJB  =  ,£i  +  ^a  =  109.0  volts. 
JE   =  ,^1  +  1^2  =  62.8  volts. 

J^o  =  tE  +j^E  =  109.0  +  i62.8  volts  =  £«/. 

^0  =  y/rE^+  uE^  =  125.7  volts   =  Eaf. 

$1  =  tan-»  ^'  =  10^  50'.     02  =  tan'^  —  =  60°  10'. 
ri  r2 
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:=  f^n-I  ^.5i±i5?  « 


do  =  tan 


-H-^  =  30^:  cos  $0  =  0.866. 

ri  +  r2  ' 


Fig.  49. 

Problem  4L — Same  circuit  and  constants  as  in  problem  3  except  the 
frequency  is  60  cycles  per  sec. 

Draw  vector  diagram  and  find  ,^i,  x^i,  rEt,  lEi,  Eij  Etj  tE,  lE,  &o,  Eo, 
Bi,  Off  0Q,  and  COB  Bo. 

B.  Resistance  and  Condensance. 

Problem  6. — Circuit  diagram,  Fig.  50.  Vector  diagram, 
Pig.  51. 

Given:  r  =  6.3  ohms;  C  =  440  microfarads;  /  =  10  amperes; 
/  =  60  cycles. 

Find:  rE,  cE,  ^o,  Eo,  So  and  cos  So. 

Ji  ^rl  ^  63.0  volts   =  Ea. 
^   »  ^/  s  72.4  volts  =  ^6d. 
i?o  =  Hr-jcx)  =  rE  -  jcE  =  63.0  -  ^72.4  volts   =  Ead. 

Eo  =  7Vr*  +  cX*  =  VrE^  +  cE^  =  9^.9  volts  =  Ead. 

7  24 
e  =  tan-i  ^=49^  cos  6  =  0.656. 
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Problem  6. — Given  the  same  circuit  and  constants  as  in  problem  5  except 
/=  60  cycles. 

Find :  rE,  eEj  io,  Eo,  do  and  cos  So. 
Draw  the  vector  diagram. 


TyAAA/WVVWV--y-|  |-^ 


i 


FiQ.  60. 


Fio.  51. 


Problem  7. — Circuit  diagram,  Fig.  52.  Vector  diagram,  Pig. 
53. 

ri  =  8.0  and  r^  =  3.5  ohms;  Ci  =  800  and  d  =  250  micro- 
farads; 7  =  10  amperes;/  =  60  cycles. 

Find:  rEi,  cE\,  rEi,  ©Ba,  rE,  cE,  Eij  E29  Eo,  Eo,  di,  62,  and  ^o. 

^1  s  nl  =  80.0  volts  =  E^. 


A/WWW\Ar 


*-f^ 


<; 


f   u    e 


Uk 


A/WWWVAA^— ' 


FiQ.  52. 


rEa 

eE\ 

cE2 

rE 

cE 

El 
Et 


rj  =  35.0  volts  =  Ede. 

I 
cxj  ==  w-jr'  =  33.2  volte  =  E^d. 

cxj  =  106.1  volts  =  Eef. 

rEi  +  rE2   =    115.0  volts. 

cEi  +  cE2  =  139.3  volts. 

I(ri  -  jcXi)   =  r^l  -  jcEi  '■ 


80  -  i33.2  volts  =  Ead. 
35  -  j  106.1  volte  =  £d/. 
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-fir  0    ^* 

Oi  = 


/[(n  +  rO  -  jUi  +  .X,)]  =  116  -il39.3  volts  =.^./. 
VrE*  +  cE*  =  180.6  volts  =  E./. 

tan-i  ^  =  22"  33'. 

tan-»  —  =  71°  45'. 
ri 

tan-»  ^^^-±^  =  60°  26'. 
ri  -r  r2 


Fig.  63. 

Problem  8. — Given  the  same  circuit  and  constants  as  in  problem  7  except 
/  «  25  cycles. 

Find:  rEij  rSt,  cEi,  eEt^  rE,  eEy  El,  Etf  Eof  Eot  Si,  6%  and  do* 
Draw  the  corresponding  vector  diagram. 

C.  Resistance,  Inductance  and  Condensance. 

Problem  9. — Circuit  diagram,  Fig.  54.  Vector  diagram, 
Ilg.  55. 

Given:  r  =  4.2  ohms;  L  =  0.03  henry;  C  =  450  microfarads; 
/  =  10  amperes;/  =  50  cycles. 

Find:  rE,  Jl,  «£,  ^o,  -Bo  and  ^o. 

^E   =rl  =  42.0  volts. 

^E   «  2t/L/  =  ,xl  =  94.2  volts. 

cE   =  K-fn  =  ofl?/  =  70.7  volts. 

^0  =  i[r  +  j(^-cX)]^rE  +j(,E  -cE)^  42.0 +i23.5  volte. 
J5o  -  ly/r^  +  U  -  ox)*  =  48.1  volts. 
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00  ■"  tan-'  - 


=  tan""' 


=  29"  15'. 


Problem  10. — Given  the  same  circuit  and  conetajite  as  in  problem  9 
except  the  frequency  ia  25  cycles  per  Bee. 

Find :  ,B,  iB,  >£,  Sit,  £*  and  Sg.    Draw  vector  diagram. 

Problem  11. — Given  the  same  circuit  and  constants  as  in  problem  9 
except  /  =  40  cycles. 

Find;  ,E,  cE,  ^,  tt,  Bo  and  Ba.    Draw  vector  diagram. 

In  a  series  circuit  b31  the  voltage  absorbed  by  resistance 
is  in  phase  with  the  current.  Hence  the  total  resistance  voltage 
is  the  product  of  the  arithmetical  sum  of  all  the  resistances  by 


— I'-^i 

-r-'-^WWWWV      11   ' 


Fia.  M. 


Fio.  66. 


the  current.  This  will  be  true  whether  the  resistance  is  distri- 
buted over  the  circuit  or  concentrated  at  one  or  more  points. 
Since  the  condensive  reactance  is  of  opposite  aign  to  the  inductive 
reactance,  the  sum  of  all  the  reactances  in  the  circuit  is  equal 
to  the  algebraic  sum  of  the  separate  inductive  and  condensive 
reactances.  Thus  in  a  series  circuit  as  shown  in  Fig.  56  the  total 
resistance  voltage  is  found  by  multiplying  the  sum  of  all  the 
resistances  by  the  current.  Likewise  the  total  voltage  taken  in 
quadrature  with  the  current  is  found  by  taking  the  product  of 
the  current  into  the  algebraic  sum  of  all  the  reactances. 

Problem  12. — Circuit  diagram,  Fig.  56.  Vector  diagram. 
Fig.  57. 

Given:  Ti  =  6.0;  .x^  =  6.6;  ^i  -  12.0;  rj  =  2.5;  ^t  -  5.5; 
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^x»  =  10.0;  ciC3  ==  7.4;  u  =  8.8 — ^all  in  ohms;  /  =  10  amperes; 
/  =  60  cycles. 

Find :  Eq,  Eq,  and  ^o- 

10  [16.3  +  i(16.6  -  24.9)]  =  163  -  ^83  volts. 

Hence  the  voltage  in  phase  with  the  current  is  163  volts  and 
the  quadrature  component  is  83  volts,  with  the  current  leading; 
the  voltage. 

Eo  =  Vi63«  +  83«  =  182.7  volts. 


6  —  tan 


-1 


_83^ 
163 


=  26^  56'. 


r — >-^* — T*^'T ''^"  ~^ 


po  ♦i.**-.^  Vfi  v^, 


-f 


Fio.  66. 


♦J 

Fig.  67. 


Problem  13. — Given  the  same  circuit  and  the  same  resistance,  inductance 
and  condensance  as  in  problem  12.    /  »  60  cycles. 

Find :  J^oy  En  and  ^o.    Draw  vector  diagram. 

Problem  14. — Given  the  same  circuit  and  the  same  inductance,  condens- 
ance and  resistance  as  in  problem  12.    /  —  26  cycles. 

Find:  J^q,  E^  and  Bo.    Draw  vector  diagram. 

D.  Resonance. — In  any  series  circuit  having  a  given  in- 
ductance and  condensance  the  relative  value  of  the  inductive 


_L 
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and  condensive  reactance  depends  on   the  frequency  of  the 

^  «.  1 

current,  ^x  =  2t/L;  cO;  =  2~7r* 

Since  ^x  is  directly  and  eX  inversely  proportional  to  /,  a  fre- 
quency may  be  found  at  which  ^x  =  oX  or  2t/L  =  oir/r'  ^^^ 

hence  for  resonance,  /  =  - — -=•  (135) 

For  the  frequency  at  which  t,x  =  eX  the  circuit  is  in  resonance 
and  the  resistance  alone'  opposes  the  flow  of  current.  Hence 
under  resonance  conditions  E  =  r/,  since  x  =  ^.x  —  eX  =  0. 

It  should  be  kept  clearly  in  mind  that  a  circuit  must  contain 
both  inductance  and  condensance  in  order  to  give  resonance. 

Problem  16. — Circuit  diagram,  Fig.  58. 

Let  r  =  0.5  ohm;  L  =  0.05  henry;  C  =  400  microfarads;  Eq  —  100  volts. 

(o)  Find  the  frequency  for  resonance. 

(b)  Under  resonance  conditions,  find  /,  lE,  eE^  tE^  and  draw  vector 
diagram. 

(c)  Plot  curves  using  frequencies  from  0  to  100  as  abscissae  and  the  corre- 
sponding values  of  ^x,  eX,  x,  2,  /,  J^,  eE,  and  tE  as  ordinates. 

It  is  seen  that  this  method  of  solving  circuits  may  readily 
be  applied  to  all  possible  combinations  of  resistance,  inductive  re^ 

actance  and  condensive  reactance 
^^  ^  ~*fr  "1       in  series.    The  order  of  the  various 


r 


L 


parts  is  of  no  consequence  in  de- 
termining the  relations  of  the 
current  and  the  total  voltage. 
Since  the  current  is  the  same 
throughout  it  can  to  best  ad- 
w  V  V  Y  w  V  V  vantage  be  selected  as  the  ref er- 

_  ^ -— *-|  ence  vector.     Then  all  the  resist- 


r 


Fig.  58.  *^c®  will  absorb  voltage  in  phase 

with  the  current.  Hence  the 
total  voltage  absorbed  by  the  several  resistances  in  the  circuit 
must  be  equal  to  the  product  of  the  sum  of  all  the  resistances 
into  the  current.  The  vector  for  the  resistance  voltage  is  in 
phase  with  the  current  vector. 

Likewise  the  total  reactance  is  the  algebraic  sum  of  all  the 
reactances  in  the  circuit.  Inductive  reactance  is  considered  as 
positive  and  condensive  reactance  as  negative.  The  total 
voltage  absorbed  by  all  the  reactances  is  equal  to  the  product  of 
the  algebraic  sum  of  all  the  reactances  in  the  circuit  by  the 
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current.  The  reactance  voltage  is  in  time  quadrature  with  the 
current  and  hence  the  corresponding  vector  will  be  in  quadrature 
with  the  current  vector. 

The  total  voltage  consumed  by  both  the  resistance  and  the  re* 
actance  is  the  square  root  of  the  siun  of  the  squares  of  the  re- 
sistance and  the  reactance  voltages.  These  relations  are  ex- 
pressed by  equations  (136)  and  (137).  Let  the  sum  of  all  the 
resistances  in  the  circuit  be  ri  +  ft  +  rz  +  etc.  =  R.  Let  the 
sum  of  all  the  inductive  reactances  in  the  circuit  be  ,jXi  +  ^Xj  + 
iXz  +  etc.  =  ^;  and  the  sum  of  all  the  condensive  reactances 
be  oXi  +  cwCs  +  eXz  +  etc.  =  ©X. 

A  =  [R+  iU"  -  cX)]U  (136) 

Eo  =  /o  VR*  +  (JC  -  JC)*  =  ZIo  (137) 

By  referring  to  the  vector  diagram  certain  simple  relations 
between  the  total  voltage  and  the  Voltages  of  the  parts  of  the 
circuit  may  be  noted. 

(a)  If  non-inductive  resistances  are  connected  in  series,  the 
sum  of  the  several  voltages  is  equal  to  the  total  voltage.  Like- 
wise if  condensers  are  connected  in  series  with  short  pieces  of 
wire  so  as  to  make  the  resistance  negligible,  the  sum  of  the 
several  voltages  is  equal  to  the  total  voltage.  Commercial  in- 
ductive reactances  have  more  or  less  resistance  but  if  the  re- 
sistance is  relatively  small  the  voltage  will  be  almost  entirely 
absorbed  by  the  inductive  reactance. 

(b)  If  the  time  constant,  that  is,  the  ratio  between  the  induc- 
tance and  the  resistance,  is  the  same  in  two  coils  connected  in 
series,  then  the  total  voltage  is  equal  to  the  sum  of  the  two  vol- 
tages across  the  coils.  By  drawing  a  vector  diagram  it  becomes 
evident  that  the  impedance  drops  for  the  two  coils  lie  in  the 
same  straight  Hne. 

(c)  When  resistance,  inductive  reactance  and  condensive  re- 
actance are  connected  in  series  the  sum  of  the  separate  voltages 
is  always  larger  than  the  total  voltage.  Since  the  inductive  and 
condensive  reactances  give  opposing  effects  the  total  voltage 
may  be  less  than  the  voltage  consumed  by  either  the  inductive 
or  the  condensive  reactances. 

IL  PARALLEL  CIRCUITS 

The  constants  of  parallel  circuits  are  often  given  in  terms  of 
resistance,  inductance  and  condensance,  or  resistance,  inductive 
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and  condensive  reactance  and  impedance  of  each  of  the  parallel 
circuits.  In  order  to  find  the  total  current,  the  relative  phase 
positions  as  well  as  the  magnitudes  must  be  taken  into  con- 
sideration. By  converting  the  constants  given  in  ohms  to  the 
corresponding  values  in  mhos,  that  is,  into  conductance  and 
susceptance,  the  components  of  the  current  in  phase  with  the 
voltage  and  the  part  in  quadrature  may  be  separated.  The 
total  current  can  then  be  found  in  the  same  manner  as  the  total 
voltage  is  found  in  series  circuits. 

A.  Resistance  and  Inductance. 

Problem  16. — Circuit  diagram,  Fig.  59.  Vector  diagram. 
Fig.  60. 

Given:  gi  =  0.22;  bi  =  0.00;  Qi  =  0.00;  and  ,62  =  0.12  mho; 
Eo  =  100  volts. 


T.     K 


I 


s*-** 


Fio.  59. 

1,  1 2,  /o,  /o,  ^0. 

/i  =  giE  -  jbiE  =  0.22E  =  22.0  amperes. 

U  =  g^E  -  ^.62^?  =  -  JQ.12E  =  -  ^12.0  amperes. 

/o  =  /i  +  /g  =  22.0  —  J12.0  amperes. 

^0  =  V/i^  +  1 2^  =  25.0  amperes. 

^0  =  tan-i-  =  -  28°  35'. 
go 

Problem   17. — t^ircuit   diagram.   Fig.   61.     Vector   diagram, 
Fig.  62. 

ri  =  6.4  ohms  t,xi  =  4.8  ohms. 
Ti  =  2.4  ohms,  t,X2  ==  8.0  ohms. 
E  =  100  volts,  /  =  60  cycles. 

Find:  gi,  g^,  ^0,  J>ij  J)2,  60,  yo,  Ii,  1 2,  gly  d,  -to,  ioi  ^o- 


^1  = 

g2  = 


^2*  +  i.X%^ 


=  0.10  mho. 
=  0.0344  mho. 
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^61  «  -T— — o  =  0.0760  mho. 

J>t  =  ,>f'     ,  =  0.1148  mho 

flfo  =  flfi  +  flf2  =  0.1344  mho. 

60  =  l6i  +  l6«  =  0.1898  mho. 

yo  ==  flfo  -  i&o  =  0.1344  -  jO.1898  mho. 

/i  =  (gi  -  it6i)J^  =  (0.10  -  j0.075)E  amperes. 

/,  =  igt-jJb2)E  =  (0.0344  -  y0.1148)E  amperes.^ 

/o  =  /i  +  /«  =  (go  -  jbo)^  «  (0.1344  -  j0.1898)i  amperes. 

gl  »  0a£f  a  13.44  amperes. 


Fio.  61. 


Fio.  62. 


5/  =  6a^  =  18.98  amperes. 

/o  =  VgP  +  fr/*  =  J^Vffo*  +  fro*  =  23.25  amperes. 

^o  =  tan-i-  =  54^*40'. 

Problems  18. — Given  the  same  circuit  as  in  problem  17  and  let  E  »  100 
volts  and  /  «  25  cycles. 
Find:  ffot^Vof  0A  b^)  to,  lo,  and  $0.    Draw  the  vector  diagram. 

B.  Resistance  and  Condensance. 

Problem  19. — Circuit  diagram,  Fig.  63.  Vector  diagram, 
Fig.  64. 

Given:  gi  =  0.32;  M  =  0.00;  gt  =  0.00;  Jbi  =  0.21  mho; 
£  =  100  volts. 

Find:  /i,  ti,  to,  lo,  and  ^o* 

ti^  (gi+  jjbi)6  =  0.32£  amperes. 
/«  =  (flfj  +  jM)E  =  j0.21£  amperes. 
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to- 
/o  = 

Bo  = 


/i  +  jU  =  (0.32  +  j0.21)6  amperes, 
Ey/0,32^  +  0.21«  =  38.25  amperes. 


tan-i-  =  33°  17'. 
ffo 


A 


^— X 


Fio.  63. 


Fio.  64. 


Problem  20. — Circuit  diagram,  Fig.  65.  Vector  diagram, 
Fig,  66. 

Given:  ri  =  9.0;  ra  =  12.0;  eXi  ~  15.0;  0X2  =  10.0  ohms; 
^  =  100  volts;/  =  25  cycles. 

Find:  gi,  g%j  go,  J>i,  J}2,  60,  yoj  lu  h,  gt,  bi,  to,  /o,  ^1,  O2,  and  ^0. 

91  =  ^  2 1'      2  =  0.0294  mho. 


^i     x.    k. 


Fig.  65. 


c6i  = 
062  = 


.Xi 


r2 

eX2 


=  0.0490  mho. 


=  0.0492  mho. 


=  0.0410  mho. 
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i^o  =  flfi  +  ffj  =»  0.0786  mho. 
bo  =  «6i  +  «62  =  0.0900  mho. 
2/0  =  go  +  jbo  =  0.0786  +  iO.0900  mho. 
/i  =  (gi  +  3Jt>i)E  =  (0.0294  +  j0.0490)S  amperes. 
U  =  (Vj  +  iJt>^)^  =  (0.0492  +  i0.0410)^  amperes. 
^   =  g,^^  s  0.0786B  amperes. 
frZ   =  jbj:  =  jO.OOOOg  amperes. 
/o  =  y/gP  +  fr/*  =  i?Vgo*  +  fee*  =  11.95  amperes. 

di  =  tan-i—  =  59°  1'. 


cX. 


Fia.  67. 


Fio.  68. 


cft2 


^2  =  tan-*—  =39°  52'. 


6p 
go 


^0  =  tan-i-  =  48°  52'. 


Problem  21. — Given  the  same  circuit  as  in  problem  20  with  E  -■  100  volts 
and  /  B  60  cycles. 

4        4**4 

Find:  ^i,  flrj,  ^o  «fti,  c&i,  ^  yo,  ii,  ii,  a^>  f*h  'o,  /o,  ^i,  ^s,  ^o.  Draw  the  vector 
diagram. 

C.  Resistancci  Inductance  and  Condensance. 

Problem  22. — Circuit  diagram,  Fig.  67.  Vector  diagram, 
Rg.  68. 

Given:  ri  «  3.4;  rj  «  8.6;  «a:i  =  6.6;  ^x^  =  4.1  ohms;  S  = 
100  volts;  /  =  60  cycles.  ^ 

Rnd:  jo,  6o,  yo,  A,  /s,  (?/,  &/,  /o,  /o,  ^i,  ^a  and  ^o. 

go  «  gi  +  ga  «  ^;,  1^^^,  +  ^^,  ^^^,  -  0.062  +  0.096  =  0.158 
mho. 
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=  0.120-  0.046  =  0.074  mho. 

Vo  ^  go  +  J&o  =  ai58  +i0.074  mho. 

/i  =  (gi  +iJtfx)E  «  (0.062  +  jO.  120) J&  amperes. 

/2  =  (g«  -  Jl62)J5  «  (0.096  -  i0.046)B  amperes. 
4   »  g^  s  0.158£f  »  15.8  amperes. 
J   =  j6oJ5  =  J0.074J5?  =  ;7.4  amperes.^ 

/o  =  (go  +  j6o) Jg  =  (0.158  +  i0.074)^  amperes. 

/o  =  Vir/*  +  fr/*  =  (go*  +  60*)^^  «  17.5  amperes. 

Oi  =  tan-i  !^  =,  62^  40';  0%  «  tan"^  ^-^  =  -  25°  39'; 
gi  '    '  g2 

tfo  =  tan-i  ^  «  25°  8'. 
go 

Problem  88. — Given  the  same  circuit  as  in  problem  22,  with  E  -■  100 
volts  and  /  «  40  cycles. 

Find:  gs^  &o»  Vfh  ^h  ^h  bt,  gt,  hj  lot  Oi,  Bt,  and  do.  Draw  the  vector  dia- 
gram. 

Problem  24. — Circuit  diagram,  Fig.  67.  Vector  diagram, 
similar  to  Fig.  68. 

Given:  ri  =  0.1;  rj  =  0.3;  eXi  =  8.4;  t,X2  =  5.4  ohms.  E  = 
100  volts;  /  =  60  cycles. 

Find:  go,  60,  yo,  /i,  ^2,  gl,  tJ,  /o,  lo,  ^1,  0%,  6o» 

go  =  gi  +  g2  =  o  I'   a  +  o  I'  2  =  0.0014  +  0.0102  - 

0.0116  mho. 
bo'M-  .6,  =  ^-^  -  ;:p^  =  0.1190  -  0.1844  = 

-  0.0654  mho. 

yo  =  go  +  j6o  =  0.0116  -  jO.0654  mho. 

/i  =  (gi+jJbi)6  =  (0.0014  +j0.1190)i  amperes. 

/2  =  lgi-jM)E  =  (0.0102  -  jO.  1844)^  amperes. 
J   :^  gjj  ^  0.0116-E  =  1.16  amperes. 
J    =  ibj:  «  -  j0.0654^  =  J6.54  amperes, 

U  =  (go+jbo)E  =  (0.0116  -  j0.0654)^  amperes. 

/o  =  V^FTJ*  =  (go*  +  bo^)^E  =  6.64  amperes. 
Oi  =  tan-i  —  =  89**  19';  tf,  =  tan**  '^  =  -  86**  35'. 

gi  g*        ^ 

^0  =»  tan-^  ^  =  -  79**  45'. 
go 
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Problem  26. — Given  the  same  circuit  as  in  problem  24  with  E  >-  100 
volts  and  f  ^  25  cycles. 

Find '-  Qofbcftht  tu  fh  g^i  bl,  to,  lo,  Oi,  Ot,  Oo.     Draw  vector  diagrams. 

Problem  26. — Circuit  diagram,   Fig.   69.    Vector  diagram. 
Fig.  70. 


Fig.  69. 


^  «»^ 


Fia.  70. 

Given:    ri  =  1.5;    rj  =  6.6;    rz  =  7.0;    tXi  =  3.4;    ^i  =  6.6; 
^t  =  4.7;  lXz  =  8.2  ohms;  ^  =  100  volts;/  =  60  cycles. 
Find :  go,  bo,  yo,  /o,  /o,  ^o. 

-  0.1264  +  0.1045  +  0.0601  =  0.2910  mho. 
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rr  +  CiiCi  —  oXiJ*     r2^  +  eX2^      rt*  +  jc^r 
«  0.260  +  0.088  -  0.0705  =  0.2775  mho. 
yo  =  go  +  jbo  =  0.2910  +  iO.2775  mho. 
/o  =  VoE  =  (0.2910  +  j0.2775)E  amperes. 
h  =  YoE  =»  (go^  +  bo^y^E  =  40.2  amperes. 

^0  =  tan-i  -  «  43°  38'. 

Problem  27. — ^In  the  same  circuit  as  in  problem  26,  let  the  applied 
voltage  be  100  volts  and  the  frequency  25  cycles. 

Find:  ifo,  bo,  Uo,  ti,  1%,  /<,  gly  bit  to,  lo,  Oo,  Oi,  9i,  9t.  Draw  the  vector 
diagram. 

D.  Resonance.'^ — In  series  circuits,  Fig.  58,  under  resonance 
conditions  the  voltage  across  either  the  inductance  or  the  con- 
densance  may  be  greater  than  the  total  voltage  impressed  on 
the  circuit.  Similarly  in  parallel  circuits  the  current  in  either 
circuit  as  /i  or  h  in  Fig.  67,  may  be  greater  than  their  result- 
ant Jo.  To  produce  a  marked  difference,  ri  and  rj  must  be 
small  in  comparison  to  iXj  and  «X2,  and  hence  gi  and  g^  must 
be  small  in  comparison  to  ^61  and  M,  The  system  is  in  re- 
sonance at  the  frequency  for  which  the  total  admittance,  yi  +  yt, 
is  a  minimum.  For  values  of  ri  and  r^  for  which  »^i  and  egt 
are  negligibly  small  in  comparison  to  tbi  and  062  resonance 
exists  when  Jbi  +  4,^2  =  0  or  for, 

/  =  o  ^  ^-  (138) 

the  same  frequency  as  for  the  corresponding  series  circuit. 

Problem  28. — Find  the  frequency  for  resonance  in  circuit  similar  to 
Fig.  67  with  fi  =  fi  =  0.1  ohm;  ^Xi  =  17.2  ohm;  gXi  =  12.7  ohm;/  =  60 
cycles.  Under  resonance  conditions  find :  go,  bo,  yo,  /i,  /2,  glj  &^>  ^0,  /o,  Bu 
0i  and  ^0.    Draw  vector  diagram. 

Problem  29. — For  the  circuit  used  in  problem  28,  plot  curves  in  rectangu- 
lar coordinates  with  frequencies  from  20  to  80  as  abscissa;  and  the  corre- 
sponding values  for  /q,  /i  and  It  as  ordinates. 

1  See  Bull.  No.  74,  U.  S.  Bureau  of  Standards. 
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£.  Graphical  Method  for  Parallel  Circuits. 

Problem  30. — Given  the  same  circuit  as  in  problem  20. 

The  symbolic  method  is  often  tedious  and  the  solution  may  be 
gained  more  easily  graphically.  Thus  in  problem  20,  let  the 
voltage   be  represented  by  the  line  OX  in  Pig.  71.    From  0 

draw  the  line  OA  at  an  angle  of  d**i,  above  OX,    $i  =  tan""^  — 

=  59°  1'.    Then  OA  is  equal  to  rJi.    XA  is  equal  to  exji, 
and  di  is  the  angle  of  lead.    The  current  in  this  branch,  /i,  is 

OA      AX 
equal  to  =  -^^  =  5.7  =  OA'     and     laid     off     from    0 

along  OA.    The  current  in  the  second  branch,  1 2,  is  found  in  a 


Fig.  71. 

similar  manner.    From  0  lay  off  the  line  OB  at  an  angle  0%, 

above  OX.     Bt  =  tan-i  —  =  39°   52'.     The   current,   /«,   is 

OB 
equal  to  —  =  6.2  «  OB'  and  laid  off  along  OB. 

The  total  current,  /o,  is  the  vector  sum  of  /i  and  /«  and  is 
represented  in  the  diagram  by  the  Une  OD'.  The  voltage  con- 
sumed by  the  equivalent  resistance  of  the  two  circuits  in  parallel 
is  therefore  represented  by  the  line  OD  and  the  voltage  taken 
by  the  equivalent  reactance  of  the  two  parallel  circuits  by  the 
Une  XD. 

The  angle  XOD  is  the  angle  of  lead  for  the  total  current  and 
=  ^0  -  48°  52'. 

By  dropping  a  perpendicular  line  from  D'  to  OX,  the  current 
/o  is  separated  into  its  components  in  parallel  and  in  quadrature 
with  the  voltage.    Thus  OF  is  equal  to  ,/o,  and  FD'  to  ^/o. 
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Problem  81. — Solve  problem  21  graphically. 
Problem  82.— ^Ive  problems  22,  23,  26  and  27  graphically. 
Problem  88. — Find  the  frequency  for  resonance  in  problems  9,  12,  20 
and  24. 

m.  SERIES  AND  PARALLEL  CIRCUITS 

By  the  symbolic  method  as  explained  for  series  and  parallel 
circuits  any  network  of  circuits  can  be  solved.  Whenever  two 
or  more  circuits  are  in  parallel  t^e  constants  are  expressed  in 
terms  of  conductance  and  susceptance.  By  adding  all  the  con- 
ductances the  total  conductance  is  obtained;  and  the  algebraic 
sum  of  all  the  susceptances  gives  the  total  susceptance.    Thus 


equivalent  conductance,  susceptance  and  admittance  of  the 
parallel  parts  may  be  obtained.  In  order  to  combine  this  equiva* 
lent  circuit  with  quantities  in  series,  the  constant.s  must  be  trans- 
formed into  equivalent  resistance  and  reactance.  An  example 
will  make  the  method  clear. 

Problem  34. — Given  the  circuit  diagram  shown  in  Fig.  72, 
beginning  at  the  right-hand  end,  that  is,  farthest  away  from  the 
generator,  there  are  two  circuits  in  parallel,  up  to  the  dotted 
line  AA'f  with  the  constants: 

ri  =  3.0;.i.a:i  =  4.0;  r2  =  6.2  and  cXi  =  3.3  ohms. 

To  combine  parallel  circuits  the  constants  must  be  expressed 
in  terms  of  conductance  and  susceptance. 

ri 


Oi  =  — i-r i  =  0.120  mho. 
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ff«  =  y^2  4.  ^2  =  0-125  mho. 
•^«  =  ^>  f'^2  =  0.067  mho. 

^2*  +  A* 

(7a  =  gi  +  ga  =  0.245  mho. 

bA  =  cfri  -  *6i  =  0.093  mho. 

Va  =  g^  -  jbA  =  0.245  -  jO.093  mho. 

The  equivalent  resistance,  AA': 

Ta  =  — 5~i  "T*^  ~  3.58  ohms. 
The  equivalent  reactance: 

^A 

Xa  =  — i~i — r~7  =  1.35  ohms. 
Qa^  +  Oa^ 

The  equivalent  impedance. 

1 Qa         .  hA I    '^ 

^^    ~  (7^   -  jbA   "  Qa'   +    bA^+^QA^   +   bA^    "    ^^    +  ^^^ 

=  3.58  +;  1.35  ohms. 

Having  derived  expressions  for  the  equivalent  resistance  and 
reactance  of  the  two  circuits  on  the  right  of  AA\  this  can  now 
be  combined  with  the  part  between  A  A'  and  BB\  Let  the 
value  of  the  constants  for  this  part  be: 

rz  =  2.0  and  tjxz  =  3.5  ohms. 

Therefore  at  the  dotted  line  BB'  the  combined  resistance  and 
reactance  for  circuits  (1),  (2)  and  (3)  are 

Tj?  =  r^  +  rs  =  5.58  ohms. 
Xb  ==  Xa  -{-  Xz  =  4.85  ohms. 

The  next  step  will  be  the  combination  of  the  two  parallel 
circuits  (4)  and  (5)  between  BB'  and  DD'  with  the  equivalent 
circuit  just  obtained  from  circuits  (1),  (2)  and  (3). 

eXA  ~  2.1  ohms. 

U  ^  2.5  ohms. 

rj  =  1.8  ohms. 
iXz  «  3.2  ohms. 
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^B^  ^B  "^  i^B  =  5-58  +  J4.85  ohms. 
«4  =  ^4  —  ic^Ti  =  2.5  —  j2.1  ohms. 
^6  =  Tb  +  JlX^  =  1.8  +  j3.2  ohms. 

This  will  give  the  desired  solution  for  both  magnitude  and 
phase  relations  of  the  voltage  and  current  at  DD',  In  order  to 
combine  these  parallel  circuits,  the  resistance  and  reactance  of 
each  circuit  must  be  changed  into  conductance  and  susceptance. 

9b  =  Tb^+Xb^  "  0.1018  mho. 
6.  =  ~^^ — i  =  0.0884  mho. 

*         fB^  +  Xb^ 

(74  =  — ^"i i  =  0.2345  mho. 

64  =     of*     .  =  0.1970  mho. 
r4*  +  ^4* 

Qb  —  ~T~i 9  ^  0.1335  mho. 

^»  -r  ijxr 

&6  =     /f'    ,  =  0.2377  mho. 

The  total  conductance  at  DD'  is  the  sum  of  the  con- 
ductances in  the  three  parallel  circuits. 

Qd  ^  Qb  +  Qi  +  Qb  =  0.1018  +  0.2345  +  0.1335  =  0.470  mho. 

The  total  susceptance  is  equal  to  the  algebraic  sum  of  the  sus- 
ceptances  in  the  three  parallel  circuits. 

6/>  =  6b  -  64  +  fefi  =  0.088  -  0.197  +  0.237  =  0.129  mho. 

Hence  the  total  admittance  of  the  circuit  at  DD': 

Vd  =  gp  -  jhp  =  0.470  -  i0.129  mho. 
Yd  =  Vg^+bo^  =  0.488  mho 

fe  =  tan-i  —  =  15°  20'. 
Qd 

Having  determined  the  equivalent  conductance  and  sus- 
ceptance for  the  parallel  circuits  and  the  resistance  and  re- 
actance for  the  series  circuits,  the  value  of  the  currents  in  any 
part  of  the  circuit  may  be  found  for  any  assumed  voltage;  or 
conversely,  if  the  current  is  measured  in  any  part  of  the  circuit, 
voltage  and  current  may  be  calculated  for  any  part  of  the 
network. 
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Problem  36. — ^A  graphical  solution  of  problem  34  is  given  in 
Kg.  73.  Along  OX  lay  off  any  convenient  length  OB  to  represent 
the  voltage  (J?,=  100  volts)  at  the  Une  AA',  Pig.  72.  With 
OB  as  a  diameter  describe  a  circle.    Draw  the  line  ri/i  through 

Xt 

O,  making  an  angle  of  O^i  below  the  line  OX.    $i  =  tan~^  —  = 


kf 


Fia.  73. 

53**  8'.  The  voltage  consumed  by  the  reactance  Xi  is  therefore 
represented  by  the  line  xJi.  The  current  /i  lies  along  the  line 
ri/i  and  is  equal  to  20  amp.  Similarly,  lay  off  the  line  r2li 
through  the  origin,  at  an  angle  of  6^2  above  the  line  OX. 

Xi 

$%  =  tan-^  —  =  28®.    The  voltage  consumed  by  the  reactance 

X2  is  therefore  represented  by  the  line  0^2/2.  The  current  1 2  lies 
along  rJt  and  is  equal  to  14.2  amp.  Combining  /i  and  I2 
vectorially,  we  have  I  a  and  the  line  continued  to  the  circum- 
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ference  of  the  circle  OD  gives  r^/i*,  the  voltage  consumed  by 
the  equivalent  resistance  r^  of  the  two  circuits.  The  line  XaIa 
represents  the  magnitude  and  phase  position  of  the  voltage  con- 
sumed by  the  equivalent  reactance  Xa  of  the  two  circuits. 
The  voltage  triangle  ODB  and  the  current  vector  I  a  therefore 
represent  the  magnitude  and  phase  relations  of  a  circuit  equiva- 
lent to  the  two  parallel  circuits  on  the  right  of  the  dotted 
line  AA\ 

The  second  step  will  be  to  combine  this  equivalent  circuit 
with  rz  and  tXz  in  series. 

From  B  draw  the  line  BF  parallel  to  OD{rAlA)  and  equal  to 
tJa.  From  F  draw  the  line  FH  parallel  to  DB(xaIa)  and  equal 
to  Xs  I  A'  Draw  the  line  OH  and  continue  OD  until  it  intersects 
the  line  FH  at  K.  Then  the  voltage  triangle  OKH  and  the  cur- 
rent vector  I A  represent  the  magnitude  and  phase  relations  of 
the  current  and  voltage  at  the  dotted  line  BB\  The  third  step 
is  the  combination  of  the  equivalent  circuit  with  the  parallel 
circuits  (4)  and  (5) ;  all  three  having  the  same  voltage  impressed, 
OH. 

Upon  OH  as  a  diameter  draw  a  circle.  Through  the  origin, 
0,  draw  OM  at  an  angle  of  ^^4  above  the  diameter  OH.     Then 

Xa 

OM  is  equal  to  rj^.     d^  =  tan"^  —  =  40®  2'.     Also  the  line 
|^  \  \^iHM  represents  in  magnitude  and  phase  position  X4/4.     The  cur- 
rent I4  lies  along  TiIa  and  is  equal  to =  59.2  amp. 

Similarly  draw  the  line  ON  through  0,  at  ^5  below  the  voltage 

vector  OH.     Then  ON  is  equal  to  rt/s  and  HN  is  equal  to  xsh; 

X5  * 

^6  =  tan"^  —  =  60°  39'.     The  current  vector  /&  lies  along  the 

ON  .    . 

line  rs/s  and  is  equal  to =  52.2  amp.  Combining  the  cur- 
rents I  A,  1 4  and  lb  vectorially,  we  have  the  line  OQ  representing 
in  magnitude  and  phase  position  the  total  current  with  reference 
to  the  vector  OH,  the  vector  for  the  total  voltage.  Extending 
the  line  OQ  until  it  intersects  the  circle  at  S  we  have  the  voltage 
triangle,  OSH^  in  which  OS  =  TdId,  OH  =ZdId  and  HS  =  x^Id' 
The  equivalent  circuit  for  the  whole  network  in  Fig.  72  is 
therefore  represented  by  the  current  vector  Jo  and  the  voltage 
triangle  OSH. 

Problem  36. — Analytical  solution  of  the  network  in  problem  34  for 
double  the  frequency. 

/ 
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Problem  87. — Graphical  solution  of  problem  36. 

Problem  38. — Analytical  solution  of  network  in  problem  34  for  half  the 
frequency. 

Problem  39. — Graphical  solution  of  problem  38. 

IV.  VARIABLE  RESISTANCE  OR  REACTANCE.    CURRENT  LOCI 

A.  Constant  Resistance  and  Variable  Reactance. — ^Let  a  con- 
stant voltage  be  impressed  upon  a  circuit  having  a  constant 
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Fio.  74. 

resistance  and  a  reactance  that  can  be  varied  as  shown  in  the 
circuit  diagram,  Fig.  74.  The  corresponding  vector  diagram 
and  current  locus  is  shown  in  Fig.  75.    Let  the  line  OA  along 


Fia.  75. 


the  X-axis  represent  the  impressed  voltage,  E)  and  the  line 
OM  the  current  when  only  the  resistance,  r,  is  in  the  circuit. 
On  OA  and  OM  as  diameters  describe  circles.  With  an  in- 
ductive reactance  ^o?  in  series  with  the  constant  resistance,  the 
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voltages  consumed  by  the  resistance  and  reactance  respectively 
are  represented  by  the  lines  OB  and  BA,  and  the  current  by 
OH,  By  varying  the  reactance  from  zero  to  infinity  the  point 
B  describes  the  semicircle  ABO.  The  point  H  describes  a  similar 
arc  MHO  since  OAB  and  OMH  are  similar  triangles. 

K  the  inductive  reactance  be  replaced  by  a  condensive  re- 
actance o^,  then  the  lines  OD  and  DA  represent  the  resistance 
and  reactance  drops,  and  OK  the  current  V.  If  the  condensive 
reactance  be  varied  from  zero  to  infinity,  the  point  D  will  describe 
the  semicircle  ADO.  Likewise  the  point  K  will  describe  the  semi- 
circle MKO  since  the  triangles  OAD  and  OMK  are  similar. 
The  circle  OHMK  is  therefore  the  locus  of  the  current  in  a 
circuit  having  constant  resistance,  variable  reactance  and  con- 
stant voltage  impressed  on  the  terminals. 


T 
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Fio.  76. 

B.  Constant  Reactance  and  Variable  Resistance. — The  circuit 
diagrams  for  inductive  or  condensive  reactances  are  shown  in 
(a)  and  (6),  Fig.  76.    Let  the  impressed  voltage,  E,  be  constant. 

In  Fig.  77  lay  off  OA  to  represent  E  and  let  OF  represent 
the  ciurent  fiowing  through  ^  with  no  resistance  in  series. 
Let  jt  in  (a)  be  equal  to  eX  in  (6),  and  hence  OM  equal  to  OF 
will  represent  the  current  flowing  through  x  in  (6)  when  the  re- 
sistance in  series  is  equal  to  zero. 

Upon  OA  as  a  diameter  describe  the  circle  OB  AD,  and  upon 
OM  and  OF  describe  semicircles  as  shown  in  Fig.  77. 

With  a  resistance  r  in  series  with  g,x  the  lines  OB  and  AB 
represent  the  voltages  consumed  by  r  and  j,x  respectively.  The 
current  I  is  represented  by  the  line  OH  since  the  triangles  OAB 
and  FOH  are  similar.    By  varying  the  resistance  from  zero  to 
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infinity  the  point  B  describes  the  semicircle  OB  A  and  the  point 
H  the  semicircle  FHO.  With  a  resistance  r'  in  series  with  the 
condensive  reactance  eX  in  (6),  the  voltage  consumed  by  the 
resistance  is  represented  by  the  vector  OD,  and  that  consumed 
by  the  reactance,  by  the  line  DA .  The  current  /'  is  represented  by 
the  vector  OK  since  the  triangles  MKO  and  ODA  are  similar. 
By  varying  the  resistance  in  series  with  eo;  in  (b)  from  zero  to 
infinity  the  point  D  follows  the  semicircle  ODAy  and  the  point 
K  the  semicircle  MKO.  The  locus  of  the  current  is  therefore 
the  semicircle  FHO  for  the  inductive  reactance  ijz  and  MKO 
for  the  condensive  reactance  eX. 


Fig.  77. 


V.  RESISTANCE  IN  SERIES  WITH  A  CIRCXnT 

The  circuit  diagram  in  Fig.  78  is  typical  of  many  simple  com- 
mercial circuits;  a  receiver  circuit  having  variable  load  and 
power  factor,  in  series  with  a  resistance.  Let  the  generator  vol- 
tage, Eo,  the  series  resistance,  r2,  and  the  receiver  impedance  ^i, 
be  constant,  but  the  receiver  resistance,  ri,  and  reactance,  xi,  be 
variable. 

«i  =  ri  +  jxi]  Zi«  =  ri«  +  xi»  (136) 

Zo  =  ri  +  r2+  jxi 

Zo^  =  (ri  +  r^y  +  xi«  (140) 

Hence  the  current  is: 

A      Eo  Eo  Eoifi  +  Tt  ^  jxi) 


«o       ri  +  ri+  jxi        (xi  +  ra)*  +  Xi* 


(141) 
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The  voltage  at  the  receiver  circuit: 

*        ^^      ri  +  r2  +  jxi  (ri  +  r2)*  +  Xi^ 

Eoizi^  +  rir2+ir2Xi) 


zi^  +  2rir%  +  r2* 
In  absolute  values: 


042) 


I  = 


Ei^ 


£Jt 


Eo 


goVn*  +  xx*     ^ 


VZ7+  2r,r,  +  r,» 


(143) 


(144) 


TT^WWWVAr— T 
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Current  and  voltage  phase  difference  at  the  receiver  circuit 
terminals: 

Xi 


Bi  =  tan-^  — 


and  at  the  generator: 


^0  =  tan 


-1 


Xi 


Ti  +r2 


(146) 


(146) 


In  Fig.  79  is  shown  the  vector  diagram  for  the  values: 
Eq  =  100  volts;  r2  =  0.5  ohm;  ri  =  0.8  ohm; 
Xi  =  0.6  ohm;  and  hence  Zi  =  1. 
The  current  vector  is  taken  along  the  X-axis. 

X\ 

The  voltage  vector  Eq  is  at  an  angle  ^o  =  tan""^ 


,        from 
ri+  ra 

the  current  and  drawn  to  any  convenient  scale.     The  vector 

X\ 

for  the  receiver  voltage,  Ei,  is  at  an  angle  of  ^i  =  tan"^  —  from 

the  current,  and  the  magnitude  may  be  calculated  from  the 
given  data.     The  voltages  consumed  by  the  resistance,  r\I  and 
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rj  are  in  phase  with  the  current  while  the  voltage  taken  by  the 
reactance  xj  is  in  quadrature  with  the  current. 

By  keeping  Eo,  r^  and  Zi  constant,  but  varying  ri  from  zero  to 
unity,  and  Xi  from  1  ohm  inductive  reactance  to  zero,  the  locus  of 
the  voltage  Eo  described  by  the  point  A  will  be  MAQ  a  quadrant 
of  a  circle.  If  Xi  be  changed  from  zero  to  1  ohm  condensive  re- 
actance with  simultaneous  variation  in 

ri  so  as  to  keep  Zi  constant,  the  locus  /^^^ ^ 

of  the  voltage  will  be  the  semicircle  H 
MAQF.  The  corresponding  positions 
of  the  point  B  give  the  locus  of  the  re- 
ceiver voltage  E\  in  the  curve  HBNK. 
The  curve  in  the  two  quadrants  is  sym- 
metrical and  hence  the  value  of  the  re- 
ceiver  voltage  will  be  the  same  for  any  "5" 
two  equal  inductive  and  condensive  re- 
actances. With  the  constant  assumed 
(Zi  =  1)  the  magnitude  of  the  current  in 
amperes  is  in  each  case  numerically 
equal  to  Ei  in  volts. 

Problem  40. — Given  Eo  «  100  volts;  rj  = 
0.8  ohm;  Zi=  1  ohm.  Fig.  79. 

Let  Xi  vary  from  +1  to  —1  ohm.    Plot  in 
rectangular  codrdinates  the  values  of  ^i  and  /  as  ordinates  with  Xi  aa 
abscissae. 

VL  ItEACTANCE  IN  SERIES  WITH  A  CIRCniT 

In  a  circuit  having  reactance  instead  of  resistance  in  serieSi 
the  relations  of  the  current  an4  receiver  voltage  to  the  constant 

generator  voltage  are  derived  in 
the  same  manner.  The  circuit 
diagram  Fig.  80  shows  an  induc- 
tive reactance  in  series  with  an  in- 
ductive receiver  circuit.  To  make 
the  discussion  general  the  reactance 
in  series  may  be  taken  either  as  in- 
FiG.  80.  ductive  or  as  condensive  and  the 

impedance  in  the  receiver  circuit 
may  consist  of  resistance  and  either  inductive  or  condensive  re- 
actance.   The  receiver  circuit  impedance: 


T 

i 


«i  =  ri  +  jxi. 
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The  total  impedance: 

«o  =  2i  +  jxi  =  ri  +  i(xi  +  xt)  (147) 

The  current  is: 

In  absolute  values: 
I  =  ^Q  = ^° (149) 


The  receiver  voltage: 


(150) 


El  =  £^_:xZL_t^^  =  -_     _.. =  (151) 

Vn^  +  (Xi  +  X^y         Vzi^  +  2XiX2  +  X2* 

^i  =  tan"^-  (152) 

Bo^ts^''—^  (153) 

Since  the  reactances  Xi  and  X2  may  be  either  inductive  or 
condensive,  four  combinations  are  possible: 
(a)  Xi  inductive,  Xi  inductive, 
(6)  Xi  inductive,  X2  condensive, 

(c)  Xi  condensive,  Xi  inductive, 

(d)  xi  condensive,  x-j  condensive. 

From  equations  (149)  and  (151)  it  is  evident  that  the  numerical 
value  depends  on  the  square  of  the  algebraic  sum  of  Xi  and  X2. 
If  both  are  inductive  or  both  condensive  the  algebraic  sum  is  the 
same  as  the  arithmetical  sum;  but  if  one  is  inductive  and  the 
other  condensive  the  algebraic  sum  is  equal  to  the  arithmetical 
difference  of  the  two  reactances.  Hence  for  numerical  or  absolute 
values  (a)  and  (d)  are  alike,  and  (6)  and  (c)  will  give  similar 
results.  The  phase  position  of  the  current  and  voltage  is, 
however,  affected  by  the  positive  or  negative  sign  before  the  re- 
actance and  these  relations  may  be  determined  by  equations 
(148),  (149),  (152)  and  (153). 

If  Xi  is  inductive,  varying  x^  from  1  ohm  inductive  to  1 
ohm  condensive  reactance,  with  Eo  constant,  it  is  seen  from 
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equation  (149)  that  the  current  will  be  a  maximum  when  Xi  — 
x%  =  0.  Hence  for  maximum  current  x^  must  be  inductive  if 
Xi  is  condensive  and  vice  versa. 

Problem  41. — Given  Eq  «  100  volts;  ^i  -  1  ohm;  xi  «  0.4  ohm.  Cir- 
cuit diagram  as  in  Fig.  80.  Plot  in  rectangular  codrdinates  the  values  for 
El  and  /  with  Xt  varying  from  +1  to  —1  ohm  as  absciss®. 

Problem  42. — Given  Eo  =  100  volts:  «  «  1  ohm;  xi  «  0.7  ohm  with 
circuit  diagram  as  in  Fig.  80.  Plot  curves  for  Ei  and  I  with  xt  as  abscisssa 
us  in  problem  41. 

Vn.  IMPEDANCE  IN  SERIES  WITH  A  CIRCXnT 

Regulation  of  the  receiver  voltage  might  be  obtained  by 
means  of  a  reactance  placed  in  series  as  discussed  in  the  pre- 
ceding paragraph.     However,  reactance  coils  always  dissipate 


Fia.  81. 


energy  due  to  the  ohmic  resistance  of  the  wire  and  the  hysteresis 
in  the  iron,  and  hence  an  impedance  is  inserted  instead  of  the 
desired  reactance,  as  shown  in  Fig.  81. 


2i  =  ri  +  jxii  ^2  =  r2  +  jxt 


The  total  impedance: 

2o  =  ri  +  ^2  +  j(xi  +  X2) 

Zo  =  \(ri  +  rj)^  +  {xi  +  x^r 


The  current: 

j.  Eo  __  Eq 

^    2o  "  (ri  +  ra)  +j{xi  +  Xa) 


(154) 
(155) 


(156) 
(157) 


^(ri  +  ra)  -  j(xi +X2)  .       . 
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In  absolute  values: 
J       Eq  Eo 


(159) 


Eo 
"  VlZi*  +  Z,«  +  2  (rir,  +~x^) 

The  receiver  voltage: 

a, = «,/  =  ^^''^':' +/'^i  ,  (160) 


\/(ri  +  rO*  +  (x,  +  x,)'» 


VZi*  +  Zi*  +  2  (nr,  +  XixO 
The  phase  difference  at  the  receiver  circuit: 


(161) 


^i  =  tan"^  -  (162) 

The  phase  difference  at  the  generator: 

^0  =  tan-i  5l±^«  (163) 

ri  +  ri  ^      ' 

As  in  the  discussion  of  resistance  and  reactance  in  series  let 
Eot  Tif  Xi,  and  Zi  be  constant,  but  Xi  and  ri  be  variable. 

With  resistance  in  series,  Ei  is  a  minimum  when  Xi  «  0;  and 
with  the  circuit  having  reactance  in  series  the  voltage  at  the 
receiver  circuit  is  a  minimum  when  ri  =  0  and  the  reactances 
Xi  and  Xt  are  either  both  inductive  or  both  condensive.  With 
impedance  in  series,  the  receiver  voltage  is  a  minimum  when  ^i 

is  equal  to  and  of  the  same  sign  as  0%,  or  ^o;  that  is,  when  —  =  — 

In  equation  (161)  E\  is  a  minimum  when  the  denominator  is 
a  maximum.  Since  Zi,  Z%j  r%  and  x%  are  constants,  the  denomi- 
nator will  be  a  maximum  when  r]T%  +  X\Xt  is  a  maximum,  or 
with  a  single  variable  ri  when 

^(rira  +  x^V^i*  -  n«)  =  0  (164) 

or, 

X\  X2 
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This  topic  is  discussed  more  fully  under  Regulation  in  Chap. 
XXII. 

Problem  44. — Eo  »  100  volts;  2i  »  1  ohm;  rs  »  1  ohm,  with  circuit 
diagram  as  in  Fig.  81.  Xi  »  ^i,  varying  from  0  to  5  ohms.  Draw  the  loci 
of  the  current  and  voltages  Ei  and  ^s  for  values  of  ib  «  1  and  ib  »  5  when 
referred  to  ^o  as  a  reference  vector. 

Vm.  COMMERCIAL  CIRCXnTS 

In  the  preceding  problems  the  resistance  and  reactance  of 
each  elemental  circuit  have  been  given  and  methods  for  finding 
the  resultant  equivalent  impedance  or  admittance  have  been 
explained.  In  commercial  systems  the  circuits  generally  con- 
sist of  complex  networks,  in  which  it  may  be  difficult  or  impractic- 
able to  measure  the  resistance  and  reactance  of  each  elemental 
division.  The  total  values  are  found  directly  by  taking  volt- 
meter, ammeter  and  wattmeter  readings,  and  from  these  data, 
the  constants  of  the  circuits  may  be  calculated.  As  explained  in 
Chap.  VII  the  wattmeter  measures  directly  the  power  expended, 
which  may  be  expressed  as  rP. 

(wattmeter  reading  in  watts)      .  /<«/»x 

r  =  7^^ 2 :r • h  ohms  (166) 

(ammeter  readmg  in  amperes)* 


7b  Gtftirafor  l£^ 


fb  Ic^^ 


Fig.  82. 

With  Ef  I  and  r  known,  the  numerical  values  of  x,  z,  9,  b,  y  and 
e  may  be  calculated.  Thus,  by  the  simple  expedient  of  taking 
voltmeter,  ammeter  and  wattmeter  readings  the  equivalent  re- 
sistance, reactance  and  impedance  may  be  obtained  for  circuits 
of  any  complexity.  All  that  part  of  the  system  further  away 
from  the  generator  than  the  point  at  which  the  readings  are 
taken  will  be  included  in  the  calculated  values. 

Problem  46. — Given  a  circuit  as  shown  in  Fig.  82.  E  »  224  volts; 
/  -  15.2  amp.;  W  «  2,126  watts;  inductive  load. 

Find:  r,  x,  z,  g,  6,  y,  Z,  Y  and  6, 

Draw  the  impedance  triangle.    Draw  the  vector  diagram. 

Problem  46, — Same  data  as  for  problem  45  except  the  reactance  is  con- 
densive. 

Find:  r,  x,  «,  g,  6,  y,  Z,  Y  and  e. 

Draw  the  impedance  triangle.    Draw  the  vector  diagram. 

For  Experiments  see  page  529. 


CHAPTER  VII 

ELECTRIC    POWER,  POWER   FACTOR   AND   REACTIVE 
POWER 

In  direct  currents  the  power  expended  in  a  circuit,  meaBured 
in  watts,  ie  equal  to  the  product  of  the  volts  by  the  amperes.  In 
alternating  currentB  the  power  in  the  circuit  is  at  any  instant 
equal  to  the  product  of  the  instantaneous  current  and  voltage. 
In  circuits  having  resistance  only,  the  energy  delivered  to  a  circuit 


ia  immediately  changed  into  heat,  or  light,  and  can  not  return 
to  the  generator;  i.e.,  the  process  is  not  reversible.  Therefore, 
the  average  power  dehvered  to  a  non-inductive  load  is  the  sum 
of  the  instantaneous  powers  over  a  cycle  divided  by  the  time 
for  the  cycle.  In  circuits  having  magnetic  or  dielectric  induction, 
part  of  the  enei^y  is  stored  in  the  magnetic  or  dielectric  (electro- 
static) fields  in  such  forms  while  the  current  or  voltage  is  increas- 
ing, that,  when  the  current  or  voltage  decreases,  the  energy  is 
returned  to  the  electric  circuit;  that  is,  the  process  is  automatic- 
ally reversible.  Consequently,  only  part  of  the  energy  flowing 
in  an  alternating-current  system  having  inductance  or  condens- 
76 
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ance  is  left  in  the  circuit.  For  sine  wavea,  as  explained  in  Chap. 
I,  energy  is  stored  in  the  magnetic  field  while  the  current  increases, 
and  thifl  enei^  returne  to  the  circuit  when  the  current  decreases. 
Likewise  energy  is  stored  in  the  dielectric  field  while  the  voltage 
increaaes,  and  returns  in  the  next  quarter  cycle  of  the  voltage 
wave.  The  instantaneous  value  of  the  power  in  the  circuit  is  at 
all  times  equal  to  the  product  of  the  corresponding  instantaneous 
current  and  voltage.  But  the  direction  of  energy  fiow  for  sine 
voltage  and  current  waves  will  reverse  foiK  times  in  each  cycle. 
This  is  shown  graphically  in  Fig.  83,  for  a  current  lagging  S* 
behind  the  voltage  wave,  and  in  Fig.  84  for  a  current  leading  the 
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voltage  by  S°.  The  shaded  areas  indicate  energy;  the  positive 
areas,  the  energy  delivered  by  the  generator;  and  the  areas  below 
the  X-axis,  the  energy  returned  to  the  generator.  The  difference 
of  these  areas  for  one  cycle  is  the  total  energy  left  in  the  circuit 
during  one  cycle.  This  quantity  divided  by  the  time  for  one 
cycle  gives  the  average  power  delivered  to  the  circuit. 

The  iPBtantaneous  value  of  the  power,  p  =  ei                   (170) 

For  sine  waves: 

e  =■  'Eainiwt  +  yi)  (171) 

t  =  "/sin{«t-|-  tO  (172) 

p  <=  "E'l  sin  (wt  +  -K.)  sin  {id  +  y^  (173) 
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From  trigonometry: 

sin  xsiny  =  ^  cos  (x  —  y)  —  i  cos  (x  +  y) 

Let:     X  =  <d  +  71,  and  y  =  <at  +  yz 

p  =  -BJ[co8  (71  -  72)  -  cos  {2(at  +  71  +  7s)]  (174) 

From  this  it  is  seen  that  the  instantaneous  value  of  the  power  is 
also  a  sine  function  of  the  time,  of  double  the  frequency  of  the 
current  or  voltage,  and  with  its  reference  axis  displaced  by 
EI  cos  (71  —  7a)  from  the  X-axis. 

The  average  value  of  the  power  during  a  complete  cycle  is: 


P 


=  y\  eidt  (175) 


2t 


=  ^  ^j(  "  [cos  (71  -  7O  -  COS  (2o>t  +  71  +  yt)]dt    (176) 

=  EI  cos  (71  -  72)  =  EI  cose  (177) 

Let  ^  =  7i  —  72  =  phase  angle    between  the    current  I   and 

voltage  E. 

The  product  EI  is  called  the  apparent  power  and  is  often  re- 
ferred to  as  voU-amperes  or  kilovoU-amperes  (kv.a.).  Generators 
are  usually  rated  in  kv.a.  as  the  heating  depends  on  the  current 
in  the  conductors  and  not  on  the  power  transmitted. 

The  factor  cos  6  determines  what  part  of  the  power  in  the  sys- 
tem is  delivered  to  the  load.  For  this  reason  it  is  called  the 
Power  Factor.  Thus  multiplying  the  apparent  power  by  the 
power  factor  gives  the  true  power  or  the  power  delivered  to  the  cir- 
cuit. In  a  non-reactive  circuit,  Fig.  85,  the  current  and  voltage 
are  in  phase,  and  therefore  71  =  72  and  ^  =  0.  Hence, 
cos  ^  =  1,  or  the  circuit  has  Unity  Power  Factor.  Power  factors 
less  than  unity  are  usually  expressed  in  per  cent.  Thus  85 
per  cent,  power  factor  means  that  cos  6  =  0.85;  and  hence  that 
the  kw.  =  85  per  cent,  of  the  kv.a.  =  0.85  kv.a. 

The  shaded  areas  in  Figs.  83  and  84  show  how  the  energy 
flows  to  and  fro  when  the  current  lags  or  leads  the  voltage.  Also 
that  the  amount  of  power  actually  delivered  to  the  circuit  is 
proportional  to  the  cosine  of  the  angle  of  lead  or  lag.  Evidently 
the  more  nearly  cos  $  approaches  unity  the  less  energy  will  be 
surging  to  and  fro  in  the  line.     When  the  current  and  voltage 


ELECTRIC  POWER  79 

are  in  phase,  Fig.  85,  cos  0  =  1;  and  in  this  case,  and  this  case 
only,  the  power  ia  at  no  instant  negative  and  hence  all  the  energy 


is  delivered  to  the  load,  although  it  is  transmitted  from  the  gen- 
erator in  pulsations. 

The  greatest  amount  of  surging  will  occur  when  the  phase- 
angle  difference  of  the  current  and  voltage  ia  90°,  for  then 


COB  0*^0  and  hence  all  the  power  is  reactive,  or  returns  to  the 
generator. 
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Under  these  conditions,  Figs.  86  and  87,  all  of  the  enei^ 
surges  to  and  fro  and  no  actual  transmissioD  of  power  occurs. 
In  this  case  the  area  above  the  X-axis  of  the  power  curve  equals 
the  area  below  the  axis;  or  an  amount  of  energy  returns  to  the 
generator  equal  to  that  supplied  by  the  generator  to  the  line. 
While  it  is  of  first  importance  to  determine  the  value  of  the  power 
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delivered  in  a  circuit,  it  is  often  desirable  to  measure  the  react- 
ive enei^,  or  the  part  that  surges  to  and  fro  in  the  line.  A  vec- 
tor diagram  of  a  current,  /,  leading  a  voltage,  E,  by  0°  is  shown 
in  Fig.  88.  If  the  current  be  divided  into  two  components,  in 
phase  and  in  quadrature  with  the  voltage,  we  have  the  vectors 
OB  "  aJ  =  I  COB  6;  OD  =  J  =  I  sin  $,  It  is  evident  that  the 
^  product  of  the  voltage  with  the  com- 

ponent in  phase  with  the  voltage  will 
always  be  positive  and  hence  gives  the 
.  real  or  effective  power.  The  compo- 
nent, 7  sin  e,  is  in  quadrature  with  the 
voltage  and  hence  during  each  cycle  it 
J.      g_  will,  half  the  time,  be  on  the  same  side 

of  the  X-axis  as  the  voltage  vector  and 
half  the  time  on  the  opposite  aide.  Hence  the  product  EI  sin  0 
will  be  positive  during  half  the  cycle  and  negative  during  the 
other  half.     The  average,  therefore,  is  zero. 

The  two  expressions  give  the  quantitative  values  of  the  power 
in  the  circuit.     The  real  or  effective  power,  that  is,  the  power 
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delivered  to  the  circuit  by  the  generator  and  which  does  not  re- 
turn to  the  generator  is: 

P  =  E7  cos  ^  (178) 

The  reactive  power,  or  the  power  that  surges  to  and  fro  be- 
tween the  generator  and  the  line  is: 


J*  =  EIwiS 


(179) 


In  making  a  graphical  representation  in  Fig.  88  the  current 
was  divided  into  two  components  in  phase  and  in  quadrature  with 
the  voltage.  The  same  result  is  gained  by  dividing  the  voltage 
into  two  components,  in  phase  and  in  quadrature  with  the  cur- 
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rent  as  shown  in  Fig.  89.  For  constant-voltage  systems  the 
current  would  naturally  be  considered  as  consisting  of  components 
in  phase  and  in  quadrature  with  the  voltage  as  in  Fig.  88.  For 
sinoilar  reasons  in  constant-current  circuits  the  voltage  may  be 
considered  as  made  up  of  components  in  phase  and  in  quadrature 
with  the  current,  Fig.  89.  Since  by  far  the  larger  part  of  alter- 
nating-current distribution  is  by  the  constant-potential  system 
it  is  customary  to  take  the  voltage  as  the  reference  vector  and 
to  speak  of  the  power  component  of  the  current,  the  active  or  energy 
currentf  I  cos  d;  and  of  the  wattless,  reactive  or  qiuidrature  current, 
I  sin  $.  For  constant-current  circuits  the  terms  power  com- 
ponent of  the  voltage  and  the  quadrature  component  of  the 
voltage  would  be  appropriate.  The  term  "wattless"  is  a  mis- 
nomer as  both  the  active  and  the  quadrature  components  have 
power  and  therefore  are  not  without  watts. 
The  energy  transfer  imder  unity  power-factor  conditions  at  the 
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generator  is  readily  shown  by  a  power  diagram.  For  illustration, 
take  a  system  with  two  parallel  circuits  as  shown  in  the  circuit 
and  vector  diagrams  in  Fig.  90.  In  parallel  circuits  the  voltage 
is  the  common  factor  and  hence  the  currents  should  be  divided 
into  components  in  phase  and  in  quadrature  with  the  voltage. 

/i  =  giE  +  jebiE  and  I2  =  gtE  -  jM^ 

In  rectangular  coordinates  with  time  as  abscissse,  we  have  given 

in  Fig.  91  the  voltage,  current  and 
power  curves  for  the  several  compo- 
nents of  the  currents  Ji  and  It  and 
the  voltage  E. 

In  (a)  curves  for  E,  g\E  and  the  re- 
sultant power  g\E^  or  Pi. 
In  (6)  curves  for  E,  g%E  and  the  re- 
sultant power  gtE^  or  P%. 
In  (c)  curves  for  E,  JbiE  and  the  re- 
sultant power  (reactive)  JbiE^ 
or  ^1. 
In  (d)  curves  for  E,   —  JbtE  and 
the  resultant  power  (reactive) 
-  ,62^*  or  ^«. 
The  power  curves  in  both  (a)  and 
(b)  are  always  positive;  that  is,  the 
.^         X      j       #.  j  energy   transmitted   is  absorbed  by 

r  ^j  the  resistance  and  changed  into  heat. 

r In  both  (c)  and  (d)  the  successive  half 

cycles  of  the  power  wave  are  of  op- 
posite sign  and  this  shows  that  the 
flow  of  energy  reverses,  or  the  power  goes  in  one  direction  while 
the  wave  is  positive  and  in  the  opposite  direction  during  the 
negative  half  of  the  wave.  It  is  of  importance  to  note  that  when 
the  power  ordinate  is  positive  in  (c),  the  corresponding  ordinate 
in  (d)  is  negative,  and  vice  versa.  The  diagram  therefore  shows 
graphically  the  energy  transfer  from  the  condensance  in  circuit 
1  to  the  inductance  in  circuit  2,  or  in  the  reverse  direction,  for 
the  successive  half  cycles  of  the  power  wave.  Under  resonance 
conditions  Jb\=  J>2,  or  the  corresponding  instantaneous  power 
ordinatcs  in  (c)  and  (d)  are  always  equal. 

This  means  that  the  energy  stored  dielectrically  in  circuit  I 
when  the  voltage  is  a  maximum  is  transferred  and  stored  mag- 
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netically  in  circuit  2  while  the  Une  voltage  decreases  to  its  zero 
value,  or  in  one-fourth  cycle.  Duiing  the  next  quarter  cycle  of 
the  voltage  wave  the  energy  in  the  magnetic  field  of  circuit  2  is 
returned  and  stored  in  the  dielectric  field  of  circuit  1. 

In  the  mains  coming  from  the  generator  the  power  transmitted 
is  the  sum  of  (a)  and  (6)  as  shown  in  (e).  The  current  I  =  giE  + 
gJS  and  is  in  phase  with  E.  At  the  generator  the  power  factor 
is  unity. 

PROBLEMS 

1.  A  single-phase  induction  motor  delivers  8.7  hp.  to  the  belt.  Efficiency 
of  motor,  01.5  per  cent.;  impressed  voltage  240  volts;  power  factor, 
87.5  per  cent. 

(a)  Find  the  kv.a.,  the  kw.  or  P,  the  reactive  power  «P,  and  the  cur- 
rent, 7. 

(6)  Draw  the  vector  diagram  showing  Ej  I,  $,  gE,  hE,  rl  and  xL 

(c)  In  rectangular  coordinates  draw  curves  for  e,  t,  eij  ge,  be^  p,  xP  and  po. 

2.  Given  a  single-phase  circuit  (equivalent)  having  two  motors  operating 
in  parallel,  as  shown  in  Fig.  92. 


FiQ.  02. 

iM^  »  an  induction  motor  taking  7.0  kw.  at  85  per  cent,  power  factor 

(current  lagging). 
»Mx  »  an  overexcited  synchronous  motor  taking  8.2  kw.  at  04  per 
cent,  power  factor  (current  leading). 
Eq  «  240  volte;/  =  60  cycles, 
(a)  Find  /i,  /,,  /©,  ^i,  Ot,  Oo,  giEo,  hiEo,  gtEo,  hfEe,  goEo  and  hoEo, 
(6)  Draw  vector  diagram  showing  the  quantities  called  for  in  (a). 
8.  Given  the  same  data  as  for  Problem  2: 
(a)  Find  Pi,  .Pi,  P»,  *P»,  Po,  «Po,  (kv.a.)i,  (kv.a.)j,  (kv.a.)o. 
(&)  Draw  curves  in  rectangular  coordinates  (assuming  simple  sine  wave 
forms)  for  6o,  ti,  6iii,  giCo,  6160,  pi,  xPi,  t'l,  ^litt  gtfiot  ^>^o,  Ps,  sPs,  to,  ^io,  ^o^o, 
&o^,  Po  and  ;rPo* 

For  Experiments  see  page  530. 


CHAPTER  VIII 

INSTRUMENTS 

To  obtain  quantitative  data  in  alternating-current  circuits, 
instruments  of  many  types  are  in  commercial  use.  While  study- 
ing alternating-current  phenomena  it  is  essential  that  the  prin- 
ciples upon  which  the  instruments  operate  should  be  clearly 
understood.  Instruments  of  the  electrodynamometer  type  are 
simplest  in  principle  and  probably  can  be  used  to  best  advantage 
when  studying  the  fundamental  principles  of  alternating  currents. 

The  most  important  instrument  for  gaining  a  clear  insight  into 
the  nature  of  alternating  currents  is  the  oscillograph.  Two  types 
are  in  common  use  in  this  country,  the  Duddell  and  the  three- 
element  oscillograph  made  by  the  General  Electric  Co. 

(a)  Duddell  Oscillograph.^ — This  instrument  consists  essen- 
tially of  a  modified  moving-coil  galvanometer  combined  with  a 
rotating  or  vibrating  mirror,  a  moving  photographic  film,  or  a  fall- 
ing photographic  plate.  The  galvanometer  portion  often  referred 
to  as  the  oscillograph  is  shown  diagrammatically  in  Fig.  93. 

"In  a  narrow  gap  between  the  poles  iV,  S,  of  a  powerful  magnet  are 
stretched  two  parallel  conductors,  8,  s',  formed  by  bending  a  thin  strip 
of  phosphor  bronze  back  on  itself  over  an  ivory  pulley,  P.  A  spiral 
spring  attached  to  this  pulley  serves  to  keep  a  uniform  tension  on  the 
strips,  and  a  guide  piece,  G,  limits  the  length  of  the  vibrating  portion  to 
the  part  actually  in  the  magnetic  field.  A  small  mirror,  ilf ,  bridges 
across  the  two  strips  as  shown  in  the  figure.  The  effect  of  passing  a 
current  through  such  a  'vibrator'  is  to  cause  one  of  the  strips  to  advance 
while  the  other  recedes,  and  the  mirror  is  then  turned  about  a  vertical 
ajos. 

"The  whole  of  the  'vibrator,'  as  this  part  of  the  instrument  is  called, 
is  inunersed  in  an  oil-bath,  the  object  of  the  oil  being  to  damp  the 
movement  of  the  strips,  and  make  the  instrument  dead-beat." 

"The  beam  of  light,  coming  from  an  arc  lamp,  and  reflected  from  the 
mirror,  ikf,  is  received  on  a  photographic  film;  with  constant  strength 
of  the  magnetic  field  the  instantaneous  value  of  the  current  is  pro- 
portional to  the  linear  displacement  of  the  spot  of  light  focused  on  the 

^  Duddell,  London  Electrician^  XXXIV,  636. 
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film.  With  alternating  currents  the  spot  of  light  oscillates  to  and  fro 
as  the  current  varies  and  with  the  film  stationary  would  thus  trace 
a  straight  line.  To  obtain  an  image  of  the  wave  form,  the  photographic 
film  is  moved  in  a  direction  at  right  angles  to  the  direction  of  the  move- 
ment of  the  spot  of  light.  Or  a  second  mirror  can  be  interposed  in 
the  path  of  the  beam  of  light,  and  this  mirror  caused  to  vibrate  or 
rotate  so  as  to  impart  to  the  beam  of  light  a  uniform  motion  about  an 
axis  at  right  angles  to  the  zero  position  of  the  beam  and  also  is  in  the 
initial  plane  of  vibration.    The  spot  of  light  will  then  trace  out  on  a 


Fia.  93. 

stationary  screen  or  plate  the  time  curv^fe  of  the  variation  of  the  current 
flowing  in  the  vibrator.  If  the  vibrations  are  periodic,  as  in  alternating 
currents,  then  the  mirrors  can  be  synchronized  and  the  spot  of  ligjit 
caused  to  trace  out  the  wave  form  over  and  over  again." 

With  two  vibrators  in  the  same  field,  arranged  so  as  to  throw 
the  beam  of  light  on  the  same  photographic  film,  the  instan- 
taneous values  of  the  current  and  the  voltage  may  be  obtained 
simultaneously.  A  circuit  diagram  of  a  two-element  oscillograph 
for  reading  simultaneously  the  instantaneous  values  of  both 
the  current  and  the  voltage  in  a  low-tension  circuit  is  shown  in 
Fig.  94. 
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In  vibrator  No.  1  the  magnitude  of  the  current  flowing,  and 
hence  the  amphtude  of  the  vibration  may  be  regulated  by  adjust- 
ing the  resistance  in  Ri  and  Rt.  Curve  No.  1  traced  on  the  fikn 
records  the  instantaneous  value  of  the  current. 

Likewise  for  vibrator  No.  2  the  current  flowing  can  be  regulated 
by  adjusting  the  resistance  in  Rt  and  its  instantaneous  values 
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will  be  proportional  to  the  instantaneous  value  of  the  hne  voltage. 
Hence  the  curve  No.  2  traced  at  the  film  will  record  the  instan- 
taneous values  of  the  voltage.  Thus  on  the  same  film  records 
of  the  wave  form  of  both  the  current  and  voltage  are  obtained. 
The  instrument  is  calibrated  by  direct  currents  so  that  the  ampli- 
tude of  the  alternating  current  and  voltage  waves  may  be  meas- 
ured in  amperes  and  volts. 


(ft)  G.  E.  Three-element  Oscillograph. ' — The  oscillograph  made 
by  the  General  Electric  Co.  operates  on  the  same  principle  as  the 
>  RoBiKeoN,  A.  I.  £.  E.  Trans.  XXIV,  18£. 
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Duddell  instrument.  Tbe  design  differs  chiefly  in  the  mechan- 
ical  arrangement  and  the  relative  size  of  the  several  parts,  and 
provides  a  convenient  and  reliable 
instrument  both  for  laboratory 
and  commercial  work.  The  ar- 
rangement of  the  electro-magnets 
and  the  three  vibrators  is  shown 
in  Fig.  95,  and  a  vertical  cross- 
section  of  the  vibrating  clement  in 
Fig.  96.  The  three  vibrators,  Fig. 
95,  are  independent  of  each  other 
and  can  readily  be  insulated  for 
ordinary  pressures.  The  vibrat- 
ing strips  and  mirrors  are  of  silver. 
The  vibrating  element  can  be 
turned  around  a  vertical  axis  pass- 
ing through  the  center  of  the 
mirror  by  the  screw  Q.  The  con- 
taining cell  for  the  whole  vibrat- 
ing element  is  also  movable 
around  a  horizontal  axis,  passing 
through  the  center  of  the  mirror 
by  means  of  the  screw,  S.  These 
Pia,  QQ,  two  adjustments  make  it  poaaible 

to  bring  the  image  to  any  desired 
place  on  the  photographic  film  or  vibrating  mirror.     In  Fig. 


Fio.  97, — OptJcftl  train,  horizontal  project! 


95  TT'  are  the  terminals  carrying  current  to  the  vibrating  strips, 
marked  £7*  in  Fig.  96.    The  mirror  with  that  i>ortion  of  the  loop 
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that  vibrates  lies  between  the  supports  BB\  The  size  of  the 
mirror  is  about  20  by  10  mils  and  the  vibrating  element  has  a 
natural  period  of  one  five-thousandth  of  a  second.  By  im- 
mersion in  oil  the  instrument  is  made  dead-beat. 

The  optical  train  for  photographic  work  is  shown  in  hori- 
zontal projection  in  Fig.  97;  and  the  vertical  projection  in  Fig. 
98.  The  arc  lamp  is  at  A  and  the  directions  of  the  arrows  indi- 
cate the  paths  of  the  beams  of  light.  Pi,  Pt,  Pz  are  right-angled 
prism  mirrors;  S^  S%,  &«  adjustable  slits;  I  a,  lu  U,  h  condensing 


V.Mia,9, 


'/,X.Jl 


Fig.  98. — Optical  train,  vertical  projection. 

lenses;  VMi,  VMi,  VMz,  the  vibrating  mirrors;  CL,  a  cylindrical 
lens  focusing  the  light  rays  on  the  photographic  film  on  the 
revolving  cylinder. 

(c)  Voltmeters,  Electrodynamometer  Type. — In  diredt-current 
voltmeters  a  movable  coil  is  pivoted  in  the  field  of  a  strong  perma- 
nent magnet;  a  current  passing  through  the  coil  reacts  on  the  field 
and  produces  a  torque  proportional  to  the  strength  of  the  cmrent. 
If  an  alternating  current  passes  through  this  instrument,  the 
reversal  of  the  current  in  the  successive  half  cycles  also  produces 
a  simultaneous  reversal  of  the  torque  and  hence  tends  to  turn 
the  jx)inter  in  both  directions.  In  an  oscillograph  with  a  very 
Ught  moving  element  the  torque  reversal  produces  an  oscillation 
proportional  to  the  currents  flowing,  but  in  an  ordinary  indicating 
ammeter  or  voltmeter  the  moving  element  is  too  heavy  and  as 
the  resultant  torque  for  two  successive  half  waves  is  nil,  the  pointer 
does  not  move.  In  order  to  produce  a  torque  in  the  same  direc- 
tion for  both  halves  of  an  alternating-voltage  wave  it  is  necessary 
to  reverse  the  direction  of  the  field  simultaneously  with  the  re- 
versal of  the  voltage. 

In  the  electrodynamometer  type,  of  which  the  Weston  volt- 
meter, model  18,  is  a  good  example,  the  magnetic  field  is  produced 
by  a  current  from  the  same  circuit  as  supplies  the  movable  ele- 
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ment.  This  is  indicated  diagrammatically  in  Fig.  99.  The 
current  in  the  voltmeter  pa£»es  first  through  a  stationary  coil, 
S,  producing  a  magnetic  field,  then  through  in  the  movable 
element,  3f ,  and  finally  through  a  non-inductive  resistance,  R. 
Since  the  magnetic  field  and  the  current  in  the  movable  coil  re- 
verse direction  simultaneously,  the  resultant  torques  for  the  suc- 
cessive half  cycles  are  in  the  same  direction.  As  in  direct- 
current  instnunents,  this  torque  is  opposed  by  two  hair  springs, 
and  an  air  vane  eliminates  undesirable  vibrations  or  oscillations. 
The  torque  varies  directly  as  the  product  of  the  current,  t,  in 
the  movable  element  and  the  strength  of  field,  0. 

Torque  ocf0  (185) 

Since  the  field  coil  is  in  series  with  the  movable  element,  the  mag- 
netic field  also  varies  as  the  current. 


Hence: 


0   oci 


Torque  ai^ 


(186) 
(187) 
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The  average  torque  for  a   com- 
plete cycle  is  therefore  proportional 
to  the  average  square  of  the  current. 
By  calibrating  the  scale  so  as  to  give 
the  square  root  of  the  average  tor- 
que,   the    alternating-current    volt- 
meter indicates  directly  the  effective 
valines,  or  the  root  mean  sqiLare  of  the 
instantaneous  values. 
The  voltmeter  circuit  has  of  necessity  some  inductance  since 
the  interaction  of  the  current  in  the  movable  element  upon  the 
field  of  the  stationary  coil  is  the  source  of  the  required  torque. 
Hence,  the  current  passing  through  the  instrument  is: 


Fig.  99. — Voltmeter.     Dyna- 
mometer type. 


^  =  z  = 


yM  +  lX^      Vr*  +  (27r/L)2 


(188) 


and  therefore  the  indications  of  the  instrument  will  be  affected 
by  the  frequency  of  the  impressed  voltage.  If  the  instrument 
be  calibrated  for  one  frequency,  it  will  not  indicate  correctly  the 
line  voltage  for  any  other  frequency.  Fortunately  the  resistance 
can  be  made  very  large  relative  to  the  reactance  for  ordinary 
frequencies,  so  the  error  introduced  by  the  inductance  is  negligibly 
small  even  for  a  wide  range  in  frequency.     * 
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(d)  Wattmeters,  Electrodynamometer  Type. — In  a  wattmeter 
the  magnetic  field  is  produced  by  the  current  flowing  through  a 
stationary  coil  connected  in  series  with  the  power  circuit.  In  the 
movable  element  a  small  current,  proportional  to  the  voltage 
across  the  circuit  measured,  is  flowing,  thus  providing  a  torque 
at  any  instant  proportional  to  the  product  of  the  current  and 
the  voltage,  or  the  instantaneous  watts  passing  through  the 
instrument. 

Torque  ««  (189) 

The  electrodynamometer  type  of  wattmeter,  of  which  the 
Weston  model  16,  and  the  General  Electric  Go's,  type  Pz  are 
good  examples,  may  be  used  on  either  direct  or  alternating 
currents.     If  the  instrument  be  calibrated  with  direct  currents 


Fia.  100. — ^Wattmeter.     Dynamometer  type. 

it  would  indicate  the  effective  or  r.in.8.  values  when  used  on 
alternating-current  circuits.  From  the  circuit  diagram  in  Fig. 
100  it  is  seen  that  both  the  stationary  and  movable  coils  introduce 
inductance  into  the  circuit  and  therefore  the  time-phase  rela- 
tion of  the  current  and  voltage  waves  is  not  the  same  in  the 
instrument  as  in  the  circuit  measured.  As  any  variation  in  the 
time-phase  relation  between  the  current  and  voltage  alters  the 
power  factor  this  introduces  an  error.  Fortunately  the  in- 
ductance is  small  and  hence  the  reactance  for  commercial  fre- 
quencies, so  this  source  of  error  is  of  little  importance  in  ordinary 
measurements  on  electric  power  circuits. 

For  Experiments  see  page  531. 
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VOLTAGE  AND  CURRENT  IN  SINGLE-PHASE  AND  POLY- 
PHASE SYSTEMS 

(a)  Single-phase  Systems. — Any  alternator  with  a  single  cir- 
cuit in  the  armature  has  the  same  current,  at  any  instant,  in  all 
the  conductors.  In  distinction  from  the  polyphase  alternators 
having  several  circuits  with  currents  of  different  values  appearing 

simultaneously,  the  single  cir- 
cuit winding  is  said  to  produce 
single-phase  currents.  The 
fundamental  plan  of  the  wir- 
ing diagram  for  a  single-phase 
alternator  is  shown  in  Fig. 
101.  The  parts  of  the  con- 
ductorp  passing  under  the 
north  and  south  poles  are  so 
placed  as  to  produce  voltage 
in  the  same  direction  at  any 
position.  In  the  diagram  the 
direction  of  the  current  is  indi- 
cated by  dots  and  crosses  and 
the  direction  of  the  rotation  of 
the  field  by  an  arrow.  Part 
B  shows  the  wiring  diagram 
on  a  plane  instead  of  on  the 
cyUndrical  surface  of  the  ar- 
mature. The  diagram  shows 
the  fundamental  arrangement  necessary  to  produce  a  single- 
phase  current. 

In  order  to  produce  the  required  voltage  in  commercial  ma- 
chines several  layers  of  the  simple  winding  are  connected  in 
series,  often  giving  a  complex  appearance,  but  the  principles  in- 
volved are  essentially  the  same  as  for  the  fundamental  arrange- 
ment shown  in  Fig.  101.  One  or  more  single-phase  alternators 
connected  to  a  distribution  network  of  any  complexity  form  a 
single-phase  system.    The  circuits  discussed  in  the  preceding 

02 


Fig.  101. — Fundamental  single-phase 
winding  diagram. 
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chapters  are  all  single-phase  and  the  vector  diagrams  at  the 
generators  give  the  current-  and  voltage-phase  relations  of 
single-phase  alternators  supplying  the  power. 

(6)  Electrical  Degree. — The  voltage  and  current  waves  from 
alternators  complete  one  cycle  in  2t  or  360**.  Hence  for  one 
revolution  of  the  generator  there  are  produced  as  many  com- 
plete cycles  of  the  voltage  and  current  waves  as  the  alternator 
has  pairs  of  poles.  For  a  four-pole  machine  half  a  revolution  of 
the  rotating  spider  produces  a  complete  voltage  wave  of  360**. 
The  distance  of  two-pole  pitches  in  all  cases  produces  a  com- 
plete voltage  wave  and  for  convenience  this  is  called  360  electrical 
degrees. 

Phase  t. 


Fig.  102. — Fundamental  two-phase  winding  diagram. 

(c)  Frequency. — Since  a  complete  wave  is  produced  while  the 
conductor,  passes  over  one  pair  of  poles,  the  number  of  cycles  per 

revolution  is  ^  when  p  is  the  nimiber  of  poles. 

*0       r.p.m 
Hence  the  cycles  per  second  =  o"  ^     m     ^  ^  (191) 

The  American  Institute  of  Electrical  Engineers  has  adopted 
60  and  25  cycles  per  second  as  standard  frequencies. 

(d)  Two-phase  Systems. — In  a  two-phase  or  quarter-phase 
alternator,  two  separate  single-phase  circuits  are  placed  on  the 
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same  armature,  90  electrical  degrees  apart  as  illustrated  in  Fig. 
102.  The  generator  has  four  terminals  and  in  a  four-wire  dis- 
tribution the  two  circuits  are  kept  separate.  Since  the  two  cir- 
cuits are  alike  and  differ  only  in  position  on  the  armature,  the 
resulting  voltage  waves  are  of  the  same  shape  but  differ  by 
90**  or  a  quarter  phase  in  time  position.  The  voltage  waves  for 
the  two  phases  are  shown  in  Fig.  103.  If  the  generator  be  con- 
nected to  a  two-phase  circuit  with  a  balanced  inductive  load  the 
current  in  each  phase  will  lag  behind  the  voltage  as  shown  by 
the  vector  diagram  in  Fig.  104. 

To  save  copper  in  the  transmission  line,  two  of  the  four  termi- 
nals are  connected  together  in  the  two-phase,  three-wire  system. 


A/'N^ 


Fig.  104. 


The  circuit  diagram  and  the  corresponding  voltage  and  current 
vector  diagrams  are  shown  in  Fig.  105.  Since  the  two  circuits 
are  alike  and  pass  through  the  same  magnetic  field  at  the  same 
speed,  the  effective  voltages  are  equal. 


El  ^  Ei 


(192) 


The  resultant  voltage  between  the  outside  mains  A  and  B  is 
the  vector  resultant  of  Ei  and  £2- 

^8  =  ^i  +  jEi  or 

Ez  =  \/2Ei  =  \^Et  (193r 

If  the  two  receiving  circuits  are  alike,  the  current  flowing  in 
the  main  A  is  equal  to  the  current  in  main  J?,  or  Ji  =  1%.  The 
current  in  the  common  return  is  the  vector  sum  of  Ji  and  I2. 

/a  =  /i  +  jh  or  7,  =  V2I1  (194) 
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Let  (6)  in  Fig.  105  represent  the  current  and  voltage  vector 
diagrann  corresponding  to  the  connections  in  (a).  If  instead  of 
oonnecting  terminals  a  and  b  together  for  the  common  return, 
terminal  a  be  connected  to  bi  the  voltage  vector  Et  would  be 
reversed.  The  vector  diagram  for  the  currents  and  voltages 
would  then  be  as  shown  in  (c),  Fig.  105.    Comparing  the  two 


(k> 


Fig.  105. 
vector  diagrams  it  is  seen  that  the  corresponding  currents  and 

voltages  are  of  the  same  magnitude  but  differ  in  time  phase 

by  90^ 

(e)  Three-phase  Systems. — The  fimdamental  wiring  diagram 

is  shown  in  Fig.  106.     A  three-phase  winding  consists  of  three 

single-phase  windings  spaced  120  electrical  degrees,  so  that  the 

voltages  generated  in  them  successively  reach  their  maximum 

120^  apart.     The  sine  voltage  and  current  waves  for  the  three 

phases  are  shown  in  Fig.  107,  and  the  vector  diagram  of  the 

voltages  and  currents  for  a  balanced  three-phase  load,  having 
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the  same  resistance  and  condensive  reactance  in  each  phase,  is 
shown  in  Fig.  108. 

(/)  The  A  and  T  Connections. — ^As  seen  from  the  circuit  dia- 
gram in  Fig.  106  the  three-phase  winding  requires  six  leads  or 


Fig.  106. 


Fia.  107. 
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terminals,  two  for  each  phase.  It  is  usual  to  combine  these 
terminals  by  pairs  so  that  only  three  leads  are  brought  out  from 
the  alternator  to  the  distribution  system.  This  connection  be- 
tween the  three  phases  is  made  in  two  ways.  If  the  three  phases 
be  connected  as  shown  by  the  winding  diagram  in  Fig.  109  and 
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the  corresponding  circuit  dia^am  in  Fig.  110,  it  is  called  a  Delta 
connection,  and  is  represented  by  the  letter  A.  If  the  three  cir- 
cuits be  connected  as  shown  by  the  winding  diagram  in  Fig.  Ill 
and  the  corresponding  cireult  dif^ram  in  Fig.  112,  it  is  called  a 
Star  or  Wye  connection  and  is  represented  by  the  letter  Y. 

With  the  windings  in  the  armature  forming  a  closed  circuit  as 
in  the  A  connection  it  appears  likely  that  circulating  currents 
would  flow  in  the  armature.     By  examining  the  three  voltage 


Fio.  109. — Fundamental  3-^,  A-connected  winding. 


waves  in  Fig.  107  and  the  vectors  in  Fig.  108  it  is  seen  that  the 
sum  of  the  voltages  is  at  every  instant  equal  to  zero.  It  should 
be  noted  that  while  this  holds  true  for  the  three  fundamental  sine 
waves,  it  is  not  the  case  for  waves  having  third  or  ninth  har- 
monics. The  conditions  which  cause  circulating  currents  are 
explained  in  Chap.  XXIII,  while  the  discussion  in  this  chapter 
deals  only  with  simple  sine  waves.  By  comparing  the  three 
current  waves  in  Fig,  107  and  the  corresponding  vectors  in  Fig. 
108  it  is  seen  that  the  sum  of  the  three  currents  is  at  any  instant 
equal  to  zero,  and  hence,  the  star  connection  will  not  change  the 
flow  of  the  ci^{TeQt«  ia  either  phase.    As  neither  the  voltage  nor 
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the  current  in  either  phase  is  affected  by  making  the  A  or  Fcon- 
nection,  the  same  diagram  expresaea  the  phase  relations  c^  the 
voUagea  and  the  eurrerttB  in  the  aojeral  phases  whether  the  circuit 
is  connected  in  delta  or  in  star. 


Pro,  111. — Fundamental  S^,  Y-connected  winding. 


Fio.  112. 

(fr)  Delta  Connection.  Voltage  and  Current — Although  in  a 
A  connection  the  current  in  each  circuit,  that  is,  between  S^  and 
Fa,  Sg  and  Fb,  Sd  and  Fc  in  Fig.  110,  is  the  same  as  when  the 
circuits  were  separate,  the  currents  in  the  mains  AB,  BD  and 
DA  are  formed  by  combining  tho  currents  in  the  corresponding 
circuits.  Thus  if  the  currents  in  the  three  circuits  be  I  a,  Ib  and 
Id  the  current  in  each  main  is  the  vector  difference  of  the  cuirente 
in  the  corresponding  circuits.  This  can  be  seen  by  inserting  a 
vibrator  of  an  oscillograph  in  each  phase  as  indicated  in  Fig. 
113,  la  order  that  the  vibrators  in  the  three  circuits  shall  trace 
the  three  currents  in  the  proper  sequence,  the  terminals  must  be 
connected  in  the  same  direction  in  the  three  circuits.  Thus  in 
circuit  A,  a  is  nearest  Sa  with  X  next  to  Fa',  in  circuit  B,  a  is 
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nearest  Sa  and  X  next  to  Fb;  and  in  circuit  D,  a  is  nearest  to  So 
and  X  next  to  F/).  If  then  the  vibrator  be  inserted  in  main  DA 
with  X  nearest  to  the  junction  as  in  Fig.  113,  then  the  component 
of  the  current  coming  from  circuit  D  flows  in  the  same  direction 
through  the  vibrator  as  it  does  in  the  first  position.  But  the 
component  of  the  current  from  circuital  passes  through  the  vibra- 
tor in  the  reverse  direction.  Hence  the  current  in  the  main  DA 
is  the  vector  difference  of  the  currents  in  circuits  A  and  D. 

Iab  =  Ia-  ta  (195) 

Similarly: 

Jbd'^  1b  -  ta  (196) 

Ida  =  //>  -  Ia  (197) 

The  corresponding  vector  diagram  with  the  rotation  in  the 
counter-clockwise  direction  is  shown  in  Fig.  1 14.  For  the  A  connec- 


o-A 


Fig.  113. 


Fia.  114. 


tion  the  voltage  between  the  mains  is  the  same  as  for  each  circuit 
and  is  represented  by  the  same  voltage  vectors  as  if  the  circuits 
were  separate.  In  equations  (195)  to  (197)  the  currents  in  the 
mains  are  expressed  in  vector  notation.  To  find  the  absolute 
value  the  phase  position,  as  well  as  the  magnitude  of  the  com- 
ponent vectors,  must  be  known.  Let  the  three-phase  load  be 
balanced  so  that  both  in  magnitude  and  phase  relation  the  cur- 
rents and  voltages  in  the  three  phases  are  alike.  Or  stated  in 
the  form  of  equations: 

Ea^  Eb^  Eb  (198) 

Ia  ^Ib  --  In  (199) 

Ba   ^  Ob   ^  Od  (200) 
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Then  the  triangle  OFH,  Fig.  114,  is  isosceles  and  the  angle 
OFH  equals  120**.  Hence  OH  equals  \/3  times  OF,  or  the  cur- 
rent in  the  main  is  equal  to  y/S  times  the  current  in  a  circuit. 


Similarly: 


Iab  =  VsIa  =  1.73/x 
Ibd  =  ^/sIb  and  Ida  =  y/Slo' 


(201) 


(A)  Star  Connection.  Voltage  and  Current — In  the  star  con- 
nection the  same  current  that  flows  in  each  circuit  must  pass  into 
the  corresponding  main,  as  only  one  circuit  is  connected  to  each 
main.  The  voltage  between  each  pair  of  mains  is,  however,  the 
resultant  of  voltages  in  the  two  circuits  in  series  between  the 


Pig.  115. 


mains.  By  making  connections  to  oscillographic  vibrators  sim- 
ilar to  those  explained  for  the  currents  in  the  preceding  para^ 
graph,  it  is  readily  seen  that  the  voltage  between  each  pair  of 
mains  is  the  vector  difference  of  the  voltages  in  the  corresponding 
circuits.  Hence  for  balanced  loads  the  voltage  and  current 
relations  are  as  shown  in  Fig.  115.  Expressed  in  the  form  of 
equations: 


Ia 

= 

Ib 

= 

lo 

Ea 

= 

Eb 

= 

En 

Eab 

=s 

&A 

— 

£!b; 

Ebd 

.  .  .  .  . 

=  Eb  —  Ed  ;  Eda  —  Bo  —  Ea 


(202) 
(203) 
(204) 


The  triangle  OFH  in  Fig.  115  is  isosceles  and  the  angle  OFH  is 
equal  to  120°. 
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Hence: 


Similarly: 


Eab  =  VsEa  =  USEa 
Ebd  =  -s/SEb  and  Eda  =  Vs^i 


(205) 
(206) 


(i)  Equivalent  or  Topographic  Vector  Diagrams. — To  show 
directly  the  time-phase  relations  of  the  several  voltages  and 
currents  in  the  three-phase  systems,  all  the  vectors  are  drawn 
through  the  origin,  as  in  Figs.  114  and  115.  It  is  often  con- 
venient to  draw  the  vectors  so  as  to  indicate  their  position  in 
the  circuit  diagram,  forming  triangles  or  polygons  in  which  the 
direction  and  length  of  the  sides  represent  the  vector  values. 
Thus  in  Fig.  115  the  voltages  between  the  mains  may  be  moved 
into  paraUel  positions  so  as  to  form  the  triangle  shown  in  Fig.  116. 


FiQ.  116. 

The  sides  of  the  triangle  represent  the  voltages  between  the 
mains  while  the  Unes  joining  the  vertices  to  the  center  give  the 
voltages  in  the  circuits.  The  simplicity  of  this  form  of  vector 
diagram  is  of  considerable  importance  when  dealing  with  more 
complex  systems,  as  may  be  seen  from  Figs.  301,  302  and  307  to 
313  inclusive. 

(j)  Sequence  of  Phases. — In  the  laboratory  or  in  commercial 
work  it  is  often  necessary  to  determine  the  time  sequence  of  the 
several  phases  in  a  polyphase  system.  Thus  in  the  three-phase 
system  indicated  by  the  terminals  A,  B  and  D  in  Fig.  117  the 
sequence  of  the  phases  may  be  either  AB,  BD,  DA  or  AZ), 
BA,  DB. 

A  simple  arrangement  for  determining  the  direction  of  rotation 
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is  shown  in  Fig.  1 17.    A  resistance,  r,  in  series  with  a  oondensanoe, 
cX,  is  connected  across  one  phase,  AD, 

In  Fig.  118  let  the  vector  Ea^~d  represent  the  voltage  in  the 
phase  Ai>.  For  convenience  let  r  and  eX  be  approximately  equal. 
The  current  therefore  leads  Ea^  by  about  45°  and  rl  and  xl 
complete  the  triangle  with  a  right  angle  at  Q.  With  the  position 
of  Ea^  assumed,  the  vectors  for  Eb-a  and  Ed^  must  be  repre- 
sented either  by  the  full  Unes  BA,  DB  or  the  broken  Unes 
B'A,  DB'.  It  is  apparent  from  the 
diagram  that  the  voltage  between 
Q  and  terminal  B  is  proportional 
to  either  the  length  of  the  line  QB 
or  QB\  Hence,  if  the  voltmeter 
reads  less  than  the  phase  voltage 
the  sequence  is  indicated  by  the 
full  lines  in  Fig.  118,  while  if  the 
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reading  is  greater  than  the  phase  voltage  rotation  is  in  the  re- 
verse direction. 

(k)  Commercial  Polyphase  Systems. — Besides  the  two-phase 
and  three-phase  systems,  four-phase,  six-phase  and  twelve-phase 
systems  are  in  commercial  use,  although  to  a  comparatively  lim- 
ited extent.  For  machines  Uke  the  rotary  converter  a  higher 
efficiency  may  be  obtained  in  six  or  twelve-phase  designs  than 
for  the  corresponding  two-  or  three-phase  types.    See  Chap.  XVI. 

PROBLEMS 

1.  Given  a  balanced  two-phase,  three-wire  system  (circuit  diagram  in 
Fig.  105).  Voltage  in  each  phase  =  120  volts;  current  in  lines  A  or  B  ■■50 
amp. ;  e  «  30**  (current  leading).     A  leads  B, 

(a)  Find  the  current  in  the  common  wire,  D. 

(6)  Find  the  voltage  between  the  outside  wires,  A  and  B. 
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(c)  Diaw  the  vector  diagram. 

(d)  Draw  curves  for  the  voltage  and  currents  in  rectangular  coordinates. 

2.  Given  a  balanced,  three-phase,  delta-connected  system  (circuit  dia- 
gram in  Fig.  110).  Voltage  in  each  phase  »  220  volts;  current  in  each 
circuit  ">  35  amp.;  $  »  40**  (current  lagging). 

(a)  Find  the  current  in  each  main. 

(6)  Draw  the  vector  diagram  showing  the  voltages  and  currents  in  the 
mains  and  circuits  for  the  three  phases. 

(e)  Draw  in  rectangular  coordinates  the  corresponding  curves  for  the 
voltages  and  currents. 

8.  Given  a  balanced,  three-phase,  star-connected  system  (circuit  diagram 
in  Fig.  112).  Voltage  in  each  circuit  »  125  volts;  current  in  each  main  >■  40 
amp.;  $  »  20**  (current  leading). 

(a)  Find  the  voltages  between  the  mains. 

(&)  Draw  the  vector  diagram  showing  the  currents  and  voltages  in  the 

circuits  and  mains  for  the  three  phases. 

(c)  Draw  curves  in  rectangular  coordinates  for  the  currents  and  voltages. 

4.  Given  a  balanced,  three-phase,  delta-connected  system.  Current 
in  each  main  >•  60  amp.;  voltage  between  mains  •  220  volts;  $  <-  30* 
(current  lagging).    Phase  sequence  ABD, 

(a)  Find  the  current  in  each  circuit. 

(&)  Draw  vector  diagram  for  the  currents  and  voltages. 

6.  Given  a  balanced,  three-phase,  star-connected  system.  Current  in 
each  main  •  40  amp.;  voltage  between  mains  «  120  volts;  d  »  70®  (cur- 
rent leading).    Phase  sequence  ABD.^ 

(a)  Find  the  voltage  in  each  circuit. 

(6)  Draw  vector  diagram  showing  the  currents  and  voltages. 

6.  An  unsymmetrical  star-connected  three-phase  load  has  the  following 
line  voltages: 

*i_,  -  100; 
*,-,  «  -45  -f  i90; 
and      S»-i  =  —55  —^90. 
The  phase  impedances  are: 
Zi  -  10; 
Zt  -2H-j7; 
Zi  =  2  —  j9  ohms. 
Solve  for  vector  values  of  phase  voltages  and  line  currents.    Give  a  com- 
plete topographic  diagram  of  all  voltages.    Show  the  current  vectors  on  the 
same  plot. 

For  Experiments  see  page  532. 


CHAPTER  X 

POWER  m  BALANCED  TWO-PHASE  AND  THKEE-PHASE 

SYSTEMS 

The  electric  power  in  single-phase  systems  was  discussed  in 
Chap.  VII.  It  was  shown  that  the  expression  for  the  instan- 
taneous power  for  sine  waves  is: 

ei  =  "E"!  sin  (<at  +  71)  sin  (cat  +  72) 

=  EI[coa  (71  -  72)  -  cos  (2a)t  +  71  +  72)]  (210) 

The  equation  shows  that  the  power  curve  is  also  a  sine  wave  but 
pulsates  with  double  the  frequency  of  the  voltage  or  current. 
It  was  also  proved  that  the  average  power  for  single-phase  cir- 
cuits with  sine-wave  current  and  voltage  is: 

P  =^  EI  cos  d  (211) 

where  0  is  the  difference  in  phase  of  the  current  and  voltage. 

Similarly  the  reactive  power  traveling  to  and  fro  in  the  circuit 
is: 

JP  --  EI  sin  d  (212) 

(o)  Two-phase  Circuit. — A  two-phase  circuit  consists  of  two 
single-phase  circuits  differing  by  90  electrical  degrees  in  space 
position  and  hence  producing  voltage  and  current  waves  90**  out 
of  phase.  Let  the  load  be  balanced  and  the  current  and  voltage 
waves  be  simple  harmonic. 

For  the  first  phase  let  the  instantaneous  values  be: 

ii  =  "/  sin  (a>0  =  \/2/  sin  (orf)  (213) 

€1  =  "E  sin  (wt  +  6)  ^  y/2E  sin  («<  +  B)  (214) 

Vx  =  eit  1  =  2EI  sin«  (wO  cos  ^  -h  2EI  sin  (wO  cos  (wft  sin  ^     (216) 

Since  the  second  phase  voltage  is  90  electrical  time  degrees 
from  the  first,  the  equations  for  the  simultaneous  instantaneous 
values  for  the  second  phase  are: 

h  =  ^7  cos  («0  =  y/21  cos  («0  (216) 

62  =  ^B  cos  {wi  +  ^)  =  y/2E  cos  («<  +  ff)  (217) 

P2  =  ^%H  =  2EI  cos*  (wO  cos  B  —  2EI  cos  (wO  sin  («0  sin  B  (218) 
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The  instantaneous  power  for  both  circuits  is  therefore: 
P  =  Pi  +  P2  =  2EI[sm^  («0  +  cos2  («0]  cos  6  =  2EI  cos  6    (219) 

The  insiantaneous  power  in  a  two-phase  circuit  is  thus  found  to 
be  equal  to  twice  the  average  power  of  one  of  the  circuits. 

If  the  instantaneous  power  be  constant  it  must  be  equal  to  the 
average  power.  Hence  for  balanced  two-phase  circuit  and  simple 
harmonic  current  and  voltage: 


P  =  2EI  cos  $ 


(220) 


Power  is  measured  by  wattmeters.  In  single-phase  circuits 
the  current  from  one  of  the  mains  passes  through  the  wattmeter 
and  the  voltage  is  taken  between  the  mains.     A  four-wire  two- 


w 


Fig.  119. — Two  wattmeters  2-^, 
3-wire,  system. 


Fig.  120.— Vector  dia- 
gram for  Fig.  119. 


phase  circuit  is  merely  two  single-phase  circuits  and  hence  the 
power  may  be  measured  by  one  wattmeter  in  each  circuit.  In 
a  three-wire,  two-phase  circuit  the  current  connection  on  the 
wattmeter  is  made  on  the  outside  mains  while  the  voltage  is 
taken  from  the  ojutside  main  to  the  common  wire.  The  wiring 
diagram  is  shown  in  Pig.  119  where  W\  and  W%  represent  the 
two  wattmeters,  and  the  corresponding  vector  diagram  in  Fig.  120. 
The  so-called  tangent  method  is  sometimes  foimd  convenient 
in  determining  the  power  factor  in  two-phase  circuits.  One 
wattmeter  is  used.  The  current  coil  is  connected  in  the  same 
way  as  for  measuring  power  in  single-phase  circuits.  With  the 
voltage  coil  across  the  wires  in  the  same  circuit  the  wattmeter 
measures  true  watts. 

Pi  =  EJi  cos  $  (221) 


Without  changing  the  current  connection  transfer  the  voltage 
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coil  to  the  second  phase.    The  reading  of  the  wattmeter  is  then: 

p»  =  iS?j/i  sin  6  (222) 

Usually  El  »  Etf  and  dividing  the  second  reading  by  the  first: 

^  =  tan  ^,  or  ^  =  tan-^  2?  (223) 

Pi  Pi 

Hence  the  power  factor,  cos  6,  in  a  two-phase  circuit  can  be  found 
by  the  use  of  one  wattmeter. 

(b)  Three-phase  Circuit,  A  Connection. — Power  in  three-phase 
circuits  is  usually  measiured  by  two  wattmeters  connected  as  indi- 
cated in  Fig.  121.  In  order  to  prove  that  the  two  wattmeters 
at  any  instant  will  measure  the  total  power  in  the  three  circuits 
it  is  desirable  to  assume  some  directional  notation.  The  arrows 
in  both  the  circuits  and  the  mains  correspond,  in  a  way,  to  the 
three-phase  vector  diagrams.  It  is  immaterial  which  direction 
is  assiuned,  only,  if  the  current  arrow  in  the  circuit  be  taken 
counter-clockwise  in  one  circuit,  the  arrows  in  the  remaining  two 
circuits  must  be  in  the  same  direction.  Likewise  the  arrows  for 
the  currents  in  the  mains  may  be  taken  from  left  to  right  as  in 
the  diagram,  or  in  the  reverse  order,  but  the  three  arrows  in  the 
three  mains  must  be  in  the  same  direction.  It  is  evident  that  the 
arrangement  of  the  arrows  should  be  such  that  when  the  arma- 
ture turns  to  a  second  position  in  which  main  A  occupies  the  place 
previously  held  by  main  B,  the  arrows  in  A  and  in  the  adjoining 
circuits  must  then  be  the  same  as  were  those  of  main  B  and  the 
adjoining  circuits.  The  arrows,  therefore,  represent  directional 
conditions  at  any  one  position  in  space  but  not  for  the  same  time 
instant.  Like  the  vector  diagram,  the  arrows  give  the  relative 
relation  for  all  positions. 

With  the  direction  of  the  arrows  as  given  in  Fig.  121  the  equa- 
tions for  the  instantaneous  values  of  the  currents  in  the  mains 
are: 

tA  =  ti  -  ts  (224) 

is  =  U  -  n  (225) 

(d  =  U  —  ii  (226) 

The  power  indicated  by  the  wattmeter  is  the  product  of  the 
ciu*rent  in  the  main  by  the  corresponding  voltage. 
For  wattmeter  Wii 

Pi  =  etiB  =  etiit  —  f  1)  (227) 
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For  wattmeter  Wti 

p«  =  (-  ez)iA  =  -  6«(ii  -  <i) 
The  instantaneous  power  in  both  wattmeters: 

p  =  pi  +  P2  =  et(it  -  $i)  -  ea(ti  -  u) 

«  eiii  +  (—  ej  —  6f)n  +  ejtj 

Ci  sa  —  e«  —  6a 
Hence, 

P  «  eiii  +  etH  +  «rf« 


(228) 


(229) 
(230) 

(231) 


The  product  eiii  is  the  instantaneous  power  in  circuit  (1), 
eiis  in  circuit  (2)  and  aii  in  circuit  (3).  Ther^are  the  two  watt- 
meters  connected  in  this  manner  measure  the  total  instavJtaneous 
power  in  the  three  circuits. 


Fig.  121. — ^Two  wattmeters,  3-^  A  connection. 

The  value  of  the  average  power  will  be  derived  both  analytic- 
ally and  by  the  aid  of  vector  diagrams. 

First  Method. — ^For  sine  waves  with  a  balanced  inductive  load 
causing  a  lagging  current,  let  the  voltage  and  current  equations 
for  phase  (1)  be: 

ei  =  "El  sin  («0  =  V2Ei  sin  ((d)  (232) 

ti  =  "Ii  sin  {<ot  -  ^)  =  V2I1I  sin  {(ot)  cos  d  -  sin  d  cos  (w<)]  (233) 

For  phase  (2) : 

et  =  "E%  sin  {u>t  -  120°) 

«  V2EJi-  i  sin  (o)t)  -  ~  cos  (orf)]  (234) 
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i%  =  "It  sin  {oit  -  120**  -  ^)  =  \/2/?[-  i  sip  (a>0  cos  0 

\/3                                                          \/3 
2~  c^s  ("')  cos  (?  +  i  cos  («0  sin (? 2~  ^^  ^"0  sin  d]    (236) 

For  phase  (3) : 

ez  =  "Ez  sin  («(  -  240°) 

\/3 
=  V2S3[-  i  sin  (wO  +-^  cos  (a>0]  (236) 

is  =  "'/a  sin  (a>i  -  240°  -  ^) 

\/3 
=  \/2/8[  —  J  sin  (wi)  cos  ^  +  ->>"  ^^^  (^0  cos  ^ 

+  i  cos  («0  sin  B  H — x""  ^^^  ("0  sin  ^]  (237) 

For  a  balanced  load: 

Ei^  E%=-  Ez^  Ec  and  /i  =  /j  =  /,  =  /, 

where  Ec  and  /«  denote  the  effective  voltage  and  current,  re- 
spectively, in  each  circuit. 

The  instantaneous  power  in  the  three  circuits  is  the  sum 
of  the  products  of  the  respective  instantaneous  voltages  and  cur- 
rents. Taking  the  sum  of  products  eiz'i,  6^%%^  and  ezii  in  equations 
(232)  to  (237)  and  reducing  to  the  simplest  form  gives  equation 
(238). 

p  =  ciii  +  e^U  +  Cziz  =  ZEeIc  cos  B  (238) 

Equation  (238)  shows  that  the  instantaneous  power  is  a  con- 
stant and  hence  equal  to  the  average  power. 

p  =  p  =  SEJcCOsB  (239) 

/  =  V3  /«  and  B  =  £c  (240) 

Since  the  current  in  the  mains,  7,  is  equal  to  \/3  times  the  current 
in  the  circuit,  le,  and  the  voltage  between  the  mains,  E,  equals 
the  voltage  in  the  circuit,  Ee,  the  power  in  a  three-phase  circuit 
expressed  in  terms  of  the  current  in  the  mains,  the  voltage  be- 
tween the  mains  and  the  power  factor  is: 

P  =  VZEI  cos  B  (241) 

Second  Method. — In  Fig.  122  is  shown  the  vector  diagram  cor- 
responding to  the  circuit  diagram  in  Fig.  121.  In  the  circuits 
the  ciu'rents  lag  B^  behind  the  respective  voltages  and  are  repre- 
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aented  by  the  vectors  Ii,  1%,  and  /s.  The  currents  in  the  mains 
are  the  vector  differences  of  the  circuit  vectors  and  denoted  by 
lAf  Ib  and  Id  in  the  diagram.  The  currents  in  the  mains  differ 
by  30^  in  phase  position  from  the  currents  in  the  circuits  and 
by  the  factor  -y/s  in  magnitude.  The  power  indicated  by  watt- 
meter Wi,  Figs.  121  and  122,  is  the  product  of  the  current  in 
main  B,  the  voltage  between  B  and  D  and  the  cosine  of  the  time- 
phase  angle. 

Power  in  wattmeter  Wi : 


Pi  =  EJb  cos  (30°  -  $) 


(242) 


v30V^ 


Fio.  122a. — Vector  diagram,  for 
Fig.  121. 


Fia.  1226. — Topographic  vector 
diagram  for  Fig.  121. 


Similarly  the  power  in  wattmeter  Wi  is  the  product  of  the  cur- 
rent in  main  A  by  the  voltage  between  mains  A  and  D  and  the 
ooedne  of  the  time-phase  angle.  The  time-phase  angle  between 
I A  and  Et  is  (180**  -  30°  -  6) ;  and  the  cos  (180°  -  30°  -  ^)  = 
—  COB  (30°  +  6).  The  voltage  connection,  however,  is  made  in 
the  reverse  order  from  that  of  TFi,  and  hence  this  reverses  the 
sign.  Therefore,  the  power  flows  from  the  generator  when 
cos  (30°  +  6)  is  positive. 

Power  in  wattmeter  W^: 


Pa  =  JS?JaCOs(30°  +  S) 


(243) 


In  a  balanced  circuit 


El  =  Et  ==  El  and  Ia  —  Ib  ^  Ii 


no 
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Hence  the  total  power: 
P  =  Pi  +  P*  =  EI[ooe  (30°  -  e)  +  C0B  (30°  +  0)]       (244) 
=  2^7  00630"  006  «  «  VlEI  cos  $  (245) 

From  equations  (242)  and  (243)  the  power  factor  may  be  ob- 
tained from  the  wattmeter  readings. 

(246) 

(247) 

(248) 


Pi  +  Pt  =  2B7  006  tf  COS  30° 
Pi  -  P,  =  2EI  sin  $  sin  30° 

COS  6  s  the  power  factor. 


(c)  Three-phase,  T  Connection. — In  Fig.  123  is  shown  a  cir- 
cuit diagram  of  a  F-connected  three-phase  circuit  with  direc- 


FiG.  123. — ^Two  wattmeters.    3-^,  Y  connection. 

tional  arrows  symmetrically  arranged  as  in  Fig.  121  for  the  A 
connection.  The  corresponding  vector  diagram  is  shown  in 
Fig.  124.  It  is  seen  directly  from  Fig.  123  that  the  instan- 
taneous power  in  wattmeter  Wi  is: 


Pi  =  (  —  eD)ii  =  (ei  —  €9)ii 
And  for  wattmeter  Wii 


(249) 


Pj  =  €312  =■  (^2  —  ei)u 


(260) 
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Hence  the  total  instantaneous  power  in  the  wattmetens: 


p  =  pi  +  P2  =  ^2^2  —  «2t2  +  etii  —  6«ti 


(251) 


But, 


and  hence, 


Is  =  —  t2  —  ti 


p  =  eiii  +  e^ii  +  Cai* 


(262) 


Thus  the  two  wattmeters  together  indicate  the  total  power  in 
the  three-phase  F-connected  circuit  at  any  instant. 

The  average  power  and  the  power  factor  in  the  F-connected 
system  are  found  in  the  same  manner  as  for  the  A  connection. 
Referring  to  the  vector  diagram  in  Fig.  124: 


30*- e 


Fig.  124a. — Vector  diagram  for 
Fig.  123. 


Fia.   1246. — Topographic  vector 
diagram  for  Fig.  123. 


The  power  in  wattmeter  Wi  is: 


Pi  =  Ed  /i  cos  (30°  -  e) 


(253) 


For  wattmeter  TF2  the  power  is; 


P,  =  Eb  U  cos  (30°  +  e) 


(254) 


With  a  balanced  circuit : 


Ea  —  Eb  =  Ed  =  E  and  Ii  =  h  =  h  —  I  in  eflfective  values. 
The  total  power  is  therefore: 

P  =  Pi  +  P,  =  2EI  cos  B  cos  30°  =  VsEI  cos  6     (255) 
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In  the  same  manner  as  for  the  delta-connection  the  power  fac- 
tor may  be  obtained  from  the  two  wattmeter  readings.  A  curve 
showing  the  relation  of  the  ratio  of  the  readings  to  the  power 
factor  is  given  in  Fig.  125. 

Two  important  values  for  d  may  be  observed  directly.    First, 
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Fia.  125. — Curve  showing  the  relation  of  the  power  factor  to  the  ratio  of 

wattmeter  readings  in  balanced  3-^  circuits. 

if  the  two  wattmeters  read  alike,  Pi  =  P^  and  hence  from  equa- 
tions (253)  and  (254)  ^  =  0  and  therefore  cos  (?  =  1.  Seamd, 
if  one  of  the  wattmeters,  as  W2,  reads  zero,  then  TTi  indicates  the 
total  load  and  cos  (30°  +  ^)  =  0,  or  ^  =  60°  If  Wi  has  no  read- 
ing and  W2  indicates  the  total  power,  then  cos  (30°  —  (?)  =  0 
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and  hence,  6  =  —60°,  If  ^  =  60®  indicates  a  lagging  current, 
then  6  =  —60®  shows  a  similar  leading  current.  If  either 
of  the  wattmeters  gives  a  negative  reading,  the  value  of  ^  is 
greater  than  60®  and  the  total  power  delivered  is  equal  to  the 
difference  of  the  two  wattmeter  readings.  It  is,  of  course,  neces- 
sary to  know  that  both  the  current  and  voltage  coils  are  properly 
connected  for  giving  positive  readings  with  6  less  than  60®  before 
concluding  that  a  negative  reading  of  the  wattmeter  indicates  a 
power  factor  less  than  cos  60®.  For  power  in  circuits  with  dis- 
torted voltage  and  current  waves,  see  Chap.  XXIII,  and  for  un- 
balanced load.  Chap.  XXV. 

(d)  Reactive  Power. — If  the  power  delivered  and  the  power 
factor  are  known,  the  reactive  power  which  travels  to  and  fro 
in  the  circuit  may  be  determined. 

xP  =  V3EI  sine  =  P  tan  6  =  V3(Pi  -  Pj)        (266) 


f^h^'St  A 


Lo^€/ 
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^/fo^e  B 


Looof 


Fia  126. 


Fia  127. 


It  is,  however,  sometimes  more  convenient  to  obtain  the  reactive 
power  directly  by  means  of  a  wattmeter.  In  a  balanced  two- 
phase  system  the  reactive  power  may  be  measured  by  a  watt- 
meter if  the  instrument  is  connected  to  the  circuits  as  in  Fig.  126. 
The  potential  transfoimer  is  inserted  to  protect  the  wattmeter 
from  short-circuit  between  the  current  and  voltage  coils  in  the 
instrument.  Since  the  current  through  the  wattmeter  comes 
from  phase  A  and  the  voltage  from  phase  5,  it  is  evident  from 
the  corresponding  vector  diagram  in  Fig.  127  that  the  wattmeter 
reading  is  given  by  equation  (257)  and  represents  the  reactive 
power  in  one  phase. 

(257) 


EJb  cos  (90"  -  fl)  =  ExU  sin  B  =  xP(2) 
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2.P(t)  ==  reactive  power  in  the  two-phase  circuit  when  xP(*)  is 
the  wattmeter  reading.   Similarly  the  reactive  power  in  a  balanced 
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three-phase  circuit  is  meajsured  directly  by  a  wattmeter  con- 
nected as  in  Fig.  128.  For  a  balanced  load,  either  star  or  delta 
connected  and  for  any  power  factor,  the  wattmeter  indicates 


Fia.  129a. — Vector  diagram  for 
Fig.  128. 


Fig.  1296. — Topographic  vector 
diagram  for  Fig.  128. 


the  reactive  power  in  the  three-phase  system.     From  Fig.  129o 
or  Fig.  1296: 

EbIi  cos  (90°  -  d)  ^  EbIi  sin  6  =  J^^)  (258) 

v3xPc3)  ==  y/^EsIi  sin  B  =  total  reactive  power  in  a  balanced 
3-0  circuit  when  xP(8)  is  the  wattmeter  reading. 
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PROBLEMS 

1.  Given  a  three-phase,  delta-connected,  balanced  system  with  an 
inductive  load.  Voltage  (between  mains),  E  »  230  volts;  Ps  ■■  3.8  kw.; 
Pi  a  8.4  kw.     Circuit  diagram  as  in  Fig.  121. 

(a)  Find  the  power  factor. 

(6)  Find  the  current  in  the  mains  and  the  current  in  each  circuit, 
(c)  Draw  vector  diagram  showing  the  current  and  voltage  in  the  watt- 
meter and  the  power-factor  angle. 

2.  Given  a  three>phase,  star-connected,  balanced  system  with  a  conden- 
sive  load.  E  ni>etween  mains)  «  230  volts;  Pi  —  10.6  kw.;  P,  *  4.8 
kw.     Circuit  diagram  as  in  Fig.  123. 

(a)  Find  the  power  factor. 
(6)  Find  the  current  in  the  mains, 
(c)  Draw  the  corresponding  vector  diagram. 

8.  With  the  same  system  and  load  as  in  problem  1  let  a  wattmeter  be 
connected  as  in  Fig.  128. 

(a)  What  is  the  reading  of  the  wattmeter? 

(b)  Draw  the  vector  diagram  showing  the  current  and  voltage  in  the 
wattmeter. 

4.  With  the  same  system  and  load  as  in  problem  2,  let  a  wattmeter  be 
connected  as  in  Fig.  128. 

(a)  Find  the  wattmeter  reading. 

(b)  Draw  the  vector  diagram  showing  the  current  and  voltage  in  the 
wattmeter. 

6.  A  three-phase  induction  motor  takes  48.4  kw.  at  87.5  per  cent,  power 
factor.  The  power  is  measured  by  two  wattmeters,  connected  as  in  Fig. 
121.  What  are  the  readings  indicated  by  Wi  and  W%7  If  the  voltage 
between  miuns  is  448  volts,  what  current  flows  through  each  wattmeter? 

6.  A  three-phase  induction  motor  takes  28.5  kw.  at  40  per  cent,  power 
factor  while  starting.  Voltage  between  mains  —  238  volts.  Wattmeter 
connections  as  in  Fig.  123. 

(a)  Find  the  readings  of  the  two  wattmeters. 

(b)  Find  the  currents  in  the  mains. 

(c)  Draw  vector  diagram  and  indicate  the  currents  and  voltage  passing 
through  wattmeters  Wi  and  W^' 

7.  In  a  three-phase  balanced  system  the  load  consists  of  a  three-phase 
induction  motor  taking  45.8  kw.  at  73  per  cent,  power  factor,  22  kw.  of 
incandescent  lamps  and  an  over  excited  synchronous  motor  taking  72.5 
kw.  at  93  per  cent,  power  factor.  Voltage  between  mains  — 120  volts. 
The  total  load  is  measured  by  two  wattmeters,  connected  as  in  Fig.  121. 

(a)  Find  the  readings  of  Wi  and  Wt. 

{b)  Draw  vector  diagrams  for  the  three  loads  and  for  the  total  load. 
(c)  Find  the  reactive  power  for  each  of  the  three  loads  and  for  the  total 
load. 

For  Experiments  see  page  534. 


CHAPTER  XI 

MAGNETIC   HYSTERESIS,  EDDY   CURRENTS,   MUTUAL 

INDUCTION 

When  an  alternating  current  flows  in  a  conductor  surrounded 
by  air  or  other  non-conducting  material,  energy  is  stored  in  the 
magnetic  field  surrounding  the  conductor,  while  the  current 
increases,  and  returned  to  the  electric  circuit  while  the  current 
decreases  to  its  zero  value.  If,  on  the  contrary,  in  the  space 
within  the  range  of  the  magnetic  field  of  the  current  in  the  con- 
ductor, there  be  conducting  material,  and  particularly  with  iron 
or  other  magnetic  bodies,  a  part  of  the  energy  involved  will 
be  changed  into  heat.  The  laws  for  determining  these  losses 
will  be  discussed  under  magnetic  hysteresis,  eddy  currents  and 
mutual  induction. 

(a)  Magnetic  Hysteresis. — In  Chap.  II  it  was  shown  that  the 
fimdamental  relation  between  magnetic  flux,  '$,  and  induced 
voltage,  E,  is  expressed  by  equation  (260). 

E  =  \/27m/^$10-»  volts  (260) 

E  is  the  effective  volts  (simple  sine  wave  assumed)  "^  the 
maximum  number  of  lines  of  force,  n  the  number  of  turns  in 
series,  /  the  frequency. 

Let   A  =  cross-sectional  area,  and  (B  maximum  magnetic  flux 
density. 

"^  =  (RA  (261) 

E  =  \/27rn/(BA10-»  volts  (262) 

Since  the  induced  voltage  varies  with  the  rate  of  cutting  lines 
of  force,  the  voltage  wave  is  displaced  90**  from  the  corre- 
sponding flux  wave,  as  shown  in  Fig.  130.  If  the  conductor  be 
surrounded  by  a  material  of  constant  permeability,  like  air,  the 
magnetizing  current  is  also  a  sine  wave  and  in  time  phase  with 
the  flux.  In  an  iron-clad  circuit,  as  in  Fig.  131,  the  same  voltage 
of  sine  wave  form  produces  decidedly  different  effects. 

First,  the  reluctance  of  the  iron  is  very  low  and  hence  a  much 
stronger  field  is  produced  for  a  given  magnetizing  ciu'rent. 
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Second,  while  the  penneability  of  iron  and  steel  is  large  as 
compared  to  air,  it  is  not  constant  for  all  intensities  of  magneti- 
zation. 

Third,  the  ratio  betw^n  the  magnetizing  current  and  the  mag- 
netic flux  is  different  for  increasing  and  decreasing  values  of  the 
current. 

Y 
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Fourth,  these  ratios  also  depend  upon  the  maximum  value  of 
the  flux  density  in  each  cycle. 

Consider  the  electric  circuit  AB,  Fig.  131,  surrounding  an 
iron  core.  The  impressed  voltage  must  at  each  instant  be  bal- 
anced by  the  induced  voltage  produced  by  the  increasing  or 

decreasing  magnetic  flux  cutting 
across  the  several  turns  of  the 
electric  circuit  (neglecting  the 
small  n  drop  in  the  conductor). 
Hence  a  magnetizing  current 
will  flow  in  the  circuit  just  sufli- 
cient  to  produce  the  flux  re- 
quired to  balance  the  impressed 
voltage.  In  the  hysteresis  loops, 
Fig.  132,  is  shown  the  relation 
between  the  magnetizing'  cur- 
rent, nd,  or  magnetomotive  force, 
3C,  and  the  resulting  magnetic  flux,  'f»,  or  flux  density,  (B. 
While  the  relation  may  be  expressed  by  the  equation,  (B=  /i3C, 
it  must  be  kept  in  mind  that  the  permeability  is  a  variable 
affected  by  several  conditions,  as  already  noted. 

Plotting  magnetic  flux  and  magnetizing  current  in  rectangular 
coordinates  with  time  as  abscisssB  gives  the  shape  of  the  current 
wave  as  in  Fig.  133.     With  a  given  hysteresis  loop  and  sine  flux 


Fia  131. 


MAGNETIC  HYSTERESIS 


117 


wave  the  magnetizing  current  corresponding  to  any  point  on  the 
flux  wave  is  found  by  drawing  the  horizontal  Une  up,  Fig.  133, 
and  taking  the  distance  its  from  the  hysteresis  curve.    By  laying 


zscoo 


Fig.  132. 

off  on  the  ordinate  np  the  distance  nq  equal  to  us,  one  point  on 
the  current  curve  is  found.  The  maximiun  of  the  current  curve 
will  come  at  the  same  time  as  the  maximum  of  the  flux  wave,  but 


Fig.  133. 

the  current  wave  will  not  be  sinusoidal  in  form.  The  wave  con- 
sists of  a  third  and  smaller  fifth  harmonic  superimposed  on  the 
fundamental  sine  wave.    Unless  special  accuracy  is  required,  the 
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magnetizing  current  may  be  considered  equal  to  an  equivalent 
sine  wave  as  represented  by  the  broken  line  in  Fig.  134.  The 
equivalent  current  wave  has  the  same  effective  intensity  and 
power  as  the  actual  magnetizing  current,  and  unless  the  flux 
reaches  the  saturation  point  in  the  iron,  the  maxima  of  the  two 


r 


Fig.  134. 

current  waves  are  approximately  the  same.  The  equivalent  sine 
wave  reaches  the  maximum  before  the  actual  magnetizing  cur- 
rent and  hence  before  the  maximum  of  the  flux.  This  time-phase 
lead  of  the  equivalent  sine  wave  of  the  magnetizing  current  over 
the  magnetic  flux  wave  is  called  the  hysferetic  angle  of  advance  and 

is  represented  by  the  letter  a.  If  the  vol- 
tage, flux  and  equivalent  current  are  sine 
waves  their  relations  can  be  shown  in  a 
vector  diagram  as  in  Fig.  135.  Placing 
the  voltage  along  the  X-axis,  the  corres- 
ponding vector  for  the  magnetic  flux 
will  lie  in  the  positive  direction  on  the 
y-axis.  The  vector  for  the  equivalent 
magnetizing  current  will  lead  the  flux  by 
X  <  '0^1        a  or  lag  behind  the  voltage  by  90**  —  a. 

The  power  consumed  by  the  hysteresis 
will    be    the    product   of   the    current, 
voltage  and  the  cosine  of  the  phase  angle. 

kw  =  EfJ  cos  (90°-  a)  =  Efnl  sin  a  (263) 

The  exciting  current  can  therefore  be  considered  as  consisting 
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of  the  components,  «»/  sin  a  in  phase  with  the  voltage  and  called 
the  hyateretic  or  magnetic  power  camponentj  and  nJ  cos  a,  called 
the  magnetizing  component  and  which  represents  power  stored  in 
the  magnetic  field  while  the  current  increases  and  then  re- 
turned to  the  circuit  when  the  current  decreases.  Conversely, 
one  may  consider  the  voltage  as  consisting  of  two  components: 
one,  a  power  component,  E  sin  a,  in  phase  with  the  current,  the 
hysteretic  power  component;  and  another,  E  cos  a,  in  quadrature 
with  the  current  and  consisting  of  the  voltage  consumed  by  self- 
induction. 

It  is  evident  that  the  circuit  producing  the  two  components  can 
be  represented  symbolically  by  an  impedance,?,  e.,  a  resistance  and 
an  inductive  reactance: 

2j  =  r  +  jiX  =  z  sin  a  +  jz  cos  a  (264) 

Similarly  by  an  admittance  or  conductance  and  susceptance: 

2/  =  S^  —  it&  =  2/  sin  cr  —  jy  cos  a  (265) 

In  equations  (264)  and  (265)  representing  the  magnetizing 
circuit,  the  quantities,  z,  r,  ^x  and  y^  g,  Jb  are  not  constant  as  in 
circuits  without  iron  but  depend  upon  the  maximum  density  of 
magnetic  induction  (B.  This  introduces  many  compUcations  in 
the  analysis  of  circuits  containing  iron  and  necessitates  approxi- 
mations in  calculations  that  otherwise  could  be  made  rigidly 
exact. 

Dr.  Steinmetz  has  proved  that  the  energy  loss  due  to  hys- 
teresis in  iron  and  many  kinds  of  steel  is  proportional  to  the 
1.6th  power  of  the  maximum  magnetic  induction,  (B,  and  can 
be  expressed  by  the  formula: 

kiv  =  iKB'«  (266) 

kW  =  loss  of  energy  in  ergs,  per  cycle,  per  cubic  centimeter. 
(B    =  maximum  magnetic  induction,   in  lines  of    force    per 

square  centimeter. 
ri  =  the  coefficient  of  hysteresis. 

The  value  of  ri  differs  depending  upon  the  material.  Dr.  Stein- 
metz found  it  to  vary  from  0.001  to  0.0055  in  iron;  from  0.0032 
to  0.028  in  cast  steel;  up  to  0.08  for  tungsten  and  manganese 
steels;  whUe  for  silicon  steel  values  even  lower  than  0.001  were 
obtained. 
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From  (266)  the  loss  of  power  for  volume,  F,  and  at  frequency, 
/,is: 

kP  =  ly/FCB^nO-^  watts  (267) 


=  rifV  (-J- j      10-'  watts. 


For  certain  grades  of  silicon  steel  (probably  of  a  non-homogene- 
ous nature)  the  hysteresis  power  loss  is  more  closely  approxi- 
mated by  using  1.7  instead  of  1.6  as  exponent  for  (B. 

(b)  Eddy  Currents. — The  lines  of  force  produced  by  an  alter- 
nating current  move  outward  radially  from  the  conductor  while 
the  current  is  increasing  and  toward  the  conductor  when  the 
cuirrent  decreases.  While  thus  traversing  the  space  surrotmding 
the  conductor  carrying  the  current,  the  lines  of  force  set  up  or 
induce  electromotive  forces  in  the  conductor.  If  ,this  voltage  is 
induced  in  a  conducting  material  like  copper  or  iron,  a  local 
current  will  flow.  The  magnitude  of  this  current  will  depend  on 
the  difference  of  potential  induced  in  the  conductor  and  the  re- 
sistance in  the*path  through  which  the  current  must  flow.  This 
induced  current  has  also  a  magnetic  field  which  in  turn  reacts 
upon  the  primary  field.  In  solid  masses  of  good  conductors, 
like  iron  or  copper,  the  voltage  induced  would  be  considerable 
and  the  resistance  small.  As  a  result  large  currents  would  flow  in 
the  mass  taking  curved  paths  much  the  same  as  eddies  in  a 
stream.  In  most  electrical  apparatus  eddy  currents  are  un- 
desirable; and  the  design  must  be  so  made  as  to  reduce  the  losses 
from  eddy  currents  to  a  minimum.  This  is  accomplished  by 
laminating  the  iron  or  using  iron  wire  as  conductor  of  the  mag- 
netic flux.  This  method  reduces  the  possible  difference  in 
potential  between  any  two  points  and  also  increases  the  resistance 
of  the  path  through  which  the  eddy  currents  must  flow.  Eddy 
currents  are  true  electric  currents  but  flow  in  very  short  circuits. 
The  induced  voltage  causing  the  eddy  currents  is  proportional 
to  the  frequency  and  flux  density 

,E  oc  /(B. 

The  resulting  current  is  equal  to  the  product  of  the  voltage 
and  conductivity  of  the  circuit,  hence: 

/  =  X^  ex  x/(B  (268) 
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The  power  is  proportional  to  the  product  of  the  current  and 
voltage: 

^  oc  /^  a  x/%2  (269) 

From  equation  (262),  /(B  is  proportional  to  Ey  hence: 

J"  =  kE^\  (270) 

The  loss  of  power  by  eddy  currents  is  proportional  to  the  square 
of  the  voltage  and  to  the  electric  con- 
ductivity of  the  iron. 

Like  magnetic  hysteresis,  eddy  cur- 
rents produce  a  leading  current  with  re- 
spect to  the  flux;  or  the  eddy  currents 
cause  an  angle  of  advance^  P,  and  there- 
fore the  current  has  components  both 
in  phase  and  in  quadrature  with  the 
voltage.  The  phase  relations  between 
the  impressed  voltage,  the  induced  flux 
and  the  eddy  current  are  shown  by  the 
vector  diagram  in  Fig.  136.     Expressing 

the  angle  in  terms  of  the  eddy-current  conductance  g  and  the 
total  admittance  of  the  circuit  y: 

sin  iS  =  ?  (271) 

y 

From  equation  (270) : 

;^,  =  fcX  =  17  (272) 

The  equivalent  condiuiance  due  to  the  eddy  currents  in  the  iron  is 
therefore  a  constant  of  the  circuit,  depending  only  upon  the  electric 
conductivity  of  the  iron. 
To  find  the  power  loss  from  eddy  currents  let: 

€  =  eddy  current  coefficient 
V  —  the  volume  of  the  iron. 

Dividing  the  expression  for  power  in  equation  (269)  by  the  fre- 
quency, we  have  the  energy  per  cycle  per  cubic  centimeter. 

.w  =  €X/(B2  ergs  (273) 

Hence  total  power: 

J>  =  eWf^nO-''  watts  (274) 

As  the  quaUty  of  the  iron  is  included  in  the  conductivity  factor. 
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X,  the  coefficient}  of  eddy  currents,  e,  depends  only  upon  the  shape 
of  the  parts  in  the  magnetic  circuit.  In  commercial  apparatus 
thin  plates  or  sheets  and  wires  are  used,  -and  the  coefficient  de- 
pends upon  the  thickness  of  the  sheets,  or  upon  the  diameter  of 
the  wire. 

1 ,  Thin  Plates  or  Laminated  Iron. — ^Let  the  thickness  of  the  iron 
be  very  small  compared  to  the  length  of  the  sheet,  so  that  the 
currents  may  be  considered  as  flowing  parallel  to  the  surface  and 
in  opposite  directions  on  the  two  sides  and  in  that  way  forming 
a  circuit.  This  is  the  case  in  most  commercial  machines  as  trans- 
former cores,  armature  cores,  etc.  Let  Fig.  137  be  an  edgewise 
(greatly  enlarged)  section  of  a  thin  plate  or  sheet  of  iron  placed 


a'-* 


•^'f^  i/s 


(ah 


Fia.  137. 


in  a  vertical  position.  Let  d  be  the  thickness  of  the  plate, 
I  the  length  (up  and  down)  and  u  the  width  of  the  thin  plate 
or  sheet  of  iron.  Let  ds  be  an  elemental  zone,  parallel  to  the 
surface  of  the  plate  as  shown  in  cross-section  in  Fig.  1376. 

For  currents  flowing  up  and  down  in  the  plate  the  conductance, 
g,  for  the  zone  ds  is: 

g  =  ^f-'^-  (275) 

The  number  of  magnetic  Unes  of  force  passing  across  ds  in  a 
quarter  cycle  is  (RsL     Hence  the  voltage  induced  in  this  zone  is: 

,E  =  V^7r//(Bs  in  c.g.s.  units  (276) 

This  voltage  produces  a  current: 

J  =  g  ^  ==  ^/2Tf(&\usids)  (277) 
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Hence  the  power  consumed  in  this  zone: 

dj>  =  ^J  =  2T^f(&H\u8^(ds)  (278) 

Therefore  the  total  power  consumed  by  the  eddy  currents  in  the 
sheet  9f  thickness  dj  is: 

.V'  =  )  (d,p)  =  2ir^P(R^\  ul  J       8\d8)  =  --'-'Y^''?-  ergs  per  sec. 

"2  ""2 

(279) 
Power  per  cubic  centimeter: 

,V'      7r2/2(B2Xd2 
.P  =  -j^  = 5 ergs  per  sec.  (280) 


Energy  per  cycle: 


.y>==j  =  -^^ ergs  (281) 


From  equations  (273)  and  (281) : 


•^2 


€  =  —X-  =  1.645d2,  if  X  is  given  in  c.g.s.  units. 

As  X  is  usually  given  in  practical  units  the  coefBcient,  c,  includes 
the  conversion  factor  10~*  or: 

€  =  1.645d210~®  for  X  in  practical  units. 

In  practical  units  X  varies  within  the  limits  of  10*  and  10*. 
Equation  (273)  can  therefore  be  restated : 

,w  =  €X/(B2  =  1.645d2X/(BnO-»  ergs  (282) 

=  1.645d2X/(B210-i«  joules 

Also  equation  (280)  becomes: 

^p  =  f^w  =  1.645Xd2/2(B2l0-i«  watts  (283) 

and  the  total  loss  by  eddy  currents  for  volume  V: 

J>  =  ^pV  =  1.645X7d2/2(B2  lO^^^  watts  (284) 

2.  Iron  Wire. — The  coeflScient  for  eddy  currents  in  an  iron  wire 

'  may  be  found  in  a  similar  manner.    Let  Fig.  138  represent  the 

crossHsection  of  a  wire  of  diameter  d.     The  magnetic  lines  of 

force  lie  parallel  to  the  length  of  the  wire  and  move  at  right 

angles  to  their  direction,  either  toward  or  away  from  the  center 
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of  the  wire.  Hence  the  lines  of  force  pass  through  the  elemental 
sheet  (ds)  and  generate  voltages  that  tend  to  send  currents  in 
the  sheet  (ds)  around  the  axis  of  the  conductor.  The  resistance 
of  an  elemental  circular  zone  (ds)  in  Fig.  138  at  a  distance  s 

2  ITS 
from  the  center  and  I  cm.  in  length  is  fjj^  and  the  flux  cross- 
ing the  zone  in  each  quarter  cycle  is  (Brs^ 
Hence  the  voltage  generated  in  the  zone: 

JE  =  \/2iry(B«*  in  c.g.s.  units  (285) 

The  current  produced  by  this  voltage: 

j^g^^  ^^f^  (286) 


FiQ.  138. 

The  power  loss  in  this  zone: 

(d.p)  =  ^/  =  7r»XZP(B»s»((fe)  (287) 

The  power  consumed  in  I  cm.  of  wire: 

d 

j>'  =  ^'X/^CB^Z  C^  »»(cfe)  =  ^.^!^*  (288) 

The  power  consumed  in  1  c.c.  of  iron: 

J)  =  —  = :r^ ergs  per  second  (c.g.s.  units)       (289; 

Energy  consumed  by  eddy  currents  per  cycle,  per  cubic  centi- 
meter of  iron: 

^u,  =  J  =  -'-^~ —  ergs  (290) 

The  coefficient  of  eddy  currents  is,  therefore,  from  equations 
(273)  and  (290): 
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€  =  -TT^  =  0.617d^  if  X  is  expressed  in  c.g.s.  units     (291) 

For  X  in  practical  units  the  conversion  factor  IQr^  must  be 
introduced  and  then: 

€  =  0.617dn&-*  (292) 

With  this  value  for  €  equations  (289)  and  (290)  may  be  written  aa 
in  (294)  and  (293). 

Energy  consumed  by  eddy  currents  in  iron  wire  per  cubic 
centimeter,  per  cycle: 

;w  =     -^^^  =  0.617A(B*dnO-*  ergs  (293) 

Power  consumed  at  frequency,  /: 

^p  =  f^w  =  0.617/«X(B«dna-i«  watts  (294) 

Total  power  consimied  by  volume  V: 

J>  ^  j)V  =  0.617  F/«X(B>dnO-"  watts  (295) 

3.  Comparison  of  Power  Consumed  by  Eddy  Currents  in  Wires 
and  Laminated  Iron. — With  the  same  quality  of  iron,  the  same 
flux  density,  frequency  and  volume,  the  power  loss  is  directly 
proportional  to  the  eddy  current  coefficient,  c. 
For  laminated  iron : 

e'  =  1.645  di«  10-8 
For  iron  wire: 

€"  =  0.617  da^  10-» 

For  the  same  loss  of  power  e'  =  e"  and  hence: 


diameter  of  wire    __  da  _     /1.645  _  -i  ^o  (9QfCi 

thickness  of  sheet  ""  di  ~  \0.617  ^      ^ 

For  equal  power  losses  due  to  eddy  currents  the  diameter  of  the 
iron  wire  is  therefore  1.63  times  the  thickness  of  the  sheet,  pro- 
vided the  quality  of  the  iron  is  the  same. 

(c)  Mutual  Induction. — ^The  eddy  currents,  discussed  in  the 
previous  paragraphs,  are  produced  by  the  alternating  field  pass- 
ing into  the  laminated  iron  or  the  iron  core.  If  the  lines  of 
force  cut  another  conductor,  an  e.m.f.  will  also  be  induced 
therein.  If  the  conductor  forms  a  circuit,  a  current  will  flow 
and  energy  will  be  consumed.  This  energy  must  necessarily 
come  from  the  circuit  that  produced  the  alternating  magnetic 
flux.    Thus  in  Fig.  139,  if  an  alternating  ciurent  flows  in  circuit 
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A  and  a  portion  of  the  circuit  lies  parallel  to  a  conductor  forming 
part  of  circuit  B,  an  e.m.f.  will  be  induced  causing  a  current  to 
flow  in  B,  The  power  consumed  by  the  current  flowing  in  circuit 
B  is  supplied  by  the  generator  in  circuit  A.  The  voltage  induced 
in  circuit  B  and  the  resulting  current  are  in  the  opposite  direction 
to  the  voltage  and  current  in  A.  If  circuit  B  has  both  resistance 
and  inductance,  the  current  will  lag  behind  the  voltage,  and  either 
the  current  may  be  considered  as  consisting  of  a  power  component 
in  phase  with  the  voltage  and  a  reactive  component  in  quad- 
rature with  the  voltage,  or  the  voltage  may  be  divided  into  com- 
ponents in  phase  and  in  quadrature  with  the  current.  Where 
the  amoimt  of  energy  transferred  is  considerable  it  is  usually 
best  to  take  the  two  circuits  separately,  and  to  determine  the 
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Fig.  139. 


effect  of  mutual  induction  in  terms  of  resistance  and  reactance 
constants  for  both  the  primary  and  the  secondary  circuits.  In 
Fig.  139  let  ri,  Xi,  Ei  and  /i  for  circuit  A,  and  r2,  rrj,  E^  and  Jj 
for  circuit  By  represent  the  resistance,  reactance,  voltage  and 
current  respectively.  The  reactance  Xi  refers  to  circuit  A  alone 
and  similarly  x^  to  circuit  B  without  taking  into  consideration 
the  existence  of  the  other  circuit. 

If  Li  represents  the  induction  due  to  all  the  interlinkages 
of  the  magnetic  flux  from  unit  current  in  A  with  the  number  of 
tiu'ns  in  circuit  A ,  and  likewise  L2  the  induction  due  to  aU  the  inter- 
linkages of  the  magnetic  flux  from  unit  current  in  B  with  the  num- 
ber of  turns  in  circuit  B,  then  Xi  —  2irfLi,  and  X2  =  2t/L2.  How- 
ever, part  of  the  Unes  of  force  produced  by  Ii  in  circuit  A  will 
also  interUnk  with  circuit  B,  and  similarly  the  same  proportion 
of  the  lines  produced  by  current  I2,  in  circuit  B  will  interlink 
with  circuit  A,  thus  forming  an  additional  inductance  between 
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the  two  circuits.  The  mutual  inductance  L«  is  the  total  number 
of  interlinkages  of  the  magnetic  flux  produced  by  unit  current  in 
circuit  A  with  circuit  B,  or  the  total  number  of  interUnkages 
of  the  magnetic  flux  produced  by  imit  current  in  circuit  B  with 
circuit  A.  Since  in  either  case  part  of  the  magnetic  flux  will 
lie  between  the  two  circuits,  L«*  must  be  less  than  L1L2.  If  L« 
be  the  mutual  inductance,  Xn,  =  2nrfL^  =  the  mutual  reactance. 
The  voltage  induced  in  circuit  B,  is : 

E2 jx^Ix  (297) 

The  current  in  B  is  therefore: 

^*  =  f  =  F^'  (298) 

The  current  I^  in  circuit  B  similarly  induces  a  voltage  -E21,  in  the 
circuit  A, 


Et\    =    —  JX1J2    = 


r%  +  JX2      r2  +  jxt 


~  ^'  W  +  X2^  +  r2^  +  ^V      ^^^^ 


The  impressed  voltage  necessary  to  overcome  this  induced 
counter  e.m.f.  is  therefore: 

^"-•A^^'-iT^^-  (300) 

This  shows  that  the  effect  of  the  mutual  inductance  is  equiva- 
lent to  a  circuit  having  a  resistance  and  condensive  reactance, 
or  that  the  mutual  inductance  increases  the  resistance  and 
decreases  the  inductive  reactance. 

Let  ft  =     2  , — J,  the  equivalent  resistance  of  mutual  induction 

^2    "r  X% 

and 

x%  =     g  . — ^»  the  equivalent  reactance  of  mutual  induction, 

then: 

^12  =  /i(rs  -  jxz)  (301) 

Since  circuit  A  has  resistance,  ri  and  reactance,  Xi,  the  voltage 
impressed  by  the  generator,  causing  a  current  7i  to  flow  through 
Aj  must  be  the  vector  sum  of  the  voltages  consumed  by  rd\, 
Xili  and  Ei2- 

Eo  =  /i(ri  +  jxi)  +  En  (302) 

=  ti[ri  +  r,  +  Kxi  -  xt)]  (303) 
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The  equivalent  resistance  is  therefore  increased  and  the  equiva- 
lent reactance  decreased  in  circuit  A  by  the  mutual  inductance 
between  circuits  A  and  B.  The  phase  relations  of  the  current 
and  the  components  of  the  generated  voltage  consumed  by  the 
resistance  and  reactance  in  circuit  A  and  by  the  equivalent  re- 
sistance and  reactance  due  to  the  mutual  inductance  between  the 
two  circuits  are  illustrated  by  the  vector  diagram  in  Fig.  140. 

(d)  Effective  Resistance,  Reactance,  Conductance  and  Sus- 
ceptance. — From  the  preceding  it  is  evident  that  the  phenomena 
occurring  in  the  space  surrounding  an  alternating  circuit,  and  due 
to  the  rapid  changes  in  the  magnetic  field,  consume  power  in 


addition  to  the  ordinary  ri^  losses  in  the  circuit.  Hence  the  trans- 
mission losses  in  a  circuit  are  greater  for  alternating  than  for 
direct  currents  of  equal  magnitude.  A  similar  loss  is  caused  by 
dielectric  hysteresis,  corona,  etc.,  as  is  shown  in  Chap.  XX. 

Taking  the  power  loss  by  means  of  a  wattmeter  for  direct  and 
alternating  currents  of  equal  magnitude  and  in  the  same  circuit, 
we  have  two  values  for  the  power. 

For  direct  ciu'rents: 

dP  =  dr/«  (304) 

For  alternating  currents: 


aP  =  EI  cos  d  =  zPj  =  arP 
aP  >  dP,  hence  jr  >  dT 


(305) 
(306) 


The  value  as  measured  by  direct  currents,  jr,  is  called  the  true 
or  ohmic  resistance;  and  the  quantity  as  measured  by  alternating 
currents,  aV,  the  effective  resistance.  The  effective  resistance  is 
always  larger  than  the  ohmic  resistance  as  it  is  composed  of 
the  ohmic  resistance  plus  a  quantity  representing  the  power 
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losses  due  to  dielectric  and  magnetic  hysteresis,  eddy  currents, 
mutual  magnetic  and  dielectric  induction,  skin  effect,  corona,  etc. 
Accordingly  the  reactance  of  a  circuit  is  influenced  by  its  prox- 
imity to  other  circuits,  and  the  actual  value  determining  the  phase 
relation  of  the  currents  and  voltages  is  the  algebraic  sum  of  the 
reactances  due  to  the  inductance  and  condensance  of  the  circuit 
itself  and  the  effects  produced  by  the  neighboring  conductors. 
This  mutual  induction  decreases  the  inductive  reactance  while 
dielectric  induction  increases  the  condensive  reactance  of  the 
circuit.  The  resultant  value  is  called  the  effective  reactance  of 
the  circuit.  As  several  of  these  outside-the-conductor-phe- 
nomena,  affecting  the  value  of  the  effective  resistance  and  effect- 
ive reactance,  are  directly  proportional  to  the  impressed  voltage, 
these  are  in  a  sense  parallel  circuits  and  therefore  more  conven- 
iently expressed  in  terms  of  conductance  and  susceptance.  As  the 
relation  between  resistance,  reactance,  conductance  and  sus- 
ceptance is  fixed  by  the  equations  given  in  Chap.  V,  the  terms 
effective  conductance  and  effective  susceptance  correspond  to 
effective  resistance  and  effective  reactance. 

In  Chap.  II  the  term  effective   as   applied   to   current   and 

voltage  was  used  to  indicate  -^  times  the  maximum  value  of 

a  sine  wave.  In  a  broader  sense,  with  waves  of  different  shapes, 
it  means  the  value  actually  measured  by  a  voltmeter  or  ammeter 
indicating  the  square  root  of  the  average  of  the  squared  instan- 
taneous values  (see  page  424).  Likewise  the  term  effective  when 
applied  to  resistance,  reactance,  conductance  and  susceptance  re- 
fers to  the  quantities  measured  in  the  alternating  circuit  whether 
the  quantities  are  in  the  conductor  of  the  circuit  itself  or  in  the 
surrounding  magnetic  and  dielectric  fields. 

It  is  important  to  note  that  while  the  phenomena  both  in  the 
conductor  and  in  the  space  surrounding  an  alternating-current 
circuit  are  of  great  variety  the  mutual  relations  of  the  current, 
voltage  and  power  can  be  expressed  in  a  very  simple  manner 
by  using  two  constants,  either  effective  resistance  and  effective 
reactance,  or,  effective  conductance  and  effective  susceptance. 

Power  (real  or  true)  =  EI  cos  ^  =  r7«  «  tEI        (307) 

^  as  power  component  of  the  voltage  =  effective  resistance 
by  current. 

Power  (real  or  true)  ^  EI  cos  6  =  gE^  =  „IE        (308) 
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gl  =  power  component  of  current  =  efifective  conductance  by 
voltage. 

Power  (reactive  or  wattless)  =  ^/  sin  ^  =  zP  =»  JEI     (309) 

mE  =  reactive  component  of  voltage  =  effective  reactance  by 
current. 

Power  (reactive  or  wattless)  ^  EI  AnB  ^  hE*  «  iJE    (310) 

^7  =  reactive  component  of  current  =  efifective  susceptance  by 
voltage. 

The  efifective  values  can  usually  be  measured  in  an  existing 
circuit  and  may  also,  with  a  fair  degree  of  accuracy,  be  pre- 
determined by  calculation.  It  must  be  kept  in  mind,  however, 
that  in  general,  efifective  values  of  r,  x,  g  and  b  are  not  con- 
stants but  depend  upon  the  frequency,  voltage,  current,  flux 
density,  etc.  The  notation  rule  for  effective  values  of  current 
and  voltage  applies  to  the  resistance,  reactance,  conductance  and 
susceptance;  namely,  that  unless  specifically  stated  otherwise  the 
effective  values  are  understood  when  dealing  with  alternating- 
current  circuits. 

PROBLEMS 

1.  Given  sheet  steel  of  thickness  d  —  0.07  cm.;  X  =  3  X  10*;  ^  « 
0.0015;/  -  60  cycles. 

(a)  Find  aP  and  JP  for  1  c.c,  1  cu.  ft.,  1  kg.,  and  1  lb.  for  (B  «  8,000. 
(&)  Plot  curves  for  aP  and  «P  as  ordinates  and  (B  as  abscissse,  for  1  kg. 
and  for  values  of  (B  from  4,000  to  18,000. 

(c)   Find  kW  and  tW  for  24  hr.  in  100  lb.  of  the  sheet  steel  with  (B  - 

10,500. 

2.  The  iron  losses  in  a  50-kv.a.  transformer  for  (B  =  8,500  are  found  to  be 
.P  =  56  watts  and  aP  =  182  watts.  /  =  60  cycles.  Find  .P  and  hP  for 
(B  =  6,000,  7,500,  9,500,  11,000  and  12,000. 

3.  Two  transformers  have  iron  cores  of  the  same  kind  of  sheet  steel  of 
equal  volumes.  The  windings  differ  so  as  to  give  values  to  (B  equal  to 
6,500  and  10,500  respectively. 

Find  the  ratios  of  the  hysteresis  losses  and  the  eddy-current  losses. 

4.  The  total  volume  of  iron  in  a  certain  transformer  =  0,850  c.c.  i|  » 
0.001;  X  =  5  X  10*;  d  =  0.035  cm. 

Plot  curves  for  hysteresis  and  eddy-current  losses  for  values  of  (B  from 
4,000  to  16,000  for  /  »  50  and  60  cycles. 

6.  A  laboratory  test  shows  that  a  certain  transformer  has  181  watts 
iron  loss  at  30  cycles  and  446  watts  at  60  cycles  per  second  for  the  same 
maximum  flux  density,  (a)  WTiat  is  the  hysteresis  loss  at  each  frequency? 
(6)  What  would  be  the  total  iron  loss  at  double  the  flux  density  at  50  cycles 
per  second? 

For  Experiments  see  page  535. 


CHAPTER  XII 

TRANSFORMERS 

A.  THE  "CONSTANT-POTENTIAL"  TKANSFOKHER 

The  chief  advantage  of  altertiating  over  direct  currents  comes 
from  the  simple  manner  in  which  the  alternating  Toltage  may  be 
raised  or  lowered.  Transmission-line  losses  are,  as  stated  by 
Joule's  law,  fundamentally  proportional  to  the  product  of  the 
resistance  and  the  current  squared.  Since  the  power  transmitted 
equals  EI  cos  $,  it  is  evident  that  with  constant  power  factor,  an 
increase  in  voltage  means  that  more  power  can  be  transmitted 
for  the  same  line  loss.     For  example,  if  the  voltage  be  increased 


Pia.  141. — Shell-type  transformer. 

four-fold  the  power  that  can  be  transmitted  over  the  same  line 
at  a  given  line  loss  will  be  sixteen  times  as  large  as  at  the  lower 
voltage.  At  the  receiver  end  of  the  hne  the  safety  of  the  cus- 
tomer and  the  economical  design  of  lamps,  motors  and  other 
appliances  receiving  the  electric  power  require  low  voltages. 
Hence  the  fundamental  requirement  for  economical  transmission 
and  distribution  of  electric  energy  is  comparatively  high  poten- 
tial on  the  transmission  line  combined  with  tow  voltage  at  both 
ends.  This  requirement  is  admirably  met  in  altemating-ciurent 
circuits  by  the  use  of  the  potential  transformer. 

The  single-phase  transformer  is  the  simplest  and  most  efficient 
of  alternating-current  apparatus.  It  consists  of  a  magnetic 
circuit  interlinked  with  two  electric  circuits,  a  primary  and  a 
secondary.     Two  fundamental  designs  for  the  magnetic  circuit 
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are  in  commercial  use,  the  core  and  shdl  types,  as  illustrated  in 
Figs.  141  and  142.  In  some  designs  features  of  both  the  shell  and 
core  types  are  included.  The  electric  circuits  are  insulated  from 
each  other  and  the  iron  core  so  that  all  the  energy  passing  from 
the  primary  to  the  secondary  circuit  is  transmitted  through  the 
transformer  by  the  magnetic  flux.  In  both  the  core  and  shell 
types  the  reluctance  of  the  iron  or  steel  cores  is  very  small,  so 
that  almost  all  of  the  magnetic  flux  is  inside  of  the  steel  core 
with  only  a  weak  stray  field  in  the  surrounding  space. 

(a)  The  **  Ideal"  Transformer. — ^At  full  load  both  the  leakage 
flux  and  the  power  loss  in  the  transformer  are  small  as  compared 
to  the  total  flux  and  the  power  transmitted.     Therefore,,  in  a 
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Fia.  142. — Core-type  transformer. 

preliminary  discussion  of  the  relations  between  the  flux,  im- 
pressed and  induced  voltages  and  load  current  it  may  be  assumed: 

1st.  That  all  the  magnetic  flux  passes  through  the  steel  core, 
thus  neglecting  the  leakage  flux. 

2d.  That  all  the  power  supplied  to  the  primary  is  delivered 
by  the  secondary,  thus  neglecting  the  losses  in  the  transformer. 

Let    ni   =  number  of  turns  in  the  primary. 
n2   =  number  of  turns  in  the  secondary. 
"^  =  maximum  useful  magnetic  flux  in  the  steel  core,  ex- 
pressed in  lines  of  force. 
^^1  =s  voltage  induced  in  the  primary  by  the  flux  J^*. 
^^2  =  voltage  induced  in  the  secondary  by  the  flux  ^*. 
/  =  frequency  in  cycles  per  second. 

From  the  first  assumption  it  follows  that  the  total  flux  cuts  all 
the  turns  in  both  the  primary  and  secondary. 

^Ex  =  \/2im,/J*10-8  volts  (321) 

^^2  =  \/27m^  ;;^10-»  volts  (322) 
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Hence, 


ni 
nt 


From  the  second  assumption, 

power  =  ^EJi  cos  6  =  ^EJi^  cos  ^,  or  ni/i 
Hence, 


/i 

/2 


^2 


(323) 


=  n^2      (324) 


(325) 


Therefore  in  an  "ideal"  transformer  the  voltage  ratio  is  di- 
rectly and  the  current  ratio  inversely  proportional  to  the  number 
of  turns.  The  ratio  between  the  number  of  turns  may  be  any 
value  and  in  commercial  designs  it  varies  within  wide  Umits. 

It  is  difficult  to  represent  clearly  on  the  same  vector  diagram 
quantities'  differing  much  in  magnitude,  as,  for  instance,  the  pri- 
mary and  secondary  voltage  on  a  20 : 1  ratio  transformer.     Hence 


Fig.  143. 

it  is  customary  either  to  consider  a  transformer  having  a  ratio 
of  1 : 1,  for  general  illustrative  purposes,  or  to  let  the  vectors  repre- 
sent ampere-tm*ns  and  voltage  per  turn  instead  of  current  and 
total  voltage.  This  gives  vectors  of  equal  magnitude  for  the 
primary  and  secondary  because  rii/i  =  n^/a,  by  equation  (325) 

and  ^— i  =  -^-^  by  equation  (323). 

For  an  "ideal"  transformer  the  vector  diagram  in  Fig.  143 
represents  phase  relations  of  the  flux,  currents  and  voltages.  Let 
time  be  counted  from  the  instant  when  the  flux  wave  is  passing 
through  zero  in  the  positive  direction;  then  the  magnetic  flux 
vector  is  drawn  upward  along  the  y-axis,  and  since  the  induced 
voltage  in  the  secondary  coil  lags  behind  the  flux  by  90**  it  is  repre- 
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sented  by  the  vector  O^Ez  along  the  X-axis.  The  impressed 
voltage  in  the  primary  is  equal  and  opposite  to  the  voltage  in- 
duced by  the  flux  in  the  primary  and  is  represented  by  the  vector 
O^Ei.  Let  the  current  in  the  secondary  lag  behind  the  voltage 
by  6^  and  be  represented  by  the  vector  O/a.  Then  the  corre- 
sponding current  flowing  in  the  primary  is  the  vector  O/i, 
lagging  behind  the  impressed  voltage  by  6°. 

(b)  Magnetizing  Current. — While  the  basic  relations  of  the 
magnetic  flux,  the  voltages  and  currents  are  given  in  the  descrip- 
tion of  the  "ideal"  transformer,  even  an  elementary  discussion 
of  the  actual  transformer  must  take  into  account  the  magnetizing 
current  and  the  effect  of  the  resistance  and  reactance  in  both  the 
primary  and  the  secondary  windings.  With  the  secondary  open 
and  hence  no  current  flowing  in  the  secondary  winding,  a  small 
current,  sometimes  incorrectly  called  the  leakage  current,  flows  in 
the  primary  providing  the  magnetomotive  force,  Wi«/,  necessary 
to  produce  the  flux,  ^$,  in  the  transformer.  This  is  the  magnetiz- 
ing current.  As  explained  in  Chap.  XI,  it  is  not  a  simple  sine 
function  of  the  time,  but  can  be  represented,  approximately, 
by  an  equivalent  sine  wave,  of  equal  effective  value  and  equal 
power,  leading  the  magnetic  flux  by  an  angle  a,  the  hysteretic 
angle  of  advance.  The  magnetizing  current  lags  behind  the 
impressed  voltage,  ^Ei,  by  90°  —  a  and  can  be  divided  into 
components  in  time  phase  and  time  quadrature  with  the  voltage. 

«/  cos  (90°  —  a)  =  the   power  component,  and  represents  the 

losses   from   hysteresis   and   eddy   currents, 

hP  +  J". 
nJ  sin  (90°  —  a)  =  the  magnetizing  or  wattless  component,  and 

represents  the  reactive  power  in  the  magnetic 
fleld. 

In  the  symbolic  notation: 

J  =  mg^Ei  -  jJ>^E^  (326) 

mg<t,£^r  ==  hP  +  J^,  OT „,g  =  — ^r^"  = p~i (327) 

The  susceptance,  mb,  can  be  found  from  the  dimensions  of  the 
magnetic  circuit,  th^  quality  of  the  iron  and  maximum  flux 
density. 

A  =  cross-section  of  iron  core  in  square  centimeters. 
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^  =  maximum  useful  lines  of  force 


11 


(B  =  ~r-  =  maximum  flux  density. 

(R  =  the  reluctance  of  the  magnetic  circuit  for  the  density  (B. 

The  maximum  magnetomotive  force  required  to  magnetize  the 
iron  core  is  equal  to  the  product  of  the  reluctance  of  the  magnetic 
circuit  and  the  maximum  core  flux. 


4  -  4 

Jq  imiV2jrsin  (90**  ""  «)  =  Jq 


z^  Tfii V2jrsin  (90**  -  «)  =  T7\  '^iV2j>^i  =  «*  (R       (328) 


4irv2ni^i  rii^Ei 

It  should  be  noted  that  ^i,  in  equations  (326)  to  (329)  is  that 
part  of  the  total  voltage  Ei  impressed  on  the  primary  terminals 
which  is  balanced  by  the  inducing  action  of  the  magnetic  flux, 
J^,  cutting  the  rii  turns  of  the  primary  winding.  However,  as 
will  be  shown  later,  the  loss  of  voltage  in  the  primary  winding  is 
small,  and  therefore  in  most  cases  the  terminal  voltage  Ei  may  be 
substituted  for  ^Ei  in  equations  dealing  with  the  magnetizing 
current,  without  introducing  appreciable  errors. 

(c)  Magnetic  Leakage. — In  the  preceding  paragraph  the  mag- 
netizing current  has  been  discussed  under  no  load  or  open  second- 
ary circuit  conditions.  As  the  maximum  flux  interlinking  both 
the  primary  and  the  secondary  circuits,  that  is  the  useful  flux 
in  the  iron  core,  is  approximately  the  same  for  all  load  conditions, 
the  magnetizing  current  remains  practically  the  same  under 
load  as  when  the  secondary  is  open.  With  the  transformer 
loaded  and  hence  a  current  flowing  in  the  secondary  circuit, 
magnetomotive  forces  equal  to  the  product  of  the  currents  into 
the  respective  number  of  turns  appear  in  both  the  secondary  and 
the  primary.  In  the  primary  circuit  an  m.m.f.  equal  to  riili 
produces  a  flux  which  surroimds  the  primary  winding.  This  flux 
may  be  separated  into  two  components,  one  part  in  the  iron 
interlinking  all  the  turns  of  both  the  primary  and  secondary 
circuits;  and  a  second  part,  the  leakage  flux  /</»i,  in  Fig.  142,  very 
much  smaller,  lies  in  the  space  outside  the  iron  core,  occupied 
bv  the  insulation  and  interlinks  part  or  all  of  the  primary  turns, 
but  does  not  interlink  with  the  secondary.  Similarly  the 
secondary  m.m.f.  produces  a  magnetic  flux  in  the  opposite  direc- 
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tion,  one  part  in  the  iron  and  a  second  part,  i<l>2,  in  Fig.  142, 
passing  through  the  space  occupied  by  the  insulation  and  inter- 
linking part  or  all  of  the  secondary  turns  but  not  interlinking 
with  the  primary  winding.  In  the  shell  type,  Kg.  141,  only 
that  part  of  the  flux  in  the  air  lying  between  the  primary  and 
secondary  windings  is  the  leakage  flux.  All  lines  of  force  cutting 
both  the  primary  and  secondary  windings  are  useful  and  hence 
grouped  as  J*.  Since  the  m.m.f.  of  the  primary  is  opposed  by 
the  m.m,f.  of  the  secondary,  the  resultant  or  difference  is  at  all 
loads,  the  m.m.f.  of  the  magnetizing  current  which  produces  the 
useful  flux,  11^,  interlinking  both  the  primary  and  secondary 
windings. 

nJi  =  nJii  (330) 

nJi  =  niJ  +  nJii  (331) 

Hence  the  resultant  m.m.f.  for  both  primary  and  secondary,  in 
the  iron  core: 

wi/i  —  712/2  =  ni/11  +  ni«/  —  712*2  =  7ii»jr  (332) 

The  lines  of  force  outside  of  the  iron  core  and  interlinking  all  or 
part  of  the  turns  in  either  the  primary  or  the  secondary  circuit, 
but  not  both  constitute  what  is  called  the  leakage  flux. 

101  =  primary  leakage  flux,  proportional  to  lu 

102  »=  secondary  leakage  flux,  proportional  to  It. 

The  leakage  flux  linkages  are  therefore  a  simple  inductance  in 
each  circuit  and  can  be  represented  by  a  primary  and  a  secondary 
reactance. 

In  general  transformers  are  designed  for  minimum  leakage 
reactance,  but  under  certain  conditions  the  service  required 
necessitates  the  insertion  of  a  considerable  amount  of  reactance 
in  the  circuit,  as  for  example  in  the  operation  of  rotary  converters 
on  a  rapidly  varjdng  load.  For  this  service  the  transformer  is 
designed  with  a  magnetic  bridge  between  the  primary  and  second- 
ary windings  which  gives  a  large  leakage  reactance. 

(d)  Circuit  Diagram. — In  Fig.  144  is  shown  a  circuit  diagram 
for  a  potential  transformer  receiving  power  over  a  line  from  a 
generator  and  supplying  a  load. 

Eo  =  generator  voltage. 

El  =  voltage  impressed  on  the  transformer  primary. 
4t>Et  =  voltage  induced  in  the  secondary  by  the  flux  ,  *. 
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^Ei  =  — — •  voltage  in  primary  balancing  the  voltage  induced  by  the 


flux,  .^,  in  the  primary. 
Ei  s' terminal  voltage  of  secondary, 
ro  »  line  resistance. 
xo  s  line  reactance. 
vi  9^  primary  resistance, 
xi  «  primary  reactance, 
ri  —  secondary  resistance. 
Xt  —  secondary  reactance, 
n  «  load  resistance. 
Xt  =  load  reactance. 

mO  =  equivalent  conductance  in  magnetizing  circuit. 
Jb  «=  equivalent  susceptance  in  magnetizing  circuit. 
/i  =  primary  current. 
/j  =  secondary  current. 
ml  —  magnetizing  current. 


Fig.  144. 


The  broken  lines  across  the  magnetic  flux  lines  are  intended 
to  indicate  that  while  the  power  is  transmitted  from  the  primary 
to  the  secondary  winding  by  the  flux,  the  directions  of  the  ciurrent 
and  voltage  in  the  two  windings  are  reversed.  The  magnetizing 
current  flows  in  an  equivalent  parallel  circuit  having  a  conduct- 
ance, m^i  for  the  hysteresis  and  eddy-current  losses,  and  a  sus- 
ceptance, iJ),  for  the  reactive  power  in  the  magnetic  field. 
Starting  at  the  load  end,  it  is  evident  that  the  voltage  ^Et  induced 
in  the  secondary  is  equal  to  the  vector  sum  of  the  terminal 
voltage,  Eti  and  the  impedance  drop  in  the  secondary  caused  by 
rt  and  Xt. 

^J^a  =  /2(r2  +  JX2)  +  E2  (333) 

The  voltage  in  the  primary,  ^Ei,  balanced  by  the  induced  vol- 

tage  in  the  primary  and  equivalent  to ^E%f  combined  vec- 
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torially  with  the  impedance  drop  in  the  primary  is  equal  to  the 
voltage  El  impressed  on  the  primary. 

^1  =  /i(ri  +  jxi)  +  ^^1  =  /,(r,  +  jxi)  -  Ji  ^Et    (334) 

The  voltage  impressed  on  the  transformer,  Ei,  combined  vec- 
torially  with  the  impedance  drop  of  the  line  equals  the  generator 
voltage,  Eo. 

Eo  =  /i(ro  +  jxo)  +  El  (335) 

The  current  m  the  primary,  7i,  consists  of  the  equivalent 

primary  load  current,  /n  = /2,  combined  vectorially  with 

Hi 

the  magnetizing  current,  »7. 


i  1   =  mi    +  III   =  ml  '"  ~ri2 


(356) 


(e)  Vector  Diagrams. — The  time  is  selected  so  that  the  mag- 
netic flux  vector  lies  in  the  positive  direction  on  the  F-axis, 


Fig.  145.    The  voltage,  - — ,  induced  per  turn  in  the  secondary. 

Tit 

by  the  flux  ^^,  lags  behind  the  flux  by  90®  and  therefore  is 
drawn  in  the  positive  direction  along  the  X-axis.    The  impressed 

voltage  in  the  primary,  - — ,  required  to  balance  the  voltage  in- 

duced  per  turn  in  the  primary  by  the  flux   J^  is  equal  to 

E 
and  opposite  in  direction.     Hence  ^— ^  is  drawn  along  the  X- 

axis  in  the  negative  direction.  Let  the  current  in  the  secondary 
be  in  phase  with  the  induced  voltage,  ^£2,  then  the  ampere-turns 
are  represented  by  the  vector  nj^.    The  impedance  drop  per 
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turn  in  the  secondary  is  given  by  the  vectors  —I2  and  — It, 
in  time  phase  and  in  time  quadrature,  respectively,  with  the  cur- 
rent  /i.     The  secondary  terminal   or  load  voltage,  — ,  is  the 

vector  sum  of  — — ,  —  and .     Hence  —  closes  the  voltage 

triangle  in  the  secondary. 

The  current  in  the  primary  Ji  is  the  vector  sum  of  the  mag- 
netizing current  «/  and  Jn,  the  current  equivalent  to  the  second- 
ary and  differing  by  180°  in  phase,  as  given  by  equation  (336). 

The  impedance  drop  per  turn  in  the  primary  is  given  by  — h 

fii 

and  — /i  in  time  phase  and  in  time  quadrature,  respectively,  with 

El 
the  primary  cxurent.     The  impressed  voltage  —  per  turn  in  the 

Wi 

primary  is  therefore  the  vector  sum  of  - — ,    — /i  and  — /i. 

fll         Til  Wi 

In  illustrative  vector  diagrams  for  transformers  the  phase 
relations  are  of  much  more  importance  than  the  relative  mag- 
nitudes of  the  currents  and  voltages.  Therefore,  in  Figs.  146  to 
155  inclusive,  the  resistance  and  reactance  drops,  both  in  the 
primary  and  secondary  and  the  magnetizing  currents  are,  rela- 
tively to  the  impressed  voltages  and  load  ciurrents,  represented  as 
from  ten  to  twenty  times  as  large  as  in  ordinary  commercial 
transformers.  Also  the  current  and  voltage  notation  represents 
ampere-turns  and  volts  per  turn,  or  the  ratio  of  the  number  of 
turns  has  been  taken  as  unity. 

In  the  series,  Figs.  146  to  155,  the  power  factor  of  the  load  is 
varied  so  as  to  illustrate  the  effect  of  the  transformer  impedance 
on  the  terminal  voltages  for  lagging  and  leading  currents.  The 
angle  ^62  refers  to  the  phase  difference  of  the  secondary  current 
and  the  induced  secondary  voltage.  It  is  therefore  the  time  lag 
in  the  secondary  circuit  due  to  the  total  reactance,  that  is  to  the 
sum  of  the  internal  reactance  in  the  secondary  circuit  and  the 
external  or  load  reactance. 

The  following  values  are  constant: 


jf 


^,  the  maximum  flux. 
/,  the  frequency. 
ni  and  nt,  the  number  of  turns  in  primary  and  secondary. 
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fi  and  ft,  the  resistance  in  the  primary  and  secondary. 
Xi  and  X2f  the  reactance  in  the  primary  and  secondary. 
m/|  the  magnetizing  current  (ampere-turns), 
a,  the  hysteretic  and  eddy-current  angle  of  advance 
sumed  to  be  30® 


4- 


0// 


Fig.  146. —  ^Ot  =  76®,  lagging  current. 


^? 


?v^ 


Z^I^ 


„g  and  m&,  the  conductance  and  susceptance  of  magnetiz- 
ing circuit. 

li,  the  secondary  current  (ampere-turns). 

/ii,  component  of  primary  current  opposite  and  equal  to 
li  (ampere-turns). 


Fia.  147. —  ^B\  «  60**,  lagging  current. 

^^2,  the  angle  between  the  load  current  and  the  induced  voltage 
in  the  secondary  is  assumed  to  have  the  following  values: 
Fig.  146,  ^^2  =  75°  lagging  current. 
Fig.  147,  ^^2  =  50®  lagging  current. 
Fig.  148,  ^^2  =  26°  lagging  current. 
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Fig.  148. — ^9t  =»  25**,  lagging  current. 


Fig.  149.— ,6©i  =  10®,  lagging  current. 


«. 


Fig.  150.—  ^^2  =  0* 


> 


Fig.  151. —  *^i  =  10®,  leading  current. 
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Fig.  149,  ,8, 
Fig.  150,  ,»! 


10°  lagging  current. 
0°  unity  power  factor. 


■r^>^^ 


Fio.  152. — «ffi  —  25",  leading  current. 


Fia. 

153. 

-*e 

jO°,  leading  cumat. 

> 

^■''■ 

^ 

k 

•s 

A.^ 

— 

X 

A 

- — ^- 

Fig.  164. —  #0i  =  75°,  lead! qr  cuircDt 


Fig.  151,  ^#1  =  10°  leading  current. 
Fig.  152,  ^9i  =  25"  leading  current. 
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Fig.  153,  ^ff»  =  60"  leading  current. 
Fig,  154,  #ff»  =  75°  leading  current. 
Tig.  155,  ^6t  varies  from  90°  la^ng  to  90°  leading. 


Fia.  155. — «0i  variable,  current  and  voltage  loci. 


Fia.  15S. — ~«Si  —  25°,  lagging  current. 


FlO.   157. — «9i  -  30°,  leading  current. 

In  the  preceding  diagrams  '^  represents  the  maximum  useful 
magnetic  flux,  or  the  lines  of  force  passing  through  both  the 
primary  and  secondary  coils.  The  total  flux  in  each  coil  is 
the  vector  sum  of   ||4  and  the  leakage  flux,  i0i.    In  Figs.  141, 
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^. 


142,  156  and  157  are  shown  useful  flux,  ^^,  the  primary  leakage 
flux  ^<l>i,  the  secondary  leakage  flux,  ^^s,  the  total  primary  flux 
*#i  and  the  total  secondary  flux,  *#2.  Since  the  leakage 
flux,  representing  the  reactive  power  in  the  transformer,  is  neces- 
sarily in  phase  with  the  current,  the  total  primary  and  secondary 
fluxes  vary  both  in  magnitude  and'  phase  position  for  changes 
in  the  angle  of  lead  or  lag  of  the  load  current. 

For  the  assimied  values  of  ^6i  the  following  quantities  are 
found  graphically: 

7i  =  the  primary  current  (ampere  turns). 

El  =  the  primary  impressed  voltage  (volts  per  turn). 

^1  =  the  phase  angle  of  Ei  and  /i. 
Ei  =  the  secondary  terminal  voltage  (volts  per  turn). 

02  —  the  phase  angle  of  E2  and  If 

(/)  Equivalent  Circuits. — ^The  transfer  of  power  from  the  gen- 
erator to  the  load  through  the  transformer  is  much  the  same 

as  if  the  primary  and  secondary 
formed  a  series  circuit.  With  a 
change  in  the  secondary  constants 
the  transformer  circuit  in  Fig. 
144  may  be  represented  by  the 
equivalent  continuous  circuit  in 
Fig.  158.  In  the  secondary  cir- 
cuit electric  energy  is  changed  into 
heat  by  the  r%[2^  losses.  In  the 
equivalent  circuit  in  Fig.  158  the 
same  loss  must  be  represented  by  the  product  of  a  resistance 
r'  into  the  square  of  the  equivalent  primary  current. 

/Ji?  =  UU*  (337) 

/.  =  Ji/ii  (338) 

Hence  the  equivalent  resistance  =  (— j  rt  (339) 

Similarly  the  equivalent  secondary  reactance  =  (— j  x»       (340) 

Likewise  the  equivalent  load  resistance  =  ( — j  r^  (341) 

And  the  equivalent  load  reactance  =  (— j  x«  (342) 

Since  the  resistance  and  reactance  of  the  primary  are  small, 


^h 


(^f^ 


If'^U 


Fig.  158, 
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the  difference  between  the  impressed  voltage  E\  and  the  voltage 
inside  the  transformer  ^E\  is  small  compared  to  £i.  Hence 
the  circuit  may  be  simplified  by  transferring  the  magnetizing 
current  circuit  to  the  primary  terminals,  as  shown  in  Fig.  159o. 
A  further  simplification  in  notation  may  be  made  by  letting  rt 


'wsmmymN^ 


Xr 


Fia.  159a. 


Fio.  159b. 


equal  the  equivalent  total  resistance  and  Xi  the  equivalent  total 
reactance  of  the  primary  and  secondary  windings  and  of  the  load. 


(343) 


(344) 


The  equivalent  simple  circuit  diagram 
which  closely  approximates  the  actual 
transformer  is  shown  in  Fig.  1696., 

ig)  The  Circle  Diagram. — ^The  con- 
ductance, m^,  and  susceptance,  Jb,  are 
constant,  and  hence  for  constant  im- 
pressed voltage,  E\f  the  magnetizing 
current,  „,/,  is  constant.  The  equiva- 
lent total  resistance,  r^,  and  reactance, 
Xi,  vary  with  the  load.  For  non-induc- 
tive load  the  total  reactance,  Xt,  is  con- 
stant. The  locus  of  the  extremity  of  the 
vector  representing  the  current  flowing 
through  a  constant  reactance,  Xt,  and  a 
variable   resistance,  r«,  for  a  constant 

impressed  voltage,  £i,  is  a  semicircle,  as  explained  in  Chap. 
VI.  The  corresponding  vector  diagram,  called  the  trans-- 
former  circle  diagram,  is  shown  in  Fig.  160.      Counting  time 


Fig.  160. 
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aa  in  the  previous  diagrams  the  fiux,  !^i,  is  drawn  upward 
along  the  F-axis,  The  magnetizing  current,  „/,  leads  the  flux 
by  a,  the  hysteretic  angle  of  advance.  The  impressed  voltage 
leads  the  flux  by  90".  From  the  end  of  the  magnetizing  cur- 
rent vector  draw  the  line  BD  parallel  to  the  magnetic  flux  and 


circle  BFD.    This  is  the  locus  of  the  equivalent  load  current,  In. 
The  total  primary  current,  h,  ia  the  vector  sum  of  „7  and  hi. 


{h)  Regulation. — For  constant-potential  transformers,  regula- 
tion ia  defined  as  the  per  cent,  increase  of  secondary  voltage  from 
full  load  to  no  load,  the  primary  impressed  voltage  being  con- 
stant. In  the  vector  diagrams  the  induced  voltage  has  been 
assumed  constant,  thus  indicating  a  change  in  both  the  pri- 
mary and,secondary  terminal  voltage.  Assuming  that  the  drop 
of  voltage  in  the  primary  due  to  the  magnetizing  current  is 
negligible,  then  at  no  load  the  terminal  voltages  are  directly  pro- 
portional to  the  number  of  turns.  Hence,  at  no  load  the  second- 
ary terminal  voltage  ia  equal  to  —Ei. 
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Let  Et  be  the  secondary  terminal  voltage  at  full  load,  the 
primary  voltage,  Ei,  remaining  constant. 


Regulation  s  lOO 


—  El  —  E% 


Et  * 


(346) 


To  determine  the  regulation  from  transformer  constants  either 
El  or  Ei  must  be  found  in  terms  of  the  primary  and  secondary 
resistances  and  reactances  and  the  power  factor  of  the  load. 
The  vector  diagram  in  Fig.  162  represents  the  full-load  voltagOt 


Fig.  162. 


Th 


E2,   and    corresponding    no-load  voltage,  —^1,  with  the   load 

ni 

current,  I2,  lagging  62". 

rJi  —  voltage  consumed  in  secondary  by  r^. 
X2I2  =  voltage  consumed  in  secondary  by  X2. 

—-)  rJt  =  equivalent  voltage  consumed  in  secondary  by  ri. 
(—■)  xJt  =  equivalent  voltage  consumed  in  secondary  by  Zi. 
Let  the  line  BA  be  drawn  perpendicular  to  OD  extended. 


DA  =  \X2li  +  {^)  X1I2J  sin  0%  +  (rJt 


©-^0 


+  L- 


CO8  0i     (346) 


BA 


=  (xtlt  +  (~)  *i^»)  cos  *«  ~  ytli 


^Ei  =  V(£,  +  DA)*  +  {BA) 


+  ©V./.)sin., 


(347) 
(348) 
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The  substitution  of  (346)  and  (347)  gives  an  unwieldy  equation 
and  it  is  simpler  to  solve  for  the  numerical  values  of  DA  and  BA 
before  substitution  in  (348).  Approximate  fotmulse  are  generally 
used  in  commercial  calculations. 

(i)  Losses. — ^The  transformer  consists  of  a  laminated  iron  core, 
copper  conductors  and  instilation  material  or  the  dielectric. 

The  iron  losses  were  discussed  in  Chap.  XI  and  foimd  to  be 

kP  ==  i77/(B*-*10-^  watts  due  to  hysteresis,  and     (349) 
J^  =  €XV/*(B*10-'  watts  due  to  eddy  currents.      (350) 

For  certain  grades  of  silicon  steel  hP  =  tyV/(B^-^10~^  watts. 

The  dielectric  losses  are  similar  to  the  iron  losses  but  rela- 
tively very  small  as  explained  in  Chap.  XIX.  In  commercial 
tests  they  are  usually  included  with  the  hysteresis  and  eddy- 
current  losses  of  the  iron.  In  the  copper  conductors  the  losses 
are  given  by  Joule's  law : 


Pc  =  ri/i«  +  rJt' 


(351) 


These  losses  are  slightly  larger  than  for  direct  currents  on 


Fig.  163a. 


Fio.  1636. 


account  of  eddy  currents  in  the  copper  conductors.  The  effect- 
ive values  of  ri  and  ri  in  equation  (351)  are  therefore  propor- 
tionately larger  than  the  ohmic  resistance  of  the  primary  and 
secondary  windings. 

Total  loss  =-  kP  +  J^  +  Pc  (352) 

The  power  lost  in  the  transformer  is  changed  into  heat. 

In  commercial  tests  the  losses  are  determined  by  wattmeter 
readings  for  the  specified  primary  voltage,  full-load  current,  and 
frequency.  The  circuit  diagram  for  finding  the  iron  losses  is 
shown  in  Fig.  163a.    The  secondary  is  open.    The  copper  loss  in 
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the  primary  due  to  the  magnetizing  current  ia  negligible,  and 
hence  the  wattmeter  reading  gives  the  hysteresis  and  eddy-cur- 
rent losses  in  the  iron  and  the  dielectric, 

The  circuit  diagram  for  finding  the  copper  losses  is  shown  in 
Fig.  1636.     The  secondary  is  short-circuited  through  an  ammeter. 


Fig.  164, — Building  up  of  iron  of  a  sheet  type  air-blast  transformer. 
On  the  primary  is  impressud  sufficient  voltage,  at  the  specified 
frequency,  to  send  approximately  full-load  current  through  the 
ammeter  in  the  secondary.  The  magnetization  and  voltage  are 
so  low  that  the  iron  and  dielectric  losses  are  negligible.  The 
wattmeter  reading  therefore  gives  the  copper  losses.  The  sum 
of  the  two  readings  is  the  total  power  lost  in  the  transformer; 
the  losses  in  the  ammeter  itself  are  considered  negligible. 

(j)  Efficiency. — The  efficiency  is  the  ratio  between  the  output 
and  the  input. 

output  ^a/iC08tfi_ cinyi 

'  ~  output  +  losses  ■"  E,h  cos  »»  +  RIl  +  ^  +  J^  ^      ^ 
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R  ==  the  equivalent  resistance  of  the  secondary  and  primary. 
The  efficiency  is  a  maximiun  when  jf  —  0, 

(E2I2   cos    ^2  +  Rll  +  hP  +  eP)E2   COS    $2 

-  EJi  COS  et{Et  COS  Ot  +  2RIi)  =  O 
or 

hP  +  J'^RII  (354) 

That  is,  the  iron  loss  is  equal  to  the  copper  loss. 


/CO 

90 

^ 

— 

— 

/ 

r^ 

/ 

/ 

■it 

' 

■M 

so  79  /CO 

Fig.  165. 


Transformers  are  usually  so  designed  as  to  have  the  maximum 
efficiency  between  three  quarters  and  full  load.  While  the 
efficiency  at  no  load  is  zero  the  losses  at  all  loads  are  small.  The 
curve  rises  rapidly,  and  lies  nearly  horizontal  from  quarter  to 
full  load,  as  is  shown  in  the  typical  efficiency  curve  in  Fig.  165. 
Potential  transformers  have  high  efficiencies;  large  commercial 
imits  give  99  per  cent,  at  full  load.  In  commercial  constant- 
potential  systems  the  primary  voltage  is  impressed  on  the  trans- 
former continuously,  while  power  is  taken  from  the  secondary 
only  part  of  the  time.  Thus  in  residence  lighting  the  lamps 
are  lighted  only  a  few  hours  out  of  the  twenty-four.  The 
average  efficiency,  or  all-day  efficiency  as  it  is  called,  will  there- 
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fore  be  lower  since  the  iron  losses  are  constant  throughout  the 
24  hr.  If  the  transformer  carries  a  steady  unity  power  factor 
load,  for  k  hours  each  day,  the  all-day  efficiency  will  be  expressed 
by  equation  (355). 

All-day  energy  efficiency: 

Eilik 


EJtk  +  RIlk  +  2^{KP  +  J") 


(355) 


Distributing  transformers  are  designed  with  a  smaller  iron 
loss  than  full-load  copper  loss,  thereby  increasing  the  average 
efficiency. 

(Jg)  Rating. — ^Transformers  are  designed  for  service  at  specified 
terminal  voltage,  frequency  and  load.  For  a  properly  designed 
transformer  the  temperature  becomes  the  limiting  factor  in 
determining  the  load  which  the  transformer  can  carry.  The 
copper  and  iron  losses  are  converted  into  heat  inside  the  trans- 
former. The  temperature  will  necessarily  rise  until  the  rate  of 
removal  and  generation  of  heat  are  equal.  In  small  transformers 
the  heat  is  dissipated  by  radiation  and  air  conduction.  The 
windings  and  core  are  immersed  in  oil  to  assist  in  the  conduction 
of  the  heat  to  the  surface  of  the  casing.  To  increase  the  radiating 
surface  the  casing  is  often  corrugated.  Large  transformers  are 
usually  vxUer-cooled;  that  is,  the  heat  is  removed  by  means  of 
cold  water  flowing  through  a  system  of  pipes  inside  the  trans- 
former. The  essential  point  is  the  fact  that  the  temperature 
limit  is  the  most  important  factor  in  determining  the  kilowatt 
or  kv.a.  rating  of  transformers.  By  the  A.I.E.E.  rules  the 
temperature  of  the  transformer  should  not  rise  more  than  50^0. 
above  the  surrounding  air  temperature. 

(0  Voltage  Ratios. — In  order  to  manufacture  and  operate 
transformers,  lamps,  motors  and  other  electrical  appliances  in  an 
economical  manner,  uniformity  in  voltage  is  necessary;  and 
certain  standard  voltages  have  been  adopted  for  commercial 
systems.  Thus  for  residence  lighting  and  for  small  motors 
110  and  220  volts  are  considered  standard.  The  distributive 
network  between  the  substation  and  the  transformer  near  the 
customer  is  generally  operated  at  2,200  volts.  Hence  the  pole 
transformer  transmitting  energy  to  the  lighting  and  small  motor 
load  in  any  small  division  of  the  distribution  system  has  a  10 
and  20 : 1  voltage  ratio.  Circuits  connecting  the  several  sub- 
stations in  large  systems  are  operated  at  voltages  from  11,000 
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itO 


to   22,000.     Hence  the  substation   transformer  ratio  is  from 
5:lto  10:1. 

Long-distance  transmission  lines  operate  at  higher  voltages 
as  60,000,  110,000  or  some  similar  voltage  best  adapted  to  the 
particular  system,  and  this  again  requires  transformers  giving  the 
required  voltage  ratio,  stepping  up  at  the  generating  station  and 
stepping  down  at  the  substation  end  of  the  high-tension  line. 

'While  the  transformer  can  be  built 
for  any  voltage  ratio  within  wide 
Umits,  most  standard  types  are  de- 
signed for  a  5,  10  or  20 : 1  ratio. 

By  dividing  both  the  primary  and 
secondary  coils  into  two  parts,  dif- 
ferent ratios  may  be  obtained  by 
connecting  the  coils  in  series  or  in 
parallel  as  shown  in  Fig.  166. 

(m)  Connections. — Although  in- 
numerable ways  for  connecting  trans- 
formers may  be  devised,  only  a  few 
forms  are  in  general  commercial  use. 
Simplicity  in  wiring,  efficiency  in  the 
use  of  apparatus,  minimum  insula- 
tion stresses,  standardization  of  volt- 
ages and  distributing  apparatus  have 
made  uniformity  in  transformer  con- 
nections necessary. 

1.  Singh-phase.  Three^re  System. 
— ^The  secondary  is  divided  into  two 
coils,  or  a  tap  is  brought  out  at  the 
middle  point  as  shown  in  Fig.  167. 
The  middle  or  neutral  wire  is 
grounded  in  order  to  protect  the  cus- 
tomer as  well  as  the  apparatus.  In  general  the  2,200-volt  side 
has  only  two  wires  and  no  neutral  connection.  In  the  vector 
diagram  OD  represents  the  voltage  from  either  line  to  neutral  and 
OH  the  voltage  between  the  mains  A  and  B.  The  system  is 
widely  used  for  general  distribution,  residence  lighting,  small 
motors,  etc. 

2.  Two-phasCf  Four-wire  System. — This  system  consists  es- 
sentially of  two  separate  single-phase  circuits  both  on  the  primary 
and  secondary  side.  Fig.  168.     The  voltages  in  the  two  phases 


166. 
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differ  by  90  electrical  degrees.  The  secondary  circuits  often  are 
three-wire  systems  for  each  phase  similar  to  Fig.  167.  To 
Bave  copper  the  neutrals  for  both  phases  are  combined,  F^.  169. 
The  five  wires  on  the  secondary  side  give  110  and  220  volts  in 
both  phases. 

3,  Tueo^hase,    Three-wire   System. — By  combining  one   wire 
from  each  phase  in  a  two-phase  system  less  copper  is  required, 


since  the  current  in  the  common  wire  is  the  vector  sum  of  the 
currents  in  the  two  phases.  In  a  balanced  system  the  current 
in  the  common  wire  is  ■\/2  times  the  current  in  either  of  the 


w 
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other  wires.  Hence  for  the  same  voltage  drop  the  copper  re- 
quired for  the  third  wire  is  in  the  ratio  of  1.41:2  as  compared  to 
the  corresponding  two  wires  in  the  four-wire  system.  Wiring 
and  vector  diagrams  are  shown  in  Figs.  170,  171  and  172. 

4,  Three-phase,  Y  Connection,   Three-wire  System. — ^The  con- 
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nections  and  voltage  relation  are  shown  in  Fig.  173.  This  system 
is  well  adapted  for  general  power  transmiasion  but  if  one  trans- 
former is  disabled  the  whole  system  is  interrupted.  The  Y  ar- 
rangement of  the  transformers  provides  a  desirable  neutral  or 
ground  conDection. 

5.  Three-phase,  Y  Contiection,  Fow-wire  System. — This  system 
is  sometimes  used  for  a  combination  of  power  and  lighting  loads, 


Fio.  174.— Single  phase.  60  cycle,  120,000/15,000.    To  carry  5,000  kv.a. 
ma  water-cooleil  and  to  carry  2,500  kv.a.  as  aelt-cooled  (no  water). 

especially  in  connection  with  rotary  converters  in  combination 
with  the  Edison  three-wire  system.  The  connections  are  shown 
in  Fig.  175,  secondary  side. 

The  chief  advantages  of  this  system  are  (a)  increased  flexi- 
bility and  (6)  the  neutral  wire  carries  all  unbalanced  currents, 

6.  Three-^hase,  A  Connection,  Three-imre  System. — The  con- 
nections are  shown  in  Fig.  176.  One  advantage  of  the  A  con- 
nection is  the  possibility  of  supplying  power  on  all  three  phases 
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!  of  only  two  transformers  as  explained  in  the  next 


by  the  i 
paragraph. 

7.  Three-phase,  Open  Delta  or  V  Connection. — In  three-phase 
circuits,  single-phase  transformers  are  used  iU  each  of  the  three 
phases.     In  the  delta  connection  continuous  operation  may  be 
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Fio.  175.  Fm.  176. 

maintained  by  means  of  any  two  of  the  three  transformers.  Thia 
is  sometimes  desirable  in  a  new  district  with  light  load.  The 
third  transformer  may  be  added  as  soon  as  the  load  increases 
beyond  the  capacity  of  the  two  transformers.  Also  in  case  one 
transformer  is  damaged  the  V  or  open  delta  connection  becomes 


a  convenient  arrangement  for  continuing  the  service  until  the 
damaged  unit  is  repaired  or  replaced.  However,  the  V  con- 
nection introduces  certain  undesirable  features  that  may  cause 
dangerous  disturbances  in  the  system.  It  should  also  be  noted 
that  the  two  transformers  in  open  delta  will  heat  faster  for  the 
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same  load  than  when  in  the  closed  delta  connection.  As  proved 
below,  the  capacity  ia  reduced  to  86.7  per  cent,  of  the  full-load 
rating;  so  that  two  transformers  in  open  delta  will  carry,  with  the 
same  rise  ia  temperature,  only  86.7  X%  =  57.7  per  cent,  of  the 
load  carried  by  the  three  transformers  in  closed  delta.  The 
circuit  diagram  is  shown  in  Fig.  177  and  the  corresponding  vector 
diagram  in  Fig.  178. 


Fio.  179. — Thiee-phase,  shell-type  transformer.     Under  construction. 

The  load  is  balanced  and  hence, 

I'l  =  it  =  i>,  Ii  =  It  =  h  and  fl,  =  tfj  =  i9,. 

The  power  passing  through  the  transformers  is  measured  by  the 
two  wattmeters  connected  as  shown  in  Fig.  177.  The  same  cur- 
rent flows  through  the  transformer  as  in  the  current  coil  of  the 
wattmeter,  and  hence  the  same  as  in  the  mains  instead  of  in  the 
circuits  as  would  be  the  case  with  three  transformers  connected 
in  delta. 

If  the  connection  of  the  voltage  coil  for  wattmeter  Wi  be 
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taken  as  indicated  by  thearrows  in  the  figure,  then  the  connection 
for  wattmeter  Wt  is  in  the  reverse  direction. 

Wi  =  EJi  cos  (30"  -  e)  and 

Wt  -  EtI,  COB  (30"  +  6)  (356) 

Total  power  (two  transformers) 

=  EI[cos  (30"  -  tf)  +  cos  (30°  +  9)] 
=  2EI  cos  0  COS  30"  =  2EI  coa  6  X  0.867  (357) 

For  three  transformers  the  total  power  for  "full  load  would  be: 
W  =  ZEI  cos  6 


Fio.  ISO. — Three-phase,  core-type  tranaformer.     Cover  removed. 

Therefore,  the  full-load  capacity  of  two  transformers  in  open 
delta  is  only  57.8  per  cent,  of  the  three  transformers  in  closed 
delta. 

8.  Distributed  Y  for  Three-wire  Edison  System. — (See  Fig.  313, 
Chap.  XVI.) 

9.  Parallel  Operation  and  the  A  and  Y  Three-wire  Connedion. — 
If  two  transformer  banks  operate  in  parallel  on  both  the  primary 
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and  secondary  sides,  ten  combinationB  of  the  A  and  Y  con- 
nections are  possible.  Id  six  of  these  combinations  the  time- 
phase  relations  are  the  same  for  the  two  banks  while  the  re- 
mainiDg  four  will  not  work  in  parallel.  This  is  shown  in 
condensed  form  in  Table  III. 


Combiontioti 


Table  III 


Numbers  7  to  10  will  not  work,  since  the  secondary  voltages 
will  be  30°  out  of  time  phase,  as  is  evident  by  inspection. 


Fia.  181.  . 

10.  Phase  Transformation.  Two-phase,  Three-phase.  The 
"T"  or  Scott  Cannedion. — ^Let  the  primaries  of  two  single-phase 
transformers  he  connected  to  a  two-phase  four-wire  system  as 
indicated  in  Fig,  181.  Let  the  ratio  of  transformation  in  the 
two  transformers  be  such  that  the  secondary  voltages  are  in  the 


ratio  of   1': 


hence,   if  E^   =  100  volts,    Eb  =  86.7   volts. 


Connect  one  of  the  terminals  of  phase  B  to  the  middle  point  of 
phase  A  tis  indicated  in  Fig,  181.    The  voltage  between  the  three 
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remaining  terminals  will  be  equal  in  magnitude  and  120°  different 
in  phase,  forming  a  three-phase  circuit.  This  is  readily  seen 
from  the  vector  diagram  in  Fig.  182  in  connec- 
tion with  the  circuit  diagram  in  Fig.  181.  The 
direction  of  the  arrows  and  the  notation  in  the 
two  diagrams  make  it  evident  that  Ea  =  E% 
both  in  phase  and  m^nitude;  that  E^  is  the 

vector  difference  of  Ea  and  -J^;    and   that    ^i 


Fia.  183. 

vectors   Ei,   E; 
120°  in  phase. 


-  -  &- 


Ea    the 


^.     Since    E. -^ 
and  Et  are  equal  in  magnitude  and  differ  by 
By  this  simple  method  a  two-phase  circuit  is 


changed  to  three-phase.     It  is  apparent  that  by  the  same  arrange- 
ment a  three-phase  system  can  be  changed  into  a  two-phase. 


-    lS5.-ThG    main    and 
teaser  connection. 


connection. 

A  neutral  connection  can  be  made  by  tapping  transt„„\°^  ^'h 
a  point  N,  one-th.rd  tlie  number  of  turns  from  the  junctl 
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the  middle  point  of  A.  This  excellent  method  for  phase  trans- 
formation was  invented  by  Charles  F.  Scott,  and  is  often  called 
the  ScoU  connection. 

The  diagram  in  Fig.  183,  is  a  convenient  method  for  showing 
the  relation  of  the  voltages  or  currents  in  two-phase  or  three-  • 
phase  systems.  Instead  of  drawing  the  vectors  through  the 
origin,  a  triangle  is  formed  by  connecting  the  free  end  of  phase  B 
to  the  terminals  of  phase  A.  Thus  the  base  and  perpendicular 
represent  the  two-phase  voltages  and  the  sides  of  the  triangle  the 
three-phase  voltages.  The  directions  of  the  arrows  indicate 
phase  relations. 

11.  Other  transformer  connections  in  commercial  use  are  the 
ring  four-phase,  Fig.  184;  the  main  and  teaser,  Fig.  185;  and 
the  monocyclic,  Fig.  186.  Several  phase  transformation  con- 
nections from  two-phase  to  six-phase  and  from  three-phase 
to  six-phase  are  discussed  in  Chap.  XVI.  See  circuit  and  vector 
diagrams  in  Figs.  307  to  313  inclusive. 

(n)  Autotransformer. — ^If  a  single  winding  be  placed  aroimd  an 
iron  core,  and  taps  brought  out  as  shown  in  Fig.  187,  power  can 
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Fia.  187. 


Fig.  188. 


be  transmitted  with  a  change  in  voltage  in  much  the  same  way 
as  in  a  transformer  having  two  windings.  The  voltage  on  the 
generator  and  load  leads  will  be  in  proportion  to  the  number  of 
turns.  Thus  in  Fig.  187,  if  between  the  supply  mains  there  are 
ni  turns  and  between  the  service  mains  n2  turns,  the  voltage  and 
current  relations  are  the  same  as  if  the  transformer  had  two 
windings,  a  primary  of  ni  turns  and  a  secondary  of  n2  turns. 
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However,  in  the  winding  itself,  and  in  tfce  part  carrying  the  cur- 
rent for  both  the  supply  and  service  circuits,  the  actual  current 
flowing  will  be  the  difference  between  the  currents  in  the  outside 
mains.  On  this  account  the  copper  losses  are  less  in  an  auto- 
•  transformer  for  the  same  load  than  in  the  ordinary  transformer 
having  two  windings.  However,  while  the  voltage  between  the 
wires  in  the  service  circuit  may  be  low,  the  difference  of  potential 
to  ground  is  the  same  as  on  the  supply  circuit.  For  this  reason 
autotransformers  can  be  used  only  on  circuits  where  the  voltages 
on  both  sides  are  low  or  where  the  necessary  protection  is  pro- 
vided in  other  ways.  In  places  where  the  danger  factor  is  absent 
it  is  economical  to  use  autotransformers,  as  both  first  cost  and 
operating  losses  are  less  than  for  a  regular  transformer  of  equal 
rating.  By  means  of  several  taps  any  number  of  voltages  may 
be  obtained  from  one  autotransformer,  as  in  Fig.   188.     This 


Fig.  189. — Three-phase,  core  type. 


autotransformer  receives  power  at  220  volts  and  delivers  at  300, 
240,  220,  150,  120,  100  and  90  volts.  Power  may  be  taken  from 
any  or  all  of  the  secondary  circuits  at  the  same  time. 

(o)  Three-phase  Transformers. — Since  the  magnetic  fluxes  in 
three  single-phase  transformers,  connected  to  a  three-phase  sys- 
tem, bear  the  same  time-phase  relation  as  the  voltages,  a  saving 
in  iron  may  be  secured  by  combining  the  three  transformer 
cores  forming  one  unit,  called  a  three-phase  transformer.  In 
Fig.  189a  are  shown  the  electric  and  magnetic  circuits,  diagram- 
matically,  of  a  core  type  three-phase  transformer.  The 
corresponding  magnetic  flux  vector  diagram  is  shown  in  Fig.  1896. 
It  is  apparent  that  the  vector  sum  of  the  fluxes  in  the  cores  is 
the  same  in  magnitude  as  the  resultant  fluxes  in  the  yokes. 
Hence  for  the  same  flux  density  the  cross-sectional  area  of  the 

iron  must  be  the  same  in  all  parts  of  the  magnetic  circuit. 
11 
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A  similar  diagram  for  the  electric  and  magnetic  circuits  of  a 
skell-lype  transformer  is  shown  in  Fig.  190ft  and  the  corre- 
sponding magnetic  Bux  vector  diagram  in  Fig.  190c.  Note  that 
the  winding  in  the  middle  section  is  re- 
versed in  direction,  compared  to  the  two 
end  windings.  From  the  vector  diagram 
it  is  evident  that  the  duxes  in  the  cross- 
bar portions  of  the  yoke,  <Pi,  ^«,  ipt,  are 
equal  in  magnitude  to  ^t,  ^t  and  0a. 
The  cross-aection  of  the  iron  core,  for  the 
same  flux  density,  ia  in  proportion  to  the 
total  magnetic  flux  in  each  of  the  m^- 
netic  circuits.  Hence  the  cross-sections 
of  the  central  cores  for  <!>,,  0g  and  <t>t,  are 
twice  the  cross-sections  of  the  cross-bars 
for  0r,  0«  and  ^t,  or  for  the  yokes  ijn,  ^i 
and  4it. 

A  modified  form  of  the  shell  type,  ' 
called  the  hexagonal  type,  is  shown  in  Fig. 
191a,  and  the  corresponding  magnetic 
flux  vector  diagram  in  Fig.  191ft.  From 
the  diagram  it  is  seen  that  the  flux  mag- 
nitude in  each  core,  0,,  0,,  or  <ft»,  is  VS 
times  the  flux  in  any  part  of  the  yoke, 
<f>A,  <in  or  ifn;  and  therefore  the  corre- 
sponding cross-sectional  areas  should  be 
in  the  proportion  of  VS:!. 

The  more  important  advantages 
gained  by  using  one  three-phase  trans- 
former in  place  of  three  single-phase 
transformers  of  equal  rating  and  mag- 
netic flux  density  are: 

(a)  The  weight  of  the  iron  core  is  less 
by  about  16  per  cent. 

(6)  The  efficiency  is  increased  by  0.15  '^'^'  '^eii  tj^^T^*"™"' 
to  0.4  per  cent. 

(c)  The  required  floor  space  is  reduced  by  about  50  per  cent. 

(d)  The  first  cost  is  less  by  about  25  per  cent. 

The  chief  disadvantage  is  in  the  probabihty  of  having  more 
frequent  interruptions  in  the  service.  Damage  on  either  of  the 
three  phases  in  the  three-phase  transformer  interrupts  the  service 
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until  the  repairs  have  been  completed.  When  three  single-phase 
transformers  are  used  any  one  may  be  removed  for  repairs  with- 
out interrupting  the  service;  the  two  remaining  tranaformers 
(open  delta  connection,  Pig,  177)  supplying  the  three-phase  load. 


B.  THE  "CONSTAHT-CURSEHP'  TRAITSFORUGR 
In  constant-potential  systems  variations  in  the  load  are  accom- 
panied by  corresponding  changes  in  the  current.    Similarly  in 
constant-current  systems  the  voltage  varies  with  the  load.     In 
America  practically  all  electric  aystema  operate  on  the  con- 
stant-potential basis;  and  the  cur- 
rent varies  with  the  load.     The  im- 
portant exceptions  are  the  series  arc 
and   incandescent  lamp  circuits  for 
street  lighting.     In  most  cases  the 
street  lighting  is  only  a  small  part  of 
the  total  load,  and  hence  the  elec- 
tric   energy  is  generated   and   dis- 
tributed  by   constant-potential  cir- 
cuits, except  the  particular  feeders 
supplying    the    street-lighting    cir- 
p       ,™,  cuits.      The    connecting    link    be- 

rlQ,    lifj^.  '1-1 

tween  the  constant-potential  bus- 
bars and  the  constant-current  series  lamp  circuit  ia  the  con- 
stant-current transformer.  In  design  this  transformer  differs 
from  the  constant-potential  types  chiefly  by  having  the  secondary 
winding  movable  with  respect  to  the  primary,  as  shown  in  Figs. 
192  and  193.     Since  the  currents  in  the  primary  and  secondary 
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coils  flow  in  opposite  directioDs  the  magnetic  Suxes  between  the 
two  coils  pass  in  the  same  direction.  The  two  magnetic  fields 
therefore  produce  a  force  tending  to  push  the  coils  apart.  By 
properly  counterbalancing  most  of  the  weight  of  the  secondary 
coil  the  magnetic  repulsion  may  be  balanced  against  gravity  so 


Fio.  193. — Constant-current  tranaformer  combined  with  mercury-src 
rectifier.     (General  Electric  Co.) 

as  to  control  the  position  of  the  coil  by  small  changes  in  the 
current. 

If  the  resistance  in  the  series  lamp  circuit  is  decreased,  the 
current  will  increase;  this  causes  an  increase  in  the  magnetic 
repulsion  and  the  secondary  coil  is  pushed  further  away  from 
the  primary.  As  a  consequence  the  leakage  flux  is  increased 
and  the  induced  voltage  in  the  secondary  is  decreased.  Thus  the 
voltage  in  the  secondary  may  be  made  very  nearly  proportional 
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to  the  reMBtance  in  the  series  lamp  circuit  and  the  current  kept 
approximately  constant.  In  the  primary  coil  the  increased  leak- 
age flux  increases  the  reactance  and  hence  supplies  the  required 
increase  in  the  primary  impedance.  For  an  increase  in  the 
resistance  in  the  series  lamp  circuit  the  current  tends  to  de- 
crease, the  secondary  coil  is  drawn  nearer  to  the  primary  by  the 
force  of  gravity  and  the  secondary  induced  voltage  increases  bo 
as  to  keep  the  current  practically  constant. 


By  this  simple  device  the  energy  from  the  constant-potential 
busbars  is  transformed  and  delivered  to  the  series  lamp  circuit 
under  constant-current  conditions.  The  transformer  is  auto- 
matically self-regulating  but  its  efficiency  is  low  as  compared  to 
the  constant -potential  transformer. 

C.  IHSTRUHENT  TRANSFORMERS 

By  means  of  current  and  voltage  transformers  the  range  of 
alternating-current   ammeters,   voltmeters  and  wattmeters  can 
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be  extended  and  these  meters  used  upon  circuits  having  larger 
currents  and  higher  voltages  than  could  be  applied  to  the  ter- 
minals of  the  instruments.  The  voltage  that  may  be  applied 
to  most  types  of  switchboard  voltmeters  is  from  0  to  150  volts, 
and  the  range  of  the  current  in  the  ammeters  is  from  0  to  5  amp. 
In  principle  the  instrument  transformers  are  similar  to  the  larger 
power  imits,  but  the  dimensions  must  be  proportioned  so  as  to 
comply  with  the  required  service.  The  transformer  is  a  source 
of  error  in  the  instrument  readings  and  must  be  carefully  cali- 
brated. The  voltage  drop  in  the  transformer  introduces  a  time- 
phase  lag  which  may  affect  the  current  and  voltage-phase  dis- 
placement in  the  wattmeter.  In  properly  designed  transformers 
the  impedance  drop  is  very  small,  generally  less  than  one-tenth 
of  1  per  cent,  of  the  voltmeter  terminal  voltage. 

The  current  transformer  consists  of  one  or  more  turns  on  the 
primary  and  a  secondary  of  as  many  turns  as  the  desired  ratio 
requires.  The  resistance  and  leakage  reactance  are  very  small. 
The  secondary  is  short-circuited  through  the  ammeter  or  through 
a  short-circuiting  switch  before  the  ammeter  is  removed  from  the 
circuit. 

PROBLEMS 

1.  In  a  60-kv.a.,  2,200/220  transformer  the  hysteresis  loss  is  198  watts 
and  the  eddy-current  loss  34  watts.    At  full  load  the  copper  loss  is  508  watts. 

(a)  Find  the  efficiency  for  25  per  cent.,  50  per  cent.,  75  per  cent.,  100  per 
cent.,  125  per  cent,  and  150  per  cent,  of  full  load.  Load  having  unity  power 
factor. 

(&)  Same  as  (a)  but  for  a  load  having  85  per  cent,  power  factor,  lagging 
current. 

(c)  Plot  the  efficiency  curves  for  (a)  and  (6). 

S.  At  full  load  the  equivalent  reactance  drop  of  the  transformer  in  problem 
1  is  3.1  per  cent,  and  the  resistance  drop  1.1  per  cent,  of  the  rated  terminal 
voltage.    Find  the  regulation. 

(a)  For  COB  $%  =  1.00. 

(6)  For  cos  Si  =  0.85. 

8.  The  average  flux  density  of  the  transformer  in  problem  1  is  64  kilo- 
lines  per  sq.  in. 

Find  the  core  loss  for  (B  «  30,  40,  50,  60,  and  70  kilo-lines. 

4.  Given  a  5-kv.a.,  2,200-220/1 10-volt  transformer. 

jkP  =  31  watts;  .P  =  14  watts;  RP  (full  load)  =  85  watts. 
Average  (B  «  8500  per  cm.*;  equiv.  resistance  drop  1.7  per  cent,  and  re- 
actance drop  2.8  per  cent,  of  the  rated  terminal  voltage.     Core 
weight  92  lb. 
(o)  Plot  efficiency  curve  from  0  to  150  per  cent,  load;  cos  O2  =  95  per  cent. 
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(b)  Find  the  regulation  for  loads  having  power  factors  »  1.00;  d5  per 
cent.;  90  per  cent.,  85  per  cent.,  and  80  per  cent.    Lagging  current. 

(c)  Find  core  loss  (B  =  6,000,  7,000,  8,000,  9,000,  9,500,  10,000  and  10,500 
per  cm.* 

5.  Let  the  following  data  apply  to  a  transformer: 

^1  «  1,100  volts;  ratio  of  ^Ei :  ^s  =5: 1. 

Ti  =  3.3  ohms;  rj  =  0.13  ohm;  Xi  —  6.5  ohms;  Xt  «  0.26  ohm. 
ml    '-  0.3  amp.;  /,  (full  load)  »  125  amp.  (lagging);   ^0t  »  30**; 
aP  +  />  «  148  watts. 

(a)  Find  Ei,  E%,  Bi,  $%  and  h  for  full  load. 

(b)  Draw  the  vector  diagram  to  scale. 

6.  With  the  same  data  as  in  problem  5  except  the  current  leads  the  voltage, 
^02  s  30**,  obtain  answers  for  (a)  and  (&). 

7.  Two  transformers  are  used  in  changing  2,200  two-phase  to  220-volt 
three-phase,  (a)  Neglecting  losses,  find  the  ratios  of  the  nimiber  of  turns  in 
the  two  transformers. 

(6)  Draw  in  rectangular  coordinates  the  sine  waves  for  the  voltages 
between  mains  in  the  two-phase  and  three-phase  circuits. 

(c)  Draw  vector  diagram  of  the  voltages  and  currents  in  the  three-phase 
and  two-phase  circuits  with  the  load  current  lagging  40°. 

8.  Draw  a  vector  diagram  for  a  constant-current  transformer  taking 
power  from  constant-potential  mains,  (a)  When  under  full  load  (all  the 
series  lamps  in  circuit) ;  (&)  for  one-fourth  load  (one-fourth  of  the  lamps  in 
circuit). 

9.  Three  2,200/220-volt  transformers,  connected  in  delta,  supply  a 
lighting  load  of  150  kw.  One  of  the  transformers  is  damaged  and  removed 
for  repairs. 

(a)  What  current  was  flowing  in  each  transformer  when  the  three  trans- 
formers were  in  service? 

(6)  What  current  flows  in  each  of  the  two  transformers  after  the  third 
has  been  removed? 

(c)  What  is  the  rating  of  each  transformer  if  the  two  transformers  on 
open  delta  carry  full  load? 

10.  In  a  500  kv.a.  OO'^.  transformer,  JP  =  820  watts;  hP  =  1,780  watts; 
JB/*  (full  load)  «=  3,250  watts;  equivalent  resistance  drop  =  0.65  per  cent, 
and  equivalent  reactance  drop  5  per  cent,  of  the  terminal  voltage  (full  load). 
(B  =  10,800  per  cm.*    Et  =  220  volts. 

(a)  Plot  the  efiiciency  curve  from  0  to  150  per  cent,  full  load.  Unity 
power  factor. 

(6)  Find  the  regulation  for  power  factors  =  1.00,  0.90,  0.85  and  0.75. 
Leading  and  lagging  currents. 

(c)  Find  core  loss  for  (B  =  5,000,  7,000,  9,000,  10,000,  11,000  and  12,000 
per  cm.* 

11.  Two  transformers  having  constants  as  given  in  problem  5  are  con- 
nected in  "V."  Balanced  three-phase  voltage  (1100  volts)  is  supplied  to 
the  primary  and  three  equal  load  resistances  of  1  ohm  each  are  connected  in 
delta  on  the  secondary.  Neglect  the  exciting  current  and  calculate  the 
equivalent  resistance  and  reactance  of  each  transformer.  Calculate  the 
secondary  voltages  and  currents  and  plot  a  complete  vector  diagram. 
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12.  The  following  data  are  for  single-phase  transformers,  oil  insulated, 
self  cooled,  60  cycle,  2,300  volts  primary,  230  and  115  volts  secondary, 
used  on  distribution  systems  for  lighting  load. 


Sise  of  transformer,  kv.a. 


10 


20 


50 


100 


Flux  density  in  f  Inside 

gausses \  Outside 

Apparent   iron   losses   in   volt- 
amperes 

True  iron  losses  in  watts 

Weight  of  iron  in  lbs 

Weight  of  copper  in  lbs 

Copper  loss  per  lb.  at  full  load  in 
watts 


10,350 
5,560 

10,350 
5,500 

10,900 
6,250 

11,380 
6,975 

95 
44 
85 
45 

140 
70 

135 
69 

320.0 
120.0 
195.0 
105.0 

590.0 
240.0 
395.0 
186.0 

2 

3 

2.8 

2.9 

12,330 
9,570 

1570.0 
480.0 
435.0 
315.0 

3.2 


(a)  Plot  eflBciency  curves  0  to  125  per  cent.  fuU  load. 
(6)  Find  the  regulation  from  no  load  to  full  load, 
(c)  Draw  full  load  vector  diagrams. 

18.  The  following  data  are  for  single-phase  transformers,  oil  insulated,  60 
cycle  power  load  distribution  systems. 


SUe  of  transformer  in  kv.a. 


Primary  voltage 

Secondary  voltage 

Flux  density  in  gausses. . . 
Apparent  iron   losses  in 

kv.a 

True  iron  losses  in  kw — 

Weight  of  iron  in  lbs 

Weight  of  copper  in  lbs.. . 
Copper  losses  at  full  load 

watts  per  lb 


Self  cooled 


Water 
cooled 


25 


75 


250 


1000.0 


1000.0 


11,000 

440 

11,650 

8,350 

0 

0 

190 

100 


0 
0 
0 
0 

7 
2 
0 
0 


4.0 


23,000.00 
2,200.00 

12,600.00 

8.72 

0.83 

434.00 

190.00 

6.00 


4,400.0 
440.0 


13,200 
2,300 


12,300.0  11,000.0 


12.6 

1.7 

954.0 

435 . 0 

5.2 


30 

5 

3,736 

1,186 


4.2 


33,000.0 
2,300.0 

12,500.0 

69.6 

7.0 

3,660.0 

619.0 

13.6 


(a)  Plot  efficiency  curves  from  0  to  125  per  cent,  full  load. 

(b)  Find  regulation  from  no  load  to  full  load. 

(c)  Draw  full  load  vector  diagrams. 


For  Experiments  see  page  537. 


CHAPTER  XIII 
INDUCTION  MOTORS 

As  already  noted  the  magnetic  field  passing  between  the  pri- 
mary and  secondary  windings  of  a  transformer  produces  mechan- 
ical forces  tending  to  push  the  coils  apart.  In  the  potential 
transformer  the  two  windings  are  rigidly  fixed  in  position  and 
hence,  although  the  forces  exist,  no  motion  is  produced  and  no 
energy  changed  into  the  mechanical  form.  On  short-circuits 
with  excessive  currents  flowing,  these  forces  may  tear  the  trans- 
formers to  pieces.  In  the  constant-current  transformer  the 
secondary  winding  is,  to  a  certain  extent,  movable,  and  the  reac- 
tion between  the  two  fields  furnishes  the  means  for  automatic 
regulation.  In  the  induction  motor  the*  windings  of  the  succes- 
sive phases  are  so  arranged  in  space  around  a  rotating  spider  that 
a  continuous  torque  is  produced  in  one  direction.  The  induc- 
tion motor  was  invented  by  Ferrari  and  Tesla  in  1887  and  is 
essentially  an  apparatus  for  transforming  electric  energy  into 
mechanical  energy.  Some  forms  of  the  induction  motor  are 
extremely  simple  in  design,  requiring  very  little  attention  and 
still  give  excellent  service.  Like  the  transformer,  the  induc- 
tion motor  has  a  primarj"  and  a  secondary.  Either  may  be 
placed  on  the  rotating  spider,  but  as  the  outside  oflFers  more  space 
it  is  generally  desirable  to  wind  the  primary  with  the  highest 
voltage  on  the  stationary  drum  or  staior,  and  place  the  secondary, 
low-voltage  winding,  on  the  rotating  spider,  or  rotor.  The  basic 
principles  of  the  induction  motor  are  more  nearly  like  those  of 
the  transformer  than  those  of  the  direct-current  motor  and 
hence  it  is  customary  to  refer  to  the  primary  and  secondary^ 
or  the  stator  and  rotor  instead  of  the  arm^urc  and  field  windings. 

(a)  The  Revolving  Field  in  Polyphase  Motors. — ^Let  the  coils 
be  placed  with  their  sides  parallel  in  the  position  shown  in  Fig. 
195.  If  they  be  connected  in  parallel  from  the  same  pair  of 
busbars  the  magnetic  fluxes  are  in  the  vertical  direction  and 
vary  from  a  positive  to  a  negative  maximum,  equal  in  magnitude 
to  the  sum  of  the  maxima  for  the  separate  coils.     If  the  two  coils 
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be  connected  to  a  two-phase  circuit  the  maxima  of  the  separate 
coils  come  90^  apart  in  time  and  the  total  resultant  maximum  in 
between,  equal  in  magnitude  to  the  square  root  of  the  sum  of 
the  squares  of  the  component  maximum  fluxes.     If  the  maximum 


Fig.  195. — Coils  in  space-phase. 

fluxes  in  the  two  coils  are  equal  the  direction  of  the  flux  in  space 
is  always  either  up  or  down.  In  Fig.  196  is  shown  the  vector 
diagram  for  the  two  coils  on  the  same  phase,  and  in  Fig.  197  the 
corresponding  diagram  with  the  two  coils  connected  to  a  two- 


Fio.  196. — Coils  in  space-phase.  Cur- 
rents  in  time-phase.  Flux:  stationary, 
pulsating. 


Fig.  197. — Coils  in  space-phase. 
Currents  in  time-quadrature.  Flux: 
stationary,  pulsating. 


phase  circuit.  The  instantaneous  flux  in  both  cases  is  the  pro- 
jection of  the  resultant  vector  on  the  F-axis.  If  the  two  coils  be 
placed  mechanically  at  right  angles,  as  in  a  two-pole,  two-phase 
induction  motor,  shown  diagrammatically  in  Fig.  198,  the  flux  in 
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coil  A  will  be  along  the  F-axis  as  before,  but  for  coil  B  the  direc- 
tion of  the  flux  will  be  horizontal.  If  the  two  coils  are  connected 
in  parallel  on  the  same  phase  or  to  a  single-phase  circuit  the  in- 
stantaneous values  for  the  flux  in  A  are  the  projections  along  the 
F-axis  and  for  coil  B  along  the  X-axis  as  shown  in  Fig.  199. 
If  the  two  coils  are  alike  the  resultant  flux,  ^r  lies  at  45  space 
degrees  or  midway  between  the  two  axes.  Since  the  fluxes 
in  both  coils  are  in  time  phase  and  therefore  reach  their  maxi- 
mum and  zero  values  simultaneously,  the  resultant  flux  also 
reaches  its  maximum  and  zero  values  coincident  with  the  two 
components*    The  positions  in  space  of  the  three  fluxes  are, 


^j^^se  /.  I 


FiQ.  198. — Coils  in  space-quadrature. 


however,  constant;  for  coil  A  along  the  F-axis,  for  coil  B  along 
the  X-axis  and  for  the  resultant  at  an  angle  of  45  space  degreesr. 

Let  the  coils  be  connected  to  a  two-phase  system;  then  the 
two  fluxes  are  in  time  quadrature  since  the  currents  in  the  two 
phases  are  a  quarter  cycle  out  of  phase,  and  in  space  quadraiwre 
because  the  two  windings  are  at  right  angles.  The  instantaneous 
values  of  the  flux  for  coil  A  are  along  the  F-axis  and  similarly 
for  coil  B  along  the  X-axis,  on  account  of  the  apace  quadrature 
of  the  two  coils.  Since  the  fluxes  are  also  in  time  quadrature  the 
instantaneous  values  are  as  the  sine  and  cosine  of  the  same  time 
angle  because  the  maximum  values  of  the  two  coils  come  a 
quarter  cycle  apart.  The  resultant  flux  therefore  moves  in 
space  position  from  the  X-axis  when  the  flux  in  coil  B  is  a 
maximum  to  the  F-axis  in  a  quarter  cycle.     Thus  the  resultant 
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flux  is  constant  in  magnitude  but  rotates  in  space  360  electrical 
degrees  for  each  cycle  of  the  two-phase  current.  This  is  shown  in 
Fig.  200.  The  field  for  phase  1  lies  vertically  and  for  phase  2 
in  the  horizontal  position.  The  magnitude  of  the  instantaneous 
values  depends  on  the  time  elapsed. 


02  = 


^2  sin  ait 

*i  sin  (co<  +  90^)  ='  "*!  cos  co< 


(365) 
(366) 


Equations  (365)  and  (366)  give  the  instantaneous  values  and  the 
positions  of  the  coils  determine  the  directions.  In  Fig.  200, 
01,  and  02  are  drawn  along  the  Y-  and  X-axes  respectively. 


!• 


/petition  f^r  ^Amt  tn  /^##< 


Fig.  199. — Coils  in  space-quad- 
rature. Currents  in  time-phase. 
Flux:  stationary,  pulsating. 


Sjp^td 


pCaiftSft  fmr  ff40t  it* 


Fig.  200. — Coils  in  space-quad- 
rature. Currents  in  time-quad- 
rature.   Flux:  rotating,  constant. 


The  resultant  flux  is  constant  in  magnitude  and  continually 
changes  its  position  with  (cuO* 

In  the  two-phase  induction  motor  the  coils  are  arranged  in 
space  as  shown  in  Fig.  198.  A  revolving  field  is  produced  by  the 
combination  of  apace-phdse  and  time-phase  factors  as  determined 
by  the  relative  space  positions  on  the  motor  windings  and  the 
conditions  of  the  circuit  from  which  power  is  derived.  This  is 
shown  diagranimatically  in  Fig.  201  for  a  two-phase,  two-pole 
induction  motor.  The  vertical  lines  mark  the  time  and  are 
spaced  one-eighth  of  a  cycle  apart.  Neglecting  losses,  the  mag- 
netic flux  is  in  phase  with  the  primary  current  in  each  phase. 
The  cross  and  dot  indicate  the  direction  of  the  currents,  and  the 
arrows  show  the  corresponding  directions  of  the  magnetic  fields. 


172  ALTERNATING  CURRENTS 

The  rotation  of  the  resultant  field  ia  shown  by  the  series  of 
magnetic  fiux  vectors. 
The  stator  winding  diagram  for  a  three-phase,  two-pole  indue* 


Fia.  201. — Dtagrammatical  and  vector  representation  of  revolving  field 
in  2-^,  two-pole,  induction  motor. 


tion  motor  is  shown  in  Fig.  202  and  the  corresponding  revolving 
field  in  Fig.  203.  The  resultant  fiux  is  constant  in  magnitude 
and  rotates  in  space  position  as  in  the  two-phase  motor.    In  a 
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four-pole,  two-phase  motor  two  pairs  of  north  and  south  poles  are 
formed  and  a  complete  revolution  in  space  requires  two  cycles 
of  the  magnetic  flux  as  shown  in  Fig.  204.  Precisely  similar 
action  takes  place  in  the  three-phase,  four-pole  motor  as  indi- 
cated in  Fig.  205.  The  rotation  of  the  magnetic  field  should 
therefore  be  measured  in  electrical  degrees  as  each  pair  of  poles 
represents  a  complete  wave  in  the  magnetic  circuit.  The  pri- 
mary windings  on  the  etator  must,  therefore,  also  be  spaced  in 
electrical  degrees;  90"  for  two-phase  circuits,  and  120°  for  three- 
phase  systems.    In  order  to  reduce  the  magnetic  reluctance  the 


Fia.  205. — Diagrtumnatical  representation  of  revolving  field  of  a  3-*,  tour- 
pole,  induction  motor. 

primary  winding  is  placed  in  slots  on  the  inside  of  a  hollow 
cylindrical  core  made  of  sheet  steel. 

(b)  Two-phase  Motor  Obtained  from  Four-phase  Design.— 
It  should  be  noted  that  the  so-called  two-phaae  motor  is  designed 
as  a  four-phase  machine.  By  merely  rearranging  the  connec- 
tions between  the  conductors  inside  the  machine  all  the  advan- 
tages of  four-phase  design  may  be  gained  for  the  two-phase 
motor.  The  fundamental  principles  involved  are  more  easily 
explained  by  first  replacing  the  rotor  by  a  two-pole  rotating  field, 
as  in  Fig.  206a,  and  considering  the  direction  of  the  induced 
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voltages  in  the  several  stator  conductors.  In  the  figure,  four 
conductors  are  shown,  spaced  90**  apart.  The  voltage  induced 
when  the  bipolar  field  rotates  may  be  represented  by  the  vector 
diagram  in  Fig.  2065;  four  vectors,  differing  successively  by  90 
time  degrees  and  hence  four-phase.    With  four  conductors  in 


Fig.  206.— Four-phaae. 

each  group  connected  into  four  phases  as  in  Fig.  206c,  the 
stationary  part  of  the  machine  can  be  used  either  as  the  armature 
of  a  four-phase  generator  or  as  the  stator  of  a  four-phase  induc- 
tion motor.  The  voltages  in  the  four  phases,  taken  in  order, 
are  in  time  quadrature  or  90  time  degrees  apart,  and  the  corre- 
sponding vector  diagram  is  similar  to  Fig.  206b.     In  multi- 


P/fa3€  3 


% 


^4. 


l^ 


^    \ 


y       ir/' — ^ 


(«) 


(b) 


Fia.  207. — So-called  two-phase. 


Fig.  208. 


polar  machines  the  windings  are  spaced  90  electrical  degrees; 
that  is,  360  electrical  degrees  divided  by  4,  the  number  of  phases. 
By  reversing  the  connections  of  coils  SJPt  and  /S4F4,  as  in 
Fig.  207,  or  using  connections  as  in  Fig.  198,  the  directions  of  the 
voltage  vectors  for  the  third  and  fourth  phases  are  reversed.  The 
corresponding  vector  diagram  is  shown  in  Fig.  208a.  From  the 
connections  it  is  seen  that  the  first  and  third,  and  the  second 
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and  fourth  phases  are  in  series  between  the  corresponding  pairs 
of  leads.  The  vector  diagram  for  the  voltages  between  the  leads 
is  therefore  two-phase  as  shown  in  Fig.  2086.  Hence  by 
the  simple  expedient  of  changing  the  winding  connections  inside 
the  machine^  the  four-phase  motor  is  converted  into  the  so-called 
two-phase  motor.  All  two-phase  motors  in  commercial  use  are 
fundamentally  foiu'-phase  machines  with  the  conductors  con- 
nected inside  the  machine  so  as  to  operate  on  two-phase  systems, 
(c)  Three-phase  Motors,  Six-phase  Motor  Design. — The 
actual  three-phase  motor  has  the  windings  for  the  three  phases 


Fig.  209.— Three-phase. 


Fia.  210. — Six-phase. 


spaced  120  electrical  degrees,  with  the  conductors  connected 
in  some  such  way  as  indicated  in  Fig.  209.  Only  a  few 
real  three-phase  motors  have  ever  been  built.     The  so-called 


(^)       \s. 


Fig.  211. 


three-phase  induction  motor,  so  extensively  used  in  industrial 
power  applications,  is  essentially  a  six-phase  motor  with  the 
conductors  so  connected  inside  the  machine  that  with  three  leads 
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the  machine  operates  on  three-phase  systems.     In  a  six-phaee 
motor  design  the  conductors  for  the  six  phases  are  spaced  60 
electrical  degrees;  that  is,  360  electrical  degrees  divided  by  6,  the 
Dumber  of  phases.    The  windings  may  be  connected  to  six  leads, 
as  indicated  in  Fig.  210a  with  a  common  neutral.    The  corre- 
sponding vector  diagram  for  the  voltages  between  the  leads  is 
shown  in  Fig.  210&.    From  the  vector  diagram  it  is  appareat 
that  if  the  connections  for  the  conductors  in  phases  two,  four  and 
six  be  reversed  the  voltage   vector   diagram   is   represented 
by  Fig.  2llo.     If  the  windings  for  phases 
one  and  four,  three  and  six,  and  five  and 
two  be  connected  in  series  as  indicated' 
in  Fig.  212  (vector  diagram  Fig.  211fe), 
and  the  terminals  Ft,  Fi,  Ft,  joined  at 
a  common  point,  then  the  terminals  Si, 
St,  S^,  form  the  three  leads  of  the  so- 
called  three-phase  motor.     Phase  one  is 
produced   by  coils  SiFi  and  StFt  re- 
versed; phase  two  by  coils  SjF,  and  SaF^  Fio.  212.— So-caUed  tht«6- 
reversed;  and  phase  three  by  coils  S^Fb  phase, 

and  StFi  reveraed.  The  three  resultant  phases  with  the  ter- 
minals Si,  Si,  and  £»  connected  to  the  leads  are  spaced  120  elec- 
trical degrees,  but  the  individual  coils  are  only  60  electrical  de- 
grees apart. 

(d)  The  Rotor. — ^The  rotor,  or  secondary,  consists  of  a  grooved 
cylinder  of  laminated  steel  mounted  on  a  spider.  The  conduct- 
ors he  in  grooves  in  the  steel  core  and  the  nature  of  the  rotor 
winding  largely  determines  the  type  of  motor.  In  order  to  keep 
the  magnetic  reluctance  as  low  as  possible  the  air  gap  between  the 
stator  and  rotor  must  be  a  minimum,  consistent  with  safe  clear- 
ance. For  this  reason  the  shaft  is  extra  stiff  and  the  bearings 
comparatively  large. 

The  secondary  may  be  wound  on  the  rotor  in  much  the  same 
way  as  the  armature  of  a  direct-current  motor  or  may  simply 
consist  of  parallel  copper  bars  short-circuited  by  brass  rings  at 
both  ends.  The  latter  design,  known  as  the  s^irrel-cage 
type,  has  a  wide  application  and  is  in  most  general  use.  In  the 
wound  rotor  the  terminals  are  brought  out  to  collector  rings  in 
order  that  outside  variable  resistance  may  be  inserted  in  the 
secondary.  The  conditions  requiring  additional  resistance  in 
the  secondary  will  be  discussed  in  the  paragraph  on  Torque. 
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Whether  the  rotor  be  of  the  squirrel-cage  or  wound  rotor  types,  it 
consists  of  a  resistance  and  an  inductive  reactance  and  its  elec- 
trical properties  may  be  stated  quantitatively  in  the  form  of  an 
equation. 

(e)  Rotor  Voltage  and  Current  Slip, — ^With  the  rotor  at 
standstill,  the  revolving  field  produced  by  the  primary  induces 
voltages  in  the  secondary  of  the  same  frequency  as  in  the 
primary.  This  induced  voltage  causes  a  secondary  current 
to  flow  in  the  same  way  as  in  a  transformer. 

If  the  rotor  runs  in  synchronism  with  the  revolving  field,  called 
the  synchronous  speed,  no  lines  of  force  cut  the  secondary- 
conductors  and  hence  no  secondary  voltage  is  generated. 

The  operating  speeds  of  the  rotor  and  of  the  revolving  field 
are  usually  expressed  in  terms  of  the  slip  and  are  often  given 
in  per  cent.  Slip  is  defined  as  the  ratio  of  the  difference 
between  the  synchronous  and  rotor  speeds  to  the  synchronous 
speed.  Thus  if  the  synchronous  speed  is  1,800  and  the  rotor 
speed  1,764  r.p.m.,  the  slip  is: 

1,800-1,764  r.r.c.  ^ 

s  =         ^' =  0.02  =  2  per  cent. 

Since  the  voltage  generated  depends  upon  the  rate  of  cutting 
lines  of  force,  the  secondary  voltage  depends  on  the  rotor  slip. 
Likewise  the  reactance  in  the  rotor  ..circuit  is  djrectly  pro- 
portional  to  the  frequency  of  the  secondary  cun*entj  and  hence, 
also  dependent  upon  the  slip. 
Let 

/     =  frequency  of  primary  current. 
Ez  =  secondary  voltage  at  standstill. 
mX2  =  secondary  reactance  at  standstill. 
ri  =  secondary  resistance. 
Then 

SmX2  =  secondary  reactance  at  slip  s        (361) 

\r^+  SmsX2^  =  secondary  impedance  at  slip  s      (362) 

8E2  =  secondary  voltage  at  slip  s  (363) 

5^:2 

/2  =  ^/         --  --     =  secondary  current  at  slip  s  (364) 

\r2*  +  SsmX2^ 

COS  B2  =  \\ -  =  power  factor  in  secondary  at  slips  (365) 

\r2^  +  S,,X2^ 
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The  resistance  of  the  secondary  is  small  when  compared  to  x%j 
the  reactance  at  standstill,  but  large  enough  to  make  the  reactance, 
8X2,  negUgible  near  synchronism.  It  is  therefore  evident  that 
the  secondary  current  depends  very  largely  upon  the  sUp.  Near 
synchronism  the  secondary  current  varies  directly  with  the  speed; 
and  near  standstill,  aside  from  any  changes  in  the  primary  flux, 
the  secondary  current  is  practically  independent  of  the  speed 
since  both  the  secondary  impedance  and  the  induced  secondary 
voltage  are  affected  in  the  same  proportion  by  changes  in  the 
speed.  The  secondary  current  in  Bquirrelrcage  motors  is  about 
5.5  times  as  large  at  standstill  as  at  full  load. 

(/)  Torque  in  Polyphase  Motors. — ^Torque  is  produced  by  the 
reaction  of  the  secondary  current  upon  the  primary  field.     The 


Fig.  213. 


quantitative  value  of  both  the  instantaneous  and  average  values 
depends  both  upon  the  magnitude  and  phase  relations  of  the 
current  and  field.  From  equation  (365)  the  power  factor  of  the 
secondary  circuit  depends  upon  the  slip,  being  approximately 
unity  near  synchronism  and  decreasing  with  an  increase  of  the 
slip.  The  secondary  voltage  is  in  time-phase  with  the  flux  and 
hence  both  the  time-  and  space-phase  angles  between  the  primary 
flux  and  secondary  current  increase  with  the  slip.  In  Fig.  213 
is  shown  by  the  drawn  curves  the  phase  relations  of  the  primary 
magnetic  flux,  a^i,  the  secondary  voltage,  62,  secondary  current, 
12,  and  torque,  T,  for  one  phase  of  a  two-pole  induction  motor 
under  full-load  conditions.  The  current  and  field  are  nearly  in 
time-phase  and  the  torque  curve  is  positive  except  for  a  very 
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short  time  in  each  half  cycle.    The  average  torque  produced  in 
one  phase  winding  is  the  quotient  of  the  difference  between  a 


Fig.  214. 


positive  and  a  negative  area  divided  by  the  time  of  one-half 
cycle.     The  other  phases  produce  similar  torque  curves  (broken 
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curve  in  Fig.  213),  displaced  90"*  for  two-phase  and  120®  for  three- 
phase  motors.  The  instantaneous  torque  in  both  two-phase  and 
three-phase  motors  is  constant  since  the  torque  is  a  sine  wave  of 
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double  frequency.  The  relations  of  v*i;  ««,  "h  and  torque  for 
phase  A  and  phase  B  vfith  the  motor  near  standstill  are  shown. 
in  Kg.  214.  The  secondary  current  and  primary  flux  diflfer 
in  phase  by  a  large  angle  and  therefore  the  torque  has  large 
negative  as  well  as  positive  values.  The  difference,  representing 
the  resultant  torque,  is  less  than  at  full  load  although  the  stand- 
still current  is  much  larger.  In  two- 
phase  and  three-phase  motors  the  torque 
curves  are  displaced  90°  and  120°  re- 
spectively, and  hence  produce  a  constant 
total  torque.  It  is  evident  that  while 
the  secondary  current  increases  from 
zero  at  synchronous  speed  to  a  maxi- 
mum at  standstill  the  torque  has  its 
maximum  at  a  point  between  synchro- 
nous and  standstill  conditions.  A  typ- 
ical torque  curve  for  a  squirrel-cage  in- 
duction motor  is  shown  in  Fig.  215. 

The  torque,  while  zero  at  synchronous  sp^d,  rapidly  rises 
to  a  maximum  value  with  the  increase  of  sUp,  and  then  falls  to  a 
comparatively  low  value  at  standstill.  This  decrease  is  due  to 
the  change  in  the  power  factor  in  the  secondary  circuit  as  ex- 
plained above  and  to  a  decrease  of  the  primary  field  with  the 
slip.  The  action  is  the  same  as  already  discussed  for  the  decrease 
in  secondary  voltage  for  inductive  load  in  transformers.  The 
variation  is,  however,  small  as  compared  to  the  change  in  second- 
ary current  and  power  factor,  and  will  be  neglected  in  the  pre- 
liminary discussion.  Assuming  then,  with  a  constant  impressed 
voltage  of  constant  frequency,  on  the  primary,  a  constant  pri- 
mary flux  ^1,  the  equation  for  the  torque,  Ti,  at  sUp,  «,  is: 


Fig.  216. 


Ti  =  *i/t  cos  e%  = 


^isEi 


X 


Ti 


sEiT^^] 


Vri  +  ahtl      \/r|  +  «*x|      r^  +  «»x| 


(366) 


For  variable  sUp  the  torque  is  a  maximum  when  the  rotor 
resistance  and  reactance  are  equal. 


For  maximum  torque,  r2  =  8X2 


(367) 


In  the  wound  rotor,  shown  diagrammatically  in  Fig.  216,  the 
secondary  resistance  may  be  varied  by  means  of  the  outside 
rheostat.  By  continually  keeping  the  total  resistance  in  the 
secondary  equal  to  ax^  the  same  maximiun  torque  may  be  ob- 
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tained  at  all  speeds.  A  series  of  torque  curves  for  the  wound 
jotor  motor  having  variable  secondary  resistance  is  shown  in 
Mg.  217.  From  equations  (366)  and  (367)  it  is  evident  that  all 
the  maximum  values  are  of  the  same  magnitude;  and  hence  the 
maximum  torque  is,  within  limits,  independent  of  the  secondary 
resistance.  Substituting  the  value  of  the  resistance  for  maximum 
torque  in  equation  (366) : 


r  = 


2«»a;| 


2xi 


^MB^^^—B   ^^^^__^    ^—^^^B^  p>^^^^^^  ^^— _— a^   ■  I     ■  ^J»-^»  J»^— ^"^™^ 


I 

I 


/oo    so     eo 


ra     6o    so     ^o    ^o     zo    /o      o 

FiQ.  217. — Torque — slip  curves.     Induction  motor.     Wound  rotor. 

Secondary  resistance  variable. 

From  equations  (364)  and  (367)  the  secondary  current  for  maxi- 
mum torque  is  constant  and  independent  of  the  resistance. 

8^2  %E%  Ei 

The  secondary  power  factor  for  maximum  torque  is  a  constant. 


cos  02   = 


•\/rJ  +  8^x 


2^2 


=  0.707 


(370) 


At  standstill  s  =  1,  and  hence  r2  =  x^  for  maximum  torque. 

*ii?2r2        ^lEi 


Maximum  torque  at  standstill  = 


2 


+  x\ 


2 


2r2 


(371; 


If  r2  is  less  than  X2  the  starting  torque  can  be  increased  by 
increasing   the  resistance.     The    maximum  possible  torque  is 
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i*eached  with  ra  equal  to  Xt.  Any  further  increase  of  the  resistance 
decreases  the  torque.  Load  conditions  determine  the  choice 
between  the  squirrel-cage  and  wound-rotor  types  of  induction 
motors.  As  the  cost  of  construction  of  the  squirrel-cage 
type  is  less  than  for  wound-rotor  design  the  cheaper  type  is  used 
for  all  cases  where  the  load  conditions  fall  within  the  torque- 
speed  limitations.  For  loads  having  a  large  starting  torque  the 
more  expensive  wound-rotor  type  must  be  used.  From  Fig.  217 
it  is  apparent  that  by  inserting  a  variable  resistance  in  the 
armature  circuit  the  maximum  starting  torque  can  be  made 
available  from  standstill  up  to  full  speed. 

The  running  position  curve  Ues  between  the  synchronous  speed 
and  the  maximum  point  on  the  torque  curve.  Ordinarily  the 
full  load  requires  less  than  one-third  of  the  maximum  torque. 
If  the  load  be  increased  the  speed  decreases  slightly  with  a  rapid 
increase  in  the  torque.  If  the  load  be  increased  past  the  maxi- 
mum value  of  the  torque  the  motor  stops,  or  breaks  down. 
While  an  induction  motor  will  carry  momentarily,  overloads  up 
to  the  breakdown  point,  it  can  not  do  so  continuously  without 
overheating.  For  overloads  the  efficiency  is  sUghtly  lower  and 
the  losses  are  greatly  increased,  producing  more  heat  than  can  be 
dissipated  at  safe  operating  temperatures.  As  a  consequence 
the  temperature  rises  and  if  the  excessive  overload  be  con- 
tinued the  insulation  may  be  damaged  and  the  motor  burned 
out.  For  excessive  overloads  the  rotor  temperature  may  rise 
rapidly  until  the  soldered  joints  give  way.  Motors  having  the 
copper  bars  welded  or  brazed  to  the  short-circuiting  rings  on 
the  rotor,  Fig.  222,  can  operate  at  higher  temperatures,  for  short 
periods,  without  serious  damage« 

(g)  Power  and  Efficiency. — ^The  power  output  of  the  motor  is 
proportional  to  the  product  of  the  torque  and  the  speed. 

P,  „  (1  _ ,)r  „  (i-«)«fi;»^.  (372) 

rl  +  xls^  ^      ^ 

The  power  is  a  maximum  at  a  sUp  less  than  that  at  maximum 
torque  since  it  is  the  product  of  speed  and  torque.  When  the 
speed  is  near  synchronism,  as  is  the  case  under  normal  loads,  the 
iron  losses  in  the  rotor  are  small  due  to  the  low  frequency  of  the 
secondary  currents,  and  may  be  neglected.  The  copper  losses 
in  the  secondary  are: 

,jl  .  _i^  .  £|r  (373) 

r|  +  8^x1         ^1  ^      ^ 
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The  copper  loss  is  therefore  proportional  to  the  product  of  the 
slip  and  the  torque;  or  for  a  given  torque  the  slip  is  proportional 
to  the  rotor  copper  loss  and  independent  of  the  secondary  react- 
ance. The  copper  losses  in  the  secondary  may  also  be  expressed 
in  terms  of  the  voltage,  current  and  power  factor. 

Copper  losses  in  secondary  =  sEJ[^  cos  ^2  (374) 

The  electrical  input  into  the  secondary  in  terms  of  the  second- 
ary current,  secondary  voltage  and  power  factor: 

Input  for  rotor  =  E%I^  cos  B^  (375) 

The  mechanical  output  is  equal  to  the  electrical  input  minus 
the  electrical  losses  in  the  secondary. 

Mechanical  output  »  EJ[%  cos  B2  —  8E%I^  cos  B% 

=  £2/2(1  -  8)  cos  02  (376) 

Considering  only  the  copper  losses  in  the  rotor  and  neglecting 
the  primary  losses  and  iron  losses  in  the  secondary,  a  partial 
efficiency  may  be  obtained  from  equations  (375)  and  (376). 

_  .  mechanical  output 

Approximate  efficiency  = 7 — = 7 

^^  '^  rotor  mput 

_  g  J2  (1   -  B)  cos  ^2   _   1   _  ^        ,^77v 

EJ^  cos  ^2         -  i       «     ^^^^) 

Hence  the  approximate  efficiency,  under  the  stated  restric- 
tions, is  equal  to  the  speed  in  per  cent,  of  synchronism.  However, 
to  obtain  the  actual  efficiency  of  the  motor  all  the  losses  must  be 
taken  into  account.  In  addition  to  the  copper  losses  in  the 
secondary  there  are  iron  losses  in  both  the  primary  and  secondary, 
copper  losses  in  the  primary,  rotor  windage  and  friction  losses. 
The  expression  in  equation  (377)  is  of  some  interest  as  it  shows 
that  the  actual  efficiency  must  always  be  less  than  the  speed 
expressed  in  per  cent,  of  synchronism. 

(A)  Transformer  Features  of  Polyphase  Motors. — ^After  this 
preliminary  discussion  it  is  evident  that  by  inserting  in  the 
secondary  a  resistance,  like  the  load  resistance  in  the  secondary 
of  the  transformer,  sufficient  to  consume  the  same  power  as  the 
mechanical  load,  the  circuits  for  the  induction  motor  are  the 
same  as  for  the  transformer.  The  circuit  diagram  for  one 
phase  is  shown  in  Fig.  218. 
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^1    =  impressed  voltage  on  the  primary. 

ri     =  primary  resistance. 

xi     =  primary  reactance,  due  to  the  leakage  flux. 

^21  =  equivalent  of  the  secondary  resistance  in  the  primary 
circuit. 

x%i  =  equivalent  of  the  secondary  reactance  in  the  primary 
circuit  due  to  leakage  flux. 

rji  =  equivalent  load  resistance.  This  is  assumed  to  be  of 
such  magnitude  as  to  make  rzJh  equal  to  the  mechan- 
ical load. 

E21  =  equivalent  of  secondary  voltage. 

/i     =  primary  current. 
nJ      =  magnetizing  current. 

/21  =  equivalent  of  secondary  current. 
^g      =  conductance  for  «J. 
J>      =  susceptance  for,«J. 

The  magnetizing  current  is  much  larger  in  the  induction  motor 
than  in  a  transformer  of  like  capacity,  due  to  the  larger  leakage 
flux  caused  by  the  air  gap  in  the  magnetic  circuit.  With  the 
rotor  at  synchronous  speed  the  total  current  flowing  in  the  pri- 
mary is  the  magnetizing  current. 


ml   =    mgEii  —  jmhE21 


(378) 


The  component  taken  by  the  conductance,  mQ,  represents  the  part 
supplying  the  core  losses  and  is  in  time  phase  with  the  voltage, 
while  the  exciting  current  is 


n 


tvwvoro 


'i/ 


2.r 


in  time  quadrature  with  the 
voltage  and  in  the  diagram 
is  indicated  by  the  suscep- 
tance, M^*  On  account  of  the 
air  gap  between  the  stator  and 
rotor  the  magnetic  leakage 
is  much  larger  in  the  induc- 
tion motor  than  in  the  trans- 
former. The  secondary  reactance  is  proportional  to  the  fre- 
quency of  the  secondary  current,  hence  to  the  slip,  and  it  there- 
fore varies  with  the  load.  As  the  slip,  under  operating  conditions 
of  squirrel-cage  induction  motors,  is  only  a  small  per  cent,  of  the 
speed,  the  reactance  of  the  secondary  is  necessarily  small  as 
compared  to  the  reactance  of  the  primary.    It  may  therefore 


Fig.  218. 
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be  assumed  that  the  equivalent  total  reactance  for  both  stator 
and  rotor  is  a  constant. and  equal  to  Zi  +  Xn.  By  moving  the 
magnetizing  current  circuit  from  the  position  between  the 
primary  and  secondary  to  the  position  shown  in  Fig.  219  the 
solution  of  the  problem  is  greatly  simplified.  The  errors  intro- 
duced in  the  calculations  by  this  change  are  negUgible. 

In  the  equivalent  circuit  diagram.  Fig.  218,  Ei,  ri,  xi,  rji,  Xn, 

tnQy  Jb  and  »/  are  constant. 
^VWVffp^>^^  The    load    resistance,   r„, 

varies  and  consequently, 
likewise  /i  and  /21.  The 
simplified  equivalent  cir- 
cuit diagram  in  Fig.  219 
gives  a  very  close  approxi- 
mation of  the  actual  con- 
ditions. 


Izf 


Fig.  219. 


The  symbolic  equations  for  the  circuit  in  Fig.  219  are: 
J    =  n^gEx  -  jJ)Ei 

Ix     =    m/  +  /2I 

El  =  (ri  +  r2i  +  r8i)/2i  +  3{xi  +  rc«i)  Ai 


(379) 
(380) 
(381) 

(t)  The  Circle  Diagram  for  Polyphase  Motors. — An  induction 
motor  with  a  variable  load  is  equivalent  to  a  circuit  having 
constant  reactance  and  variable  resistance  as  in  Figs.  76  and  77; 
hence  for  variable  load  the  locus  for  /21  is  a  circle  and  the  com- 
plete performance  of  the  polyphase  induction  motor  may  be 
derived  from  the  circle  diagram.  This  can  best  be  illustrated  by 
describing  a  common  commercial  test  on  induction  motors.  Two 
sets  of  readings  are  required. 

(1)  At  no  load,  corresponding  to  open  secondary  on  a  trans- 
former. 

(2)  Rotor  locked,  corresponding  to  short-circuit  conditions  for 
a  transformer. 

(1)  At  No  Load. — The  rated  voltage  is  applied  to  the  terminals 
and  readings  taken  of  current  and  power  input.  The  ammeter 
gives  the  magnetizing  current,  J[,  and  the  wattmeter  the  core 
losses,  windage  and  friction.  The  losses  due  to  windage  and 
friction  are  small;  so  the  power  indicated  by  the  wattmeter 
may  be  considered  as  due  to  conductance  in  the  magnetizing 
circuit  as  shown  in  Fig.  219.  The  magnetizing  current  has 
therefore  components  in  time  phase  and  time  quadrature  with  the. 
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voltage  and  their  magnitudes  are  determined  by  the  amperes, 
volts  and  watts  taken  at  no  load. 

(2)  At  Standstill, — ^Por  the  second  set  of  readings  the  rotor 
is  clamped  and  sufficient  voltage  applied  to  give  about  twice  the 
full-load  ciirrent  in  the  primary.  Readings  are  taken  to  obtain 
the  volts,  amperes  and  watts.  At  standstill  the  rotor  current  is 
very  nearly  directly  proportional  to  the  impressed  voltage  and 
hence  the  value  of  the  equivalent  current  in  the  primary  at  the 
rated  voltage  of  the  motor  is  found  by  multiplying  the  observed 
value  by  the  voltage  ratio.  Let  „/2i  be  the  equivalent  secondary 
current  in  the  primary  at  standstill  and  at  the  rated  voltage  of 

the  motor. 

El 
••-^"i  =  ^    ■   ^     (approximately)  .     (382) 

The  wattmeter  reading  represents  the  copper  loss  (ri  +  r  ji)„/»i* 
and  hence  is  proportional  to  the  square  of  the  current. 

From  the  two  sets  of  readings,  quantitative  values  are  obtained 
for  the  power  and  reactive  components  of  the  currents  at  no  load 
and  at  standstill,  and  from  these  data  the  constant  and  variable 
losses  may  be  calculated. 
At  no  load: 

ml     =    mgEl   —  jmhEi, 

aJ    =  magnetizing  current. 
mgEi  =s  power  component,  due  to  core  loss,  windage  and  fric- 
tion; the  constant  losses  in  the  motor. 
JbEi  «=  reactive  component  providing  the  revolving  field. 

At  standstill: 

Ji  -  Ug  +  mg)Ei  -  j(J>  +  J))Ei     ,  (384) 

bJi  ~  current  at  standstill  in  the  primary. 
•tgEi  »  power  component,  due  to  copper  losses  in  stator  and 

rotor;  the  variable  losses  in  the  motor. 
sjbEi  »  reactive  components,  due  to  leakage  flux,  or  the  stator 
and  rotor  reactance. 
From  these  data  the  circle  diagram  may  be  constructed  as  in 
Fig.  220. 

El  a  constant  impressed  voltage,  drawn  from  M  along  the 
F-axis. 
MN  »  mgEi,  in  time  phase  with  the  voltage. 
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NO  =  jmhEi,  in  time  quadrature  ^th  the  voltage. 
Hence 
M0  = 

05  = 

Hence 
MQ  = 


mif  the  magnetizing  current. 

j»J)Ei,  in  time  quadrature  with  the  voltage. 

ugEiy  in  time  phase  with  the  voltage. 

gJif  the  primary  current  at  standstill. 

M/2iy  the  equivalent  secondary  current  at  standstill. 


With  the  center  on  the  line  NO  extended,  draw  the  circle 
OPQV  passing  through  the  points  0  and  Q. 

Divide  the  line  QS  at  G  so  that  QG  and  GS  are  in  the  same  ratio 
as  the  secondary  and  primary  copper  losses.     Connect  0  and  G. 

The  complete  performance  of  the  motor  may  be  determined 
from  the  diagram.  Fig.  220.     Since  the  circle  is  the  locus  of  the 


^  ' '  ■  ■  I  '  '  ■  ■  I  I  I  1  I 

'    c  so  ^X  /CO        /SO 

Fig.  220. — Circle  diagram  for  polyphase  induction  motor. 

secondary  current,  for  any  point  P  the  following  values  are 
given  directly  from  the  diagram: 

PM  =  /i,  the  primary  current. 
PO  =  Jji,  the  secondary  current. 
MO  s=  ,jr,  the  magnetizing  current. 

If  the  quantities  in  the  circle  diagram  represent  values  per 
phase,  the  corresponding  quantities  for  the  motor  should  be 
multiplied  by  n,  the  number  of  phases. 

PL  =    flfiBi;  nEiiPL)     ==  input  in  watts. 
MN  =    mgEi;  nEi(MN)  «  core  loss,  windage  and  friction. 
HK  =  t»giEi;  nEi{KH)   =  primary  copper  losses. 
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FH  =  9tgiEi;  nEi{HF)    «  secondary  copper  loss. 

FP  =    QzEi;  nEi(FP)     =  mechanical  load,  or  output  in  watts. 


PL 
Power  factor  =  cos  (EMP)  ^-pjuf 

PF 
Efficiency  =  -pj 

_    rotor  loss    _  FH_ 
^  ~"  rotor  input  ""  PH 

Torque  (in  kg.  at  1  meter  radius)  =  7r-/n  or^^x  /  x 

27r(9.806)  (r.p.m.) 

rn  r    lu     *  1  **       A'    \       ngi  {PF)  33,000 

Torque  (m  lb.  at  1  ft.  radius)  =  s-t^tT/-^  / ^ 

^      ^  ^       2ir(746)  (r.p.m.) 


nEiiPF) 


(3.85) 


(386) 
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Fig.  221. — Performance  curves  for  a  3-^  induction  motor. 


A  convenient  way  of  expressing  torque  is  in  terras  of  st/n- 
chronaus  watts  or  synchronous  horsepower^  which  is  the  power 
that  is  developed  by  the  torque  at  synchronous  speed. 

Torque  (in  synchronous  watts)  ==  nEi(PH) 


rrt  /.  1  1  \       nEiiPH) 

Torque  (m  synchronous  horsepower)  =  — =7^ — - 


(390) 
(391) 


Torque  (in  ft.  lbs.)  =  nEiiPH) 


7.04 


syn.  r.p.m. 
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The  maximum  power  output  of  the  motor  is  found  from  the 
circle  diagram  by  taking  P  at  the  point  of  tangency  of  a 
straight  line  tangent  to  the  circle  and  parallel  to  OQ.  The  value 
of  the  losses,  efficiency,  power  factor,  torque,  etc.,  at  maximum 
output  may  be  found  for  the  given  position  of  P  in  the  aame 
manner  as  above.  Complete  performance  curves  for  the  motor 
may  be  developed  by  plotting  the  values  for  a  succession  of  posi- 
tions of  the  point  P  on  the  circle  diagram  as  in  Fig,  221, 

(j)  The  Revolving  Field  of  a  Single-phase  Induction  Motor.— 
In  order  to  produce  a  revolving  field  two  alternating-current 


circuits  differing  both  in  time  and  space  phase  are  required. 
In  the  single-phase  motor  only  one  of  the  component  fields  can 
be  supplied  directly  from  the  mains.  The  single-phase  current 
coming  from  the  mains  passes  through  the  stator  winding  and 
produces  a  magnetic  field  at  right  angles  to  the  plane  of  the  coil. 
This  flux,  known  as  the  transformer  field  varies  with  the  current 
from  a  maximum  in  the  positive  to  an  equal  maximum  in  the 
negative  direction.  This  is  shown  diagrammatically  in  Fig.  223. 
Throughout  the  whole  cycle  the  direction  of  the  flux  is  always  in 
the  up  or  down  direction  in  the  figure.  With  the  rotor  at  stand- 
still this  is  the  only  flux  in  the  motor.    In  Fig,  225  is  shown  the 
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vector  diagram  with  the  instantaneous  values  as  the  projections 
on  the  y-axis.  The  pulsationa  of  the  transformer  flux,  "*, 
generate  a  voltage  and  this  in  turn  produces  cuirentB  in  the  rotor 
conductors  in  the  region  marked  AA'  in  Figs.  223  and  224.    The 


maximum   volti^e   is   induced   by   transformer  action   in   the 
conductors  at  AA'  and  no  voltage  at  BB'. 
With  the  rotor  in  motion  the  conductors 
at     BB'     cut     the     tranaformer     flux    and 
thereby   generate    a    voltage    in    the    con-  ^ 
ductors  in  the  r^on  BB'.    The  resiilting 
current    in    BB'    creates    a   field    at    right 
angles  to  BB'  as  shown  in  Fig.  224.    This 
field,  due  to  the  rotation  of  the  rotor,  is 
known   as   the  speed  field.    From  Figs.  223 
and  224  it  is  seen  that  the  transformer  field  'q  ' 
and    »peed    field    are   in    space    gtiadralure. 
The     voltgae     induced     at    AA' 
transformer    action    is    in    time   quadrature  tio"  motor  at  etand- 
witb  the  flux  in  the  transformer  field.     The 
maximum    voltage    generated    in    BB'    due 
to    rotation    is    necessarily   coincident    with    the    maximum 
strength    of    the    transformer    flux.     As    the    maximum    rate 
of    cuttit^     lines     of     force    in    the    speed    field    must    be 
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coincident  with  the  maximum  voltage,  the  speed  field  is  in  time 
quadraiure  with  the  transformer  field.  Hence  the  two  fields  are 
in  9j>ace  and  time  quadrature  and  combined  produce  a  revolving 


FiQ.  226. — Revolving  field,  l-<^  induction  motor.     Speed  below  synchronism. 

field.     This  is  shown  graphically  in  Figs.  226,  227  and  228.    By 
drawing  the  rotating  vectors  "t^  and  ^f>,  representing  the  maxi- 


FiG.  227. — Revolving  field,  l-<^  induction  motor.     Synchronous  speed. 

mum  values  of  the  transformer  and  speed  fields,  along  the  same 
line  the  diagram  correctly  expresses  both  the  time  phase  and 
space  phase  relations  if  the  projections  of  *{*  along  the  y-axis, 
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and  of  «#  along  the  X-axis,  represent  the  instantaneous  values 
of  the  two  fields.  If  the  speed  is  less  than  synchronous 
the  speed  flux,  a^,  is  less  than  the  transformer  flux,  ^#,  and  the 
resulting  locus  of  the  revolving  field,  h-,0,  is  an  ellipse  with  the 
major  axis  as  shown  in  Fig.  226.  At  synchronous  speed  the 
two  fields  are  of  equal  magnitude  and  each  equal  to  the  resultant 
revolving  field. 

*;*  =  "^  =  tjf»4>  (at  synchronous  speed)     (392) 

The  revolving  field  is  constant  and  its  locus  a  circle  as  in  Fig. 
227.     By  increasing  the  speed  of  the  rotor  above  synchronism 


Fia.  228. — Revolving  field,  1-^  induction  motor.     Speed  above  synchronism. 

the  speed  field  becomes  stronger  than  the  transformer  field  and 
the  locus  of  the  revolving  field  again  becomes  an  ellipse  with 
the  major  axis  along  the  speed  field  as  shown  in  Fig.  228. 

Again  referring  to  Figs.  223  and  224  it  is  evident  that  voltage 
is  produced  in  the  rotor  conductors  by  two  methods: 

1.  By  transformer  action;  that  is,  the  Unes  of  force  produced 
by  the  primary  current  cut  the  rotor  conductors. 

2.  By  the  conductors  cutting  Unes  of  force  due  to  the  rotation 
of  the  rotor. 

In  the  conductors  at  A  A'  voltage  is  generated:  first,  by  the 
pulsation  of  the  transformer  field;  and  second,  by  the  cutting 
of  the  speed  flux  by  the  rotation  of  the  rotor.  Likewise  in  the 
conductors  at  BB'  voltage  is  generated:  first,  by  the  cutting  of 
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the  transformer  flux;  and  second,  by  the  pulsation  of  the  speed 
field. 


tbEa    — 

hEb  = 

P^Eb    = 


voltage  in  AA'  due  to  pulsation  of  transformer  field, 
voltage  in  A  A'  due  to  rotor  cutting  speed  field, 
voltage  in  BB'  due  to  rotor  cutting  transformer  field, 
voltage  in  BB'  due  to  pulsation  of  speed  field. 


By  noting  the  direction  of  the  motion  of  the  rotor  conductors 
and  also  of  the  magnetic  fluxes  in  the  fields  at  any  instant  it  is 


U 


i 


FiQ.  230. 

seen  that  the  voltage  induced  at  AA\  and  likewise  at  BB'j 
by  pulsation  of  one  field  is  opposed  by  the  voltage  induced  by 
rotation  of  the  rotor.  At  synchronous  speed  the  pairs  of  voltages 
are  equal  and  a  balanced  condition  exists.  At  any  speed  below 
synchronism  the  difference  in  the  opposing  voltages  causes  a 
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current  to  flow  in  the  conductors  AA'  and  BB\    The  phase  rela- 
tions are  shown  in  Fig.  229  for  AA^  and  in  Fig.  230  for  BB\ 

The  magnetizing  currents  are  shown  as  separate  vectors  to 
indicate  the  similarity  of  the  action  to  that  in  the  transformer  and 
polyphase  induction  motor.     Also  the  leakage  or  reactance,  in 


-T^wvTnnnrrWvvwoiRjDv 


Fig.  231. — Diagrammatic   representation   of  circuits   in   a    1-^  induction 

motor. 

each  circuit  is  omitted.  By  comparing  Figs.  223,  224,  229  and 
230  it  is  seen  that  I  a  and  ,*#,  and  Ukewise  Ib  and  ^#  are  both 
in  time-phase  and  space-phase.  Hence  there  is  a  reaction  or 
torque  produced  both  at  A  A'  and  BB'  when  the  rotor  is  in  motion. 
At  standstill  ^^  equals  zero  and  hence  Ib  is  also  zero,  and  no 
torque  is  produced.  Hence  the  single-phase  induction  motor  has 
no  starting  torque  and  must  be  brought  up  to  speed  by  means  of 
special  devices. 


AA/WVQVff 


Tzi 


FiQ.  232. — Representation  of  approximately  equivalent  circuits  of  a  1-^ 

induction  motor. 

Circuit  diagrams  similar  to  the  polyphase  motor  and  trans- 
former may  be  drawn  for  the  single-phase  induction  motor.  In 
Fig.  231  is  shown  the  circuit  diagrams  representing  the  equivalent 
conditions  of  the  single-phase  motor.  The  transformer  and 
speed  fields  require  separate  magnetizing  currents  as  shown  in 
the  diagram.  By  modifying  the  diagram  into  the  approximately 
equivalent  arrangement  of  Fig.  232  the  solution  of  the  problem  is 
greatly  simplified  while  the  errors  introduced  are  relatively  small. 

Mil  is  the  magnetizing  current  for  the  transformer  field  and 
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has  components  mtO^i  ui  time-phase  and  mJbEi  in  time-quad- 
rature with  the  voltage. 

Similarly  p^I  is  the  magnetizing  current  for  the  speed  field 
and  has  components  m^gEi  and  mJ>Ei  in  time-phase  and  in  time- 
quadrature  respectively  with  the  voltage.  With  the  same 
notation  as  used  in  the  polyphase  equivalent  circuit  diagrams  the 
symbolic  equations  for  the  equivalent  circuits  in  Fig.  232  are: 

^t  =  ^gEi  -  j^Ei  (393) 

«./  =  n^gEi  -  j^b6i  (394) 

Ii  =  ^t  +  ^i  +  hi  (395) 

El  =  (ri  +  r,  +  u)hi  +  j(xi  +  X2)t2i  (396) 

(A;)  The  Circle  Diagram  for  Single-phase  Induction  Motors. — 
In  the  circuit  in  Fig.  232  the  only  variable  is  the  load  resistance, 


/0^- 


M  '  '  <  I  '  '  '  ■  I  ■  '  '  '  I 

^  ^o  /«o  7&0 

Fig.  233. — Circle-diagram  for  1-^  induction  motor. 

fa.  Hence  the  locus  of  the  load  current,  /21,  is  a  circle  and  the 
performance  curves  of  the  single-phase  motor  may  be  derived 
from  circle  diagram  in  Fig.  233. 

With  the  motor  running  at  synchronous  speed  the  current  in 
the  primary  is  the  vector  sum  of  the  magnetizing  currents 
for  the  transformer  and  speed  fields.  In  the  diagram  the  power 
component  at  synchronous  speed  is  represented  by  MN,  and  the 
reactive  component  by  NO.  The  total  magnetizing  current  is 
therefore  MO  which  is  the  vector  resultant  of  the  magnetizing 
currents  for  the  transformer  and  speed  fields.  For  convenience 
the  two  component  currents  are  shown  as  in  phase  and  hence 
MO  as  the  arithmetic  sum.     For  actual  machines  this  need  not 


INDUCTION  MOTORS  197 

be  the  case.  Let  MO  be  divided  at  R  so  that  MR  represents 
the  magnetizing  current,  «,//>  for  the  transformer  field,  and  RO 
the  similar  current,  mJ^  for  the  speed  field.  With  the  rotor 
locked,  the  power  component  is  represented  by  Qr  and  the 
reactive  component  by  MT.  The  circle,  diagram  is  then  con- 
structed by  drawing  a  circle  through  0  and  Q  with  its  center  on 
NO  produced,  as  in  Fig.  233.  It  is  often  inconvenient  to 
obtain  the  low  voltage  required  for  the  locked  rotor  readings. 
As  the  center  of  the  circle  diagram  must  be  in  the  line  OV^ 
the  locus  may  be  determined  by  finding  the  point  P  for  any 
convenient  load.  A  perpendicular  from  the  middle  point  of  the 
line  joining  0  and  P  intersects  the  Une  OV  at  the  center  of 
the  required  circle  OPV. 

The  complex  equations  are,  at  no  load  and  synchronous  speed: 

J   =    Ug  +  m.g)Ei  -  j{nJ)  +  m,&)i^l  (397) 

ml  =  total  primary  current,  at  no  load. 

(wug  +  mtg)Ex  —  power  component  due  to  core  loss  in  both 

the  transformer  and  speed  fields. 

iwJ>  +  •m6)-Ei  =  reactive  component,  or  exciting  component, 

for  both  the  transformer  and  speed  fields. 

Similarly  at  standstill: 

Ji  =  Ug  +  ..gi  +  ..(72)^1  -  Kmib  +  „&i  +  MEi  (398) 

«t(7i^i  =  power   component   due  to   copper  losses  in 

stator. 
•tgzEi  =  power  component  due  to   copper  losses  in 

rotor. 
(••6i  +  •J>i)Ei  —  reactive  component  due  to  leakage  or  stator 

and  rotor  reactance. 

It  should  be  noted  that  the  current  at  standstill  does  not 
contain  the  magnetizing  current  for  tjie  speed  field.  -  In  con- 
structing the  circle  diagram  this  error  is  neglected  and  the 
construction  made  as  if  the  power  component  of  the  current  at 
standstill  were  due  to  the  total  losses  in  the  motor  while  running. 

After  the  circular  locus  of  the  current  is  found,  complete 
performance  curves  may  be  determined  directly  from  the  circle 
diagram. 
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El  —  impressed  voltage. 

MN  =  («H7  +  ~ff)^i 
NO  =  jUb  +  Jb)&i 

MO  ==  »,/  +  «./  =  «/ 

OS  =  j.^£i 

QS  —  ttgEif  power  component  due  to  total  copper  losses 
at  standstill. 

QG  —  component  due  to  rotor  copper  losses  at  standstill. 

SG  =  component  due  to  stator  copper  losses  at  stand- 
still. 

From  any  point  P  on  the  circle  draw  PL,  PM,  PR  and  PO,  and 
connect  OQ  and  OG,    Then  from  the  diagram: 

PL  =  giEi]  hence  Ei(PL)  =  input  in  watts. 
MN  =  {mtg  +  m*g)Ei;  hence  Ei(MN)  =  core  loss  windage 

and  friction. 
HK  =  mQiEi;  hence  Ei{HK)  —  stator  copper  loss. 
FH  =  BiQiEi;  hence  Ei{FH)  —  rotor  copper  loss. 
El  X  PH  =  total  input  to  the  rotor,  not  including  speed  field 

excitation  loss. 
FP  =  QiEi]  hence  Ei(FP)  =  mechanical  load  or  output 
in  watts. 
EiX  FL  =  (m«g  +  m^  +  „gi  +  „gi)Ei^  =  total  losses  in  ma- 
chine. 

PL 
Power  factor  =  pi>  (399) 

PF 

Efficiency    =  pj-^  (400) 

In  the  polyphase  motor  the  torque  was  taken  directly  from 
the  diagram  and  when  expressed  in  terms  of  synchronous  watts 
was  found  to  be  equal  to  the  rotor  input.  It  must  be  noted  that 
while  in  the  polyphase  motor  the  fields  produced  by  both  phases 
are  always  equal  at  any  rotor  speed,  in  the  single-phase  motor 
the  speed  field  varies  directly  with  the  speed  as  indicated,  by 
the  elliptical  locus  of  the  revolving  field,  shown  in  Figs.  226  and 
228.  As  the  strength  of  the  speed  field  is  one  of  the  torque 
factors,  then  torque  must  vary  with  the  speed. 

m  '  rotor  speed        /^^  \  /t^ttx 

Toroue  in  synchronous   watts  =  ^^^^,^^^f^^^  (^x)  (PH) 

(401) 
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Torque  is  also  equal  to  the  output  divided  by  the  speed. 

Hence  torque  in  synchronous  watts  « 

gi(PJ^) "synchronous  speed 

rotor  speed  ^      ^ 

From  (401)  and  (402) : 

rotor  speed         ^   /PF\  ^ 
synchronous  speed       \PH/  ^      ^ 

Substituting  this  value  in  equation  (401) : 


Torque  =«  Ei  y/{PF)  (PH),  in  synchronous  watts         (404) 

(0  Equivalent  Single-phase  Values. — For  convenience  in 
solving  numerical  problems  in  polyphase  systems,  equivalent 
eingle-phase  values  for  the  current  and  the  resistance  are  often 
used.  By  the  equivalent  single-phase  current  is  understood  that 
current  which  transmits  the  same  power  in  a  single-phase  system 
with  the  voltage  between  mains  the  same  as  in  the  corresponding 
polyphase  systems.  Similarly,  the  equivalent  single-phase  resist- 
ance gives  the  same  heat  losses  in  the  single-phase  circuit 
with  the  equivalent  single-^hase  current  as  is  dissipated  in  the 
corresponding  polyphase  system. 

Let  /a  =  current  in  one  of  the  mains  of  a  balanced  two-phase 

four-wire  system. 
r%  =  resistance  in  either  phase  of  the  two-phase,  four- wire 

system. 
7s  =  current  in  one  of  the  mains  of  a  balanced  three-phase 

three-wire  system. 
rt  »  resistance  of  one  phase  (between  terminals  or  mains) 

of  the  three-phase,  three-wire  system. 
/i  =  equivalent  single-phase  current. 
r\  =  equivalent  single-phase  resistance. 

For  two-phase,  four-wire  systems: 

h  =  2U  (405) 

ri  =  i  r,.  (406) 

For  three-phase,  three-wire  systems,  either  A  or  F: 

/i  «  V3/,  (407) 

n  -  J  r,  (408) 
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(m)  Performance  Curves  by  One  Wattmeter^  and  Voltmeter. — 

The  performance  curves  of  an  induction  motor  may  be  cal- 
culated from  data  giving  the  primary  and  secondary  resistances 
and  the  voltmeter  and  wattmeter  input  readings  from  no  load 
to  full  load.  The  primary  resistance  is  usually  determined 
by  direct-current  methods  and  the  secondary  resistance  from 
standstill  data.  These  are  obtained  by  clamping  the  rotor 
and  impressing  a  sufficient  voltage  on  the  motor  terminals  to 
send  approximately  full-load  current  through  the  stator  circuit. 
Under  these  conditions  the  input  may  be  considered  as  equal  to 
the  primary  and  secondary  copper  losses,  and  the  equivalent 


Fia.  234. 


secondary  resistance  may  be  calculated.  By  taking  voltmeter 
and  wattmeter  input  readings  for  various  loads,  all  the  required 
points  for  determining  the  performance  curves  may  be  cal- 
culated. In  three-phase  circuits  the  readings  of  Wi  and  TTj 
may  be  obtained  by  means  of  one  wattmeter  by  changing  the 
voltage  connection  as  shown  in  Fig.  234. 

The  method  is  best  shown  by  an  example  with  the  calculations 
arranged  in  tabular  form  as  in  Table  IV. 

The  equivalent  resistance  ri  =  0.23  ohm.  and  r2  =  0.30  ohm. 
The  observed  input  data  are  given  in  columns  1,  2  and  3.  The 
method  for  finding  the  calculated  quantities  is  indicated  at  the 
top  of  each  column.  The  corresponding  performance  curves  are 
shown  in  Fig.  235. 

The  same  method  is  applied  to  a  single-phase  motor  in  Table 
V.  The  observed  data  are  given  in  columns  1,  2  and  3  and  the 
calculated  values  are  derived  as  indicated  at  the  top  of  each 
column.    The  performance  curves  are  plotted  in  rectangular 

^  McAllister,  "Alternating-current  Motors,"  p.  25. 


INDUCTION  MOTORS 


201 


CO 


c< 


00 


to 


eo 


C9 


^^  S  o  o 


o|S§8 


2& 


SIS-i 


a)  aw 


t* 
t* 


b- 
h. 


h- 

b- 


h- 
h- 


r^ 
r^ 


t* 
h. 


h- 
h- 


04 


5£ 


^ 


91^^ 


(8)  -  CZ) 


o 

r* 

C4 

to 

t* 

o 

00 

o 

s 

<0 

g 

00 

o 

iO 


s 


00 


00 


ff 


C4 


cq 


N 


C4 


S 


04 


S 


00 

to 

o 

o 

IO 

c« 

s 

s 

•5 

a» 

M 

r^ 

■* 

« 

w 

lO 

f-( 

«o 

a» 

CO 

fH 

OS 

*H 

C4 

9 


IO 


s 

00 

o 

ss 

s 

lO 

s 

s 

3 

o 

•H 

IO 

»H 

CO 

vH 

•-• 

vH 

01 

^ 

to 

.04 

s 


s 


;s 

s 

s 

? 

n 

S 

$ 

S 

3 

«o 

t> 

00 

OS 

o 

*H 

04 

CO 

"* 

1-4 

IH 

•-• 

IH 

*H 

o 

fH 


eo 

04 


lO 
04 


s 


IO 


04 

9 


3 


3 


<o 

CO 
00 


O 
CO 


00 

o 

CD 


to 


00 


04 


s 


IO 

to 


CO 


00 


s 


CD 


CD 


04 


00 


o 


CD 

»^ 
00 


3 


lb 

CO 

^s 

lb 

I? 

2) 

^ 

^ 

^ 

s 

o 

o 

o 

o 

o 

0 

o 

o 

o 

at 

OS 

a» 

•O 

f4 

h- 

to 

04 

00 

t^ 

to 

■^ 

"* 

"^ 

eo 

CO 

CO 

04 

00 

O 

04 


O 

;3: 


04 

CO 


04 

00 


00 
04 

o 


CO 


IO 


04 
lO 

lO 


s 

"* 


IO 

2 


s 

CO 


i 


3 

In. 


S 


IO 


CO 


o 
o 


s 


IO 

€0 


IO 


IO 

CO 


>o 

00 


to 


04 


lO 
CO 


s 

CO 
04 


s 

s 

s 

o 

^ 

o 

1 

o 

s 

s 

04 

5 

rH 

CO 

r* 

CO 

t» 

o> 

1 

+ 

to 

04 

g 

S 

g 

s 

9 

lO 

»o 

s 

3 

-* 

CO 

00 

a» 

*H 

CO 
00 

to 

I* 

O 

IO 

o 

o 

t* 

o 

o 

IO 

s 

^ 

3 

iH 

iH 

s 

3 

CO 

o 

s 

w^ 

04 

o 

*H 

04 

O 

E 


X 


a 

o 

04 

O 

I 


202 


ALTERNATING  CURRENTS 


00 
e>4 


U3 
C4 


e$ 


CO 


C4 


CI 


s 


00 


i4& 


a 


a 


» 


08 


I  'd  dS*e 


00 


c   8 


00 


K|2 


«o  O  — -c 


o 

8 


r* 

!>• 

fH 

CD 

a» 

« 

t<. 

iO 

s 

S: 

h- 

o 

S 

a» 

s 

s 

QO 


Ok 


o 

d 


CO 

s 


kO 


In. 


at 


% 


3 


CO 

i 


s 


§ 


s 


CO 

o 


CO 
04 


09 

CO 


s 

r* 


C4 

s 


04 


«D 
OB 


C4 


a» 


04 


So 


0« 


s 


« 

^ 

•o 

o 

s 

04 

CO 

o 

1^ 

o 

o 

s 

s 

O 

o 

o 

o 

o 

3 

O 


00 


^ 


O) 


O 


o 
d 


to 


^ 


§ 

d 


CO 

o 


00 


00 


04 


lo 


d 


CO 


o 


CO 


CO 


s 


'^ 


«D 


o 

In. 


S 


s 


§i 


0« 

9 


04 


•o 


U5 


s 


CO 

04 


s 

1* 

04 

01 

$ 

s; 

04 

CO 

s 

s 

3 

o 

■^ 

1* 

a» 

fH 

CO 

•o 

h- 

S 

f-l 

IH 

1-1 

1^ 

s 


s 

s 

s 

04 

s 

S 

?: 

o 

IH 

CO 

CO 

"* 

lO 

<D 

<o 

t* 

o 


t* 

o 

04 

3 

1* 

04 

t* 

CD 

CO 

00 

-f 

^H 

S 

o 

00 

"* 

!«• 

a» 

fH 

CO 

t* 

a» 

•H 

* 
1^ 

i-< 

•H 

•H 

o 

•H 

CO 
04 


»o 


CO 

04 

00 

3 

s 

S 

00 
OS 

04 

04 

04 

04 

04 

04 

04 

CO 

CO 


INDUCTION  MOTORS 


203 


coordinates,  in  Fig.  236.     The  simplicity  of  the  experimental 
part  of  this  method  is  apparent. 

(n)  Starttng  Single-phase  Induction  Motors. — The  single- 
phase  induction  motor  has  no  starting  torque,  and  hence  some 
other  means  must  be  provided  to  bring  the  machine  up  to  speed. 
It  is  evident  that  for  commercial  purposes  it  is  desirable  to  make 
the  machine  self-starting.     Hence  the  starting  device  is  part  of 
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Fia.  235. — Performance  curves  of  a  110-volt,  3-^,  60-cycle,  3-h.p.,  induction 

motor. 

the  machine  and  its  action  should  be  automatic.  Some  small 
motors  are  started  by  hand  and  have  no  self-starting  arrange- 
ment. These  are,  however,  unimportant  exceptions.  Of  the 
automatic  devices  in  commercial  use,  the  repulsion  motor,  split- 
phase  and  shading  coils  are  in  general  use. 

Repulsion  Motor  Starting. — The  repulsion  motor  is  described 
in  Chap.  XVII,  In  order  to  make  available  the  high  starting 
torque  of  the  repulsion  motor  for  bringing  the  induction  motor 
up  to  speed,  a  wound  armature  with  a  commutator  like  that  of  a 
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direct-current  motor  is  required.  The  armature  winding  is 
short-circuited  through  a  pair  of  brushes  and  the  position  of 
the  brushes,  relative  to  the  field,  determines  the  direction  of 
rotation  and  the  magnitude  of  the  torque  and  starting  current. 
When  the  motor  reaches  full  speed  the  brushes  are  automatically 
removed  from  the  commutator  and  simultaneously  all  the 
commutator  bars  are  short-circuited,  thus  converting  the 
repulsion    motor   to    a  squirrel-cage  induction  motor  at  full 


J.  o  ot^ft  ^u^  ^.o  /^T  /  y /?  jtd 


Fig.  236. — Performance  curves  of  a  104-volt,  1-^,  60-cycle,  5-h.p.,  induction 

motor. 

speed.  Except  for  small  motors  this  method  of  starting  is 
the  best.  The  wound  rotor  and  commutator  with  the  auto- 
matic device  for  converting  the  winding  at  full  speed  to  the 
squirrel-cage  type  greatly  increase  the  cost  of  manufacture  of 
single-phase  induction  motors  as  compared  to  polyphase  motors 
of  the  same  rating.  The  ideal  simpUcity  of  the  polyphase 
induction  motor  is  lost  in  providing  a  starting  torque,  and  more 
care  is  required  in  operating  single-phase  motors. 


INDUCTION  MOTORS 


207 


Split-phase, — The  requirement  of  two  magnetic  fields  diflfering 
both  in  time  and  space  phase  for  producing  a  revolving  field, 
may  be  provided  ifrom  a  single-phase  circuit  by  means  of  the 
split-phase  device.  It  consists  essentially  of  two  parallel 
circuits,  as  shown  in  Figs.  237  and  238,  one  of  which,  B,  has 
resistance  and  the  other.  A,  either  inductive  or  condensive 
reactance.  As  the  current  is  in  phase  with  the  voltage  in  circuit 
B,  and  either  lags  or  leads  in  circuit  A,  the  fields  of  magnetic 
flux  are  similarly  out  of  phase.  Hence  by  connecting  the 
two  circuits  to  findings  differing  in  space  phase  the  desired 
revolving  field  is  obtained  at  standstill  and  consequently 
the  required  starting  torque.  Due  to  high  first  cost  and  to 
excessive  maintenance,  condensive  reactance  devices  are  not  in 
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Fig.  237. 


Fia.  238. 


commercial  use.  The  inductive  reactance  produces  a  low 
power  factor  on  the  line  and  gives  only  a  weak  starting  torque, 
and  hence  is  undesirable  except  for  small  motors.  The  split- 
phase  device,  using  an  inductive  reactance,  has  a  low  first  cost 
and  small  maintenance.  It  is  used  extensively  for  small  motors 
requiring  only  a  small  starting  torque. 

Shading  Coil. — Another  device  frequently  used  on  small 
fan  motors  is  the  shading  coil.  The  motor  field  has  sahent 
poles  like  a  direct-current  motor  but  made  of  laminated 
iron.  Each  pole  is  divided  into  two  unequal  parts  as  shown 
in  Fig.  239.  Around  the  small  part  is  wound  a  short-circuited 
coil.  In  this  coil  induced  currents  flow,  thus  changing  the 
time  phase  of  the  flux  inside  the  shading  coil  as  compared 
to  the  flux  in  the  main  part  of  the  pole.  The  combination  of  the 
two  fluxes  differing  in  both  time  and  space  phase  produces  a 
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revolving  field  and  consequently  a  starting  torque.  Necessarily 
this  torque  is  small  and  the  device  can  be  used  only  with  small 
motors  requiring  small  starting  torques. 


Fia.  230. 


(o)  Starting  Polyphase  Induction  Motors. — The  polyphase 
motor  has  inherently  a  torque  at  standstill  and  no  special  device 
is  required.  However,  at  standstill  the  motor  acts  like  a  short- 
circuited  transformer  and  necessarily  takes  comparatively  lat^ 
currents  from  the  mains.  With  small  motors  the  starting 
current  is  not  sufficient  to  disturb  the  system  from  which  the 


Pio.  240. 

motor  receives  power  and  hence  the  small  motor  is  started  by 
throwing  the  supply  switch  directly  on  the  mains.  For  over-  . 
load  protection  the  small  motor  generally  has  a  double-throw 
switch;  one  side  for  starting  directly  on  the  line,  and  the  other 
side  a  nmning  position  with  the  circuits  properly  fused  to  pro- 
tect the  motor  under  continuous  operation.  With  large  motors 
the  starting  current  at  full  voltage  may  be  larger  than  can 
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safely  be  supplied  by  the  distributing  sjrstem.  To  prevent  ex- 
cessive currents  while  starting,  a  starting  compensator  is 
placed  between  the  mains  and  the  motor.  This  apparatus  is 
merely  an  autotransformer  with  circuit  diagrams  as  shown  in 
Fig.  240.  The  number  of  steps  in  the  compensator  depends  on 
the  type  of  motor,  the  relative  size  of  the  motor  and  the 
carrying  capacity  of  the  line.  In  most  cases  the  autotransformer 
has  one  position  for  starting  and  one  for  running  in  addition  to 
the  off  position  of  the  lever,  when  the  circuit  is  open.  In  the 
running  position  the  motor  is  connected  directly  across  the  mains. 
(p)  Induction  Meters. — The  fundamental  principle  upon 
which  induction-type  wattmeters  are  designed  is  that  rotating 
fields  can  be  produced  by  two  alternating  currents  .of  the  same 
frequency  passing  through  circuits  differing  in  space  phase. 
Essentially  the  instnunents  are  small  induction  motors  with 
cylindrical  or  disk  rotors.  The  load  for  the  integrating  watt- 
meter consists  of  a  metal  disk  rotating  between  the  poles  of  a 
permanent  magnet.  In  the  indicating  meter  the  torque  pro- 
duced by  the  rotating  field  is  counterbalanced  by  spiral  springs. 
The  torque  at  any  instant  is  proportional  to  the  product  of  the 
voltage  (current  in  the  shunt  coU)  and  the  current  (series  coil), 
and  hence  for  the  complete  cycle  the  average  torque  is  pro- 
portional to  the  watts.  In  the  integrating  wattmeter  the  speed 
of  the  rotating  element  is  proportional  to  the  torque,  and  the 
instrument  measures  the  energy  delivered  to  the  load. 

PROBLEMS 

1.  In  a  test  on  a  5-hp.  60-cycle|  G-pole,  three-phase  mduction  motor  the 
following  data  were  obtained: 


Kilowattfl 

Volta, 

OhmB, 
ri 

Ohms, 

E 

rt 

TTi 

Wi 

130 

1.36 

-0.90 

0.265 

0.18 

130 

1.45 

-0.85 

(Equiv.  10) 

(Equiv.  10) 

130 

1.55 

-0.75 

12g 

2.07 

-0.20 

128 

2.40 

0.00 

129 

3.05 

0.55 

128 

3.60 

0.95 

128 

4.25 

1.42 

Calculate  and  plot  performance  curves  as  in  Table  IV  and  Fig.  235. 
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2.  In  a  test  on  a  5-hp.,  4-pole,  60-cycle,  single-phase  motor  the  following 
data  were  obtained: 


Volts.  ^ 

Amperes,  / 

KilowatU.  W 

Ohms,  ri 

Ohms,  rt 

110 

20.7 

0.70 

0.09 

0.18 

110 

21.5 

0.98 

110 

25.6 

1.67 

110 

33.3 

2.91 

110 

37.5 

3.46 

110 

41.2 

3.90 

110 

48.6 

4.69 

• 

110 

52.3 

4.95 

Calculate  data  as  in  Table  V  and  plot  performance  curves  similar  to  Fig. 
236. 

3.  A  test  on  a  440-volt,  3-^,  60-cycle,  6-pole  induction  motor  gives  the 
following  data:  No-load  line  current  —  4.2  amp.;  no-load  power  factor  » 
0.32;  locked-rotor  line  current  (reduced  to  full-load  voltage)  »  55.2  amp.; 
locked-rotor  power  factor  «-  0.51;  primary  resistance  »  2.28  ohms,  between 
terminals. 

Draw  the  circle  diagram,  Fig.  220,  and  plot  the  performance  curves  as  in 
Fig.  221. 

4.  On  test  a  500-volt,  three-phase,  50-cycle  induction  motor  gives  the 
following  data:  At  no  load  the  input  is  5.35  kw.  and  the  current  is  146  amp. 
With  blocked  rotor  and  for  250  volts  impressed,  the  motor  takes  56.1  kw. 
and  802  amp.  The  motor  is  star-connected  in  both  the  stator  and  rotor. 
8tator  resistance  between  mains  =0.03  ohm. 

Draw  the  circle  diagram  and  plot  the  performance  curves. 

6.  Let  the  resistance  of  the  rotor  in  problem  4  be  increased  until  the  start- 
ing torque  is  a  maximum.  Plot  the  corresponding  performance  curves  for 
the  motor. 

For  Experiments  sec  page  539. 


CHAPTER  XIV 
ALTERNATORS 

One  of  the  notable  features  in  the  development  of  the  elec- 
trical industry  during  the  past  fifteen  years  has  been  the  enor- 
mous increase  in  the  size  of  the  central  stations.  This  has  been 
due  both  to  an  increase  in  consumption  of  electric  energy  and  to 
the  combination  of  a  large  number  of  small  plants  into  com- 
paratively few  large  systems.  Simultaneously  with  the  growth 
of  the  central  station  has  come  the  increase  in  the  size  of  the  gen- 
erating imits.  At  the  Columbian  Exposition  ''Jumbo/'  the 
largest  generator  in  the  world,  had  a  rating  of  750  kv.a.,  while 
today  single  units  deUver  50,000  kv.a.  continuous  load.  Any 
discussion  of  the  historical  development  of  the  modern  alternator  is 
outside  the  scope  of  this  volume,  and  only  a  few  of  the  more  im- 
portant features  in  the  design  are  mentioned.  The  increase  in 
speed,  largely  due  to  the  invention  of  the  steam  turbine,  is  the 
chief  factor  in  making  possible  economical  designs  of  large 
units.  By  placing  the  armature  winding  in  slots  the  reluctance 
of  the  field  circuit  is  greatly  reduced  and  also  made  to  a  large 
degree  independent  of  the  size  of  the  armature  conductor.  With 
the  field  placed  on  the  rotating  spider,  only  the  exciting  current 
need  pass  through  brushes  and  collector  rings,  while  the  gen- 
erated power  is  transmitted  through  stationary  and  well-pro- 
tected copper  conductors.  To  provide  adequate  voltage  regula- 
tion for  rapid  changes  in  load,  used  to  be  a  very  difficult  problem 
for  the  designers  of  alternators.  The  regulation  is  now  secured, 
to  a  much  more  satisfactory  degree  than  was  possible  in  the 
self-regulating  alternator,  by  means  of  regulating  devices,  out- 
side the  generator,  such  as  the  Tirrill  regulator. 

(a)  The  Field. — The  niunber  of  poles  is  determined  by  the 
speed  and  the  frequency.  Except  for  small  machiaes  the  field 
forms  the  rotating  part.  The  poles  are  built  up  of  punchings 
of  sheet  steel,  about  0.025  in.  thick,  and  riveted  together  between 
cast-steel  end  plates.  The  exciting  current  is  lead  to  the  pole 
windings  through  brushes  bearing  on  cast-iron  or  cast-brass 
slip  rings.    The  exciting  current  comes  from  a' separate  exciter 
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entirely  independent  of  the  generator.  The  excitation  voltage 
is  usually  120  volts,  and  hence  the  fields  have  few  turns  and 
take  a  comparatively  large  current.  Except  for  small  machines 
the  winding  is  made  from  copper  strips  bent  on  edge  forming  a 
short  rectangular-shaped  coil. 

(&)  The  Armature. — The  armature  conductors  are  placea  on 
the  inside  of  the  stator  surrounding  the  rotating  field.  In  order 
to  produce  a  magnetic  circuit  with  low  reluctance  the  armature 
conductors  are  placed  in  slots,  thus  leaving  only  a  small  air  gap 
between  the  iron  cores  of  the  field  and  armature  The  armature 
core  is  made  from  punchings  of  sheet  steel  of  about  half  the 
thickness  of  the  sheet  used  for  the  fields.  Ducts  are  provided 
in  the  iron  core  through  which  the  air  circulates,  keeping  the 
machine  cool. 

As  already  noted,  the  armature  winding  determines  whether 
the  machine  is  a  single-phase,  two-phase  or  three-phase  alter- 
nator. The  two-phase  alternator  has  two  single-phase  windings 
spaced  90  electrical  degrees  apart,  and  similarly  the  three-phase 
machine  has  three  single-phase  windings  spaced  120  electrical 
degrees.  Very  few  alternators  of  the  strictly  two-phase  and 
three-phase  design  have  ever  been  built.  The  so-called  two- 
phase  and  three-phase  alternators  are  fundamentally  designed  as 
four-phase  and  six-phase  machines  with  their  windings  spaced 
90  and  60  electrical  degrees,  respectively.  In  the  same  manner 
as  already  explained  for  the  induction  motor,  the  four-phase 
and  six-phase  designs  are  converted  into  the  so-called  two- 
phase  and  three-phase  alternators,  respectively,  by  merely  chang- 
ing the  connections  inside  the  machine. 

The  three  windings  on  the  three-phase  alternator  may  be 
connected  in  star  or  in  delta  as  explained  in  Chap.  IX.  Alter- 
nators are  generally  wound  star  connected  as  this  requires  fewer 
turns,  eUminates  the  3rd  harmonic  and  provides  a  convenient 
neutral  point.  The  windings  for  any  of  the  above  alternators 
may  further  differ  by  being  placed  in  several  slots  for  each  pole 
and  for  each  phase,  forming  the  so-called  distribvied  winding. 
Moreover,  the  arrangement  of  the  wires  between  each  pair  of  poles 
may  be  of  the  wave  or  lap  (chain)  system,  or  a  combination  of  the 
wave  and  lap  form  of  winding.  The  windings  may  be  in  single 
or  double  layer,  and  the  pitch  may  cover  the  full  180  electrical 
degrees  or  only  a  fraction  of  that  distance.  All  of  these  factors  in- 
fluence the  shape  and  magnitude  of  the  generated  voltage  wave. 

(c)  Wave  Forms. — The  voltage  wave  produced  by  each  arma- 
ture conductor  depends  directly  upon  the  distribution  of  the 
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lines  of  force  in  the  magnetic  field.  The  distribution  of  the 
lines  depends  upon  the  reluctance  of  the  magnetic  paths, 
and  hence  is  largely  affected  by  the  shape  of  the  field  pole. 


Fio.  241. 


As  a  rule  the  distribution  is  not  such  as  to  give  a  simple  sine 
-wave  of  voltage  but  more  of  a  rectangular  shape  as  in  Fig.  241. 
If  the  winding  is  placed  in  three  slots  spaced  y  electrical  de- 
grees each  one  of  the  coils  produces  the  same  shaped  waves 


Fig.  242. 


but  differing  in  phase  position  by  7°.  Hence  the  resultant 
wave  at  each  point  is  the  sum  of  the  instantaneous  values 
of  the  component  waves,  as  shown  in  Fig.  242.  In  general, 
armature    windings    are    distributed    and    placed    in    several 
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slots  per  phase  per  pole.  The  number  of  slots  and  the  dis- 
tribution of  the  field  flux  have  a  direct  bearing  on  the  har- 
monics in  the  voltage  wave  as  explained  in  Chap.  XXIII. 
The  magnitude  of  the  total  generated  voltage  per  phase  depends 
upon  the  nimiber  and  spacing  of  the  slots  per  phase  per  pole, 
Fig.  243.  Assiuning  that  the  voltage  wave  for  each  conductor 
can  be  expressed  by  an  equivalent  sine  wave  then  the  relation 
of  the  total  voltage  per  phase  to  the  e.m.f.  generated  in 
each  conductor  may  be  found  by  taking  the  vector  simi  of 
the  component  voltages  as  shown  in  Fig.  244.  Let  A,  B,  C 
and  D  be  voltage  vectors  equal  in  magnitude  and  displaced  in 
position  to  the  same  extent  as  the  spacing  of  the  slots  on  the 


Fio.  243. 


Fig.  244. 


armature.     Then  the  resultant  vector,  E,  represents  the  total 
voltage  per  phase  both  in  magnitude  and  phase  position. 

The  ratio  of  the  magnitude  of  the  total  voltage  per  phase 
to  the  product  of  the  number  of  slots  and  the  voltage  generated 
in  the  conductor  in  each  slot  is  known  as  the  distribution  Jador 
and  is  represented  by  the  letter  fc.  The  values  of  the  distribution 
factor  for  several  slots  per  pole  are  given  in  Table  VI  for  two- 
and  three-phase  generators. 

Table  VI 


*, 

*, 

Slotn  per 

pole 

Two-phase 

Three-phase 

1 

1.000 

1.000 

2 

0.924 

0.966 

3 

0.911 

0.960 

4 

0.906 

0.958 

6 

0.903 

0.956 
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The  value  of  the  total  voltage  per  phase  is  also  reduced  if 
the  winding  is  short-pitch;  that  is,  the  two  sides  of  the  armature 
coil  are  less  than  180  electrical  degrees  apart,  Fig.  245,  and  hence 
the  voltage  generated  under  the  north  pole  is  not  quite  in  phase 
with  the  voltage  wave  produced  simultaneously  by  the  cor- 
responding south  pole  in  the  other  side  of  the  same  coil.  If 
the  two  sides  of  the  coil  are  out  of  phase  by  d  electrical  degrees 

the  total  voltage  per  phase  is  reduced  by  the  factor  cos  5 

as  may  be  seen  from  Fig.  246.  Let  the  distributed  winding 
be  in  four  slots  and  the  voltages  on  one  side  under  a  north  pole 
be  represented  in  phase  and  magnitude  by  the  lines  A,  B,  C 
and  D,  Fig.  246;  and  let  the  corresponding  voltages  on  the  other 
side,  imder  a  south  pole  be  represented  in  phase  and  magnitude 


/eo'- 


'V 


Fio.  245. 


Fig.  246. 


by  Fj  G,  H,  and  /.  In  each  coil  the  two  voltage  waves  are 
displaced  by  8  electrical  degrees  and  hence  the  resultant  voltage 
is  equal  to  the  product  of  the  voltage  generated  per  con- 
ductor, the  niunber  of  conductors,  the  distribution  factor  and 

8 
COB  2*     Hence  the  terminal  voltage  may  be  expressed  in  terms 

of  the  constants  of  the  design,  n  the  number  of  turns,  k  the  dis- 

tribution  factor,  cos  ^  the  pitch  factor,  and  «^  the  number  of 

lines  per  pole  cut  by  each  conductor.  Equation  (42)  in  Chap. 
II  gives  the  fundamental  relation  for  the  production  of  voltage 
by  induction  per  turn.  This  is  also  the  expression  for  a  full- 
pitch  concentrated  winding;  that  is,  all  the  turns  placed  in  one 
slot  per  phase,  per  pole. 
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Let  n  =  the  number  of  turns,  or  half  the  number  of  conductors. 
/  =  the  frequency. 
S<i>  =  the  maximum  useful  flux  per  pole 
k  =  the  distribution  factor. 

cos  "rt  =  the  short  pitch  factor. 

The  generated  voltage,  per  phase  per  pole,  therefore  equals: 

(a)  For  concentrated  binding,  full-pitch,  4.44n/^€>10~' volts 

(421) 

(6)  For  distributed  winding,  full-pitch,  4.44fcr^f  JI*10~*  volts 

(422) 

(c)   For  distributed  winding,  short-pitch,  4.44fcn/Jl€>  cos  «  10^* 

volts.  (423) 

{d)  Armature  Reaction,    Reactance  and  Resistance. — For  a 

given  machine  running  at  constant  speed  the  factors  k,  n,  f, 
and  cos  B/2  are  constant.  The  only  variable  factor  in  equations 
(421),  (422)  and  (423)  for  the  generated  voltage  is  the  number 
of  lines  cut  by  the  armature  conductors.  The  m.m.f.  producing 
useful  flux  depends  first,  upon  the  field  excitation  and  second,  upon 
the  armature  reaction.  The  field  excitation  is.supplied  from  some 
independent  soiu*ce  and  is  usually  varied  with  the  load  require- 
ments by  means  of  an  automatic  regulator.  The  currents  in 
the  armature  also  produce  magnetic  fluxes  that  combine  vec- 
torially  with  the  main  field  to  form  the  useful  flux,  J^,  in  equar- 
tion  (423).  This  factor  is  called  the  armature  reaction j  and  it 
affects  both  the  magnitude  and  time-phase  of  the  generated 
voltage  wave.  Since  the  armature  flux  is  in  time-phase  with  the 
current,  the  armature  reaction  depends  both  on  the  mag- 
nitude of  the  load  current  and  the  load  power  factor.  At  no 
load  the  armature  reaction  is  zero. 

For  any  load  the  armature  flux  is  proportional  to  the 
current  and  also  its  effect  upon  the  field  flux  depends  upon 
the  power  factor.  With  unity  power  factor  the  armature  current 
reaches  its  maximum  at  the  instant  the  conductor  is  directly 
under  the  pole  as  shown  in  Fig.  247.  The  flux  in  each  pole  is 
increased  on  the  left  half  and  decreased  on  the  right  half  of 
the  pole  face.  The  total  number  of  lines  is  approximately  the 
same,  the  chief  effect  is  the  shifting  of  the  distribution  of  the  flux 
and  a  consequent  change  in  the  voltage  wave  form.    However, 
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if  the  load  takes  a  lagging  current  then  the  armature  current 
reaches  a  maximum  value  in  a  position  between  the  two  poles, 
as  indicated  in  Fig.  248.  The  armature  flux  in  this  case  is  in 
opposition  to  the  field  flux  on  both  sides  and  it  thereby  decreases 
the  useful  flux  for  the  same  field  excitation.     With  a  load  taking 


Fig.  247. — ^Unity  power  factor. 

leading  current  the  armature  flux  is  in  the  same  direction  as  the 
field  flux  as  shown  in  Fig.  249.  Hence  for  armature  currents  of 
the  same  magnitude,  the  leading  current  increases  the  useful 
flux  and  hence  the  generated  voltage. 

A  small  part  of  the  armature  flux,  not  affecting  the  field  flux. 


FiG.  248. —  e  =  75**,  lagging  current. 

surrounds  the  conductors  in  the  same  way  as  the  leakage  flux  in 
transformers.  Most  of  this  leakage  flux  is  on  the  ends  of  the 
armature;  that  is,  around  portions  of  the  coils  that  do  not  pass 
under  the  fields.  This  portion,  known  as  the  leakage  flux,  ap- 
pears in  the  circuit  as  an  armature  leakage  reactance.     Evidently 


Fig.  249. —  B  =  75%  leading  current. 

the  magnitude  of  the  leakage  flux  depends  directly  upon  the 
current  and  is  not  affected  by  the  lag  or  lead  of  the  load  current. 
In  modem  alternators  the  effect  of  the  armature  reaction  is 
three  or  four  times  as  large  as  the  armature  leakage  reactance. 
The  armature  reactance  like  the  armature  resistance  con- 
sumes voltage  and  hence  the  terminal  voltage  is  less  than  the 
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generated  voltage  in  magnitude  and  differs  in  phase  position. 
These  relations  are  readily  seen  from  a  vector  diagram.  Re- 
ferred to  the  armature  windings  the  field  flux  pulsates,  although 
of  constant  value  in  space.  Let  the  wave  shape  of  the  fluxes, 
voltages  and  currents  be  of  the  equivalent  simple  sine  form  in 
order  that  their  phase  relations  may  be  represented  by  the 
crank  vector  diagram.  Let  the  diagram  in  Fig.  250  be  drawn 
for  the  flux,  voltage  and  current  relations  in  one  phase  of  the 
armature  winding. 
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Fig.  250. —  do  =  30%  lagging  current. 

maximum  flux  due  to  the  field  excitation  and  passing 
through  the  armature  windings;  the  useful  flux  at  no  load, 
voltage  produced  by  the  flux  Jl€>o. 
armature  current  (lagging  in  this  case), 
flux  representing  armature  reaction. 

leakage  flux  producing  armature  reactance. 

•  •• 

« *^o  +  <i*  =  useful  flux. 

voltage  generated  per  phase. 

voltage  absorbed  by  armature  reactance. 

voltage  absorbed  by  armature  resistance. 

terminal  voltage. 

terminal  phase  angle. 

load  power  factor. 


With  a  lagging  current  the  terminal  voltage  is  less  than  the 
voltage  generated  in  the  alternator.  In  Fig.  251  the  phase 
relations  of  the  same  quantities  are  shown  for  a  load  having  a 
leading   current.     The   terminal   voltage   is   increased   as   the 
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armature  reaction  adds  to  tbe  field  producing  a  larger  useful 
flux  than  at  no  load. 

In  Fig.  252  is  shown  the  corresponding  vector  diagram  for 


Fig.  251. —  do  =  25%  leading  current. 

unity  power  factor,  and  in  Figs.  253  and  254  the  diagrams  for 
currents  of  equal  magnitude  but  lagging  and  leading  the  voltage, 
respectively,  by  90°.  For  a  given  armature  current  the  locus  of 
the  terminal  voltage  is  a  circle  as  shown  in  Fig.  255. 


Fig.  262. —  d©  =  0®,  current  in  phase. 

The  above  vector  diagrams  refer  to  constant-current  conditions. 
With  constant  load  the  current  increases  with  the  decrease  of 
the  power  factor,  and  as  the  drop  due  to  armature  reaction  and 
reactance  are  proportional  to  the  armature  current,  the  effect 
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at  low  power  factors  is  greatly  increased  and  the  locus  of  the 
terminal  voltage  is  no  longer  a  circle.  However,  in  commercial 
systems  the  voltage  is  kept  constant  or  even  caused  to  rise  at 


i-' 


Fig.  253.—  Bq  =  90**,  lagging  current. 


the  terminals  of  the  generator  with  increase  of  load  by  increasing 
the  field  excitation.  To  keep  the  terminal  voltage  constant 
the  field  excitation  must  be  increased  so  as  to  compensate  for  the 


Fia.  264. —  00  =  90**,  leading  current. 


effects  of  armature  reaction,  reactance  and  resistance.  The 
number  of  ampere-turns  required  also  depends  upon  the  previous 
magnetization  or  at  what  point  on  the  magnetization  curve  the 
generator  is  operating. 
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(e)  Magnetizatioii  or  Saturation  Curve  at  No  Load. — ^As  in 

direct-current  generators,  the  magnetization  curve  is  merely  the 
relation  between  the  terminal  volts  at  no  load  and  the  field 
current.  Usually  the  field  currents  are  plotted  as  abscissae 
and  the  corresponding  volts  as  ordinates,  as  shown  in  Fig.  256. 
Experimentally  the  data  for  the  curve  are  found  by  running  the 
alternator  at  the  rated  speed  and  taking  a  series  of  readings  of 
field  currents  and  the  corresponding  volts  at  the  terminals  of 
the  machine.    For  predetermining  the  saturation  curve,  when 


Fia.  255. —  00  variable.     Flux,  current  and  voltage  loci. 

designing  an  alternator,  accurate  values  of  the  reluctance  of  the 
magnetic  circuit  for  the  increasing  flux  densities  must  be  known. 
(J)  Synchronous  Reactance. — ^Both  the  armature  reaction  and 
reactance  drop  are  proportional  in  magnitude  to  the  armature  cur- 
rent, and  the  voltages  consumed  by  both  are  in  time  phase  for  all 
power  factors  as  seen  in  Figs.  250  to  255.  Both  factors  may  there- 
fore be  represented  by  one  equivalent  reactance.  This  is  called 
the  synchronous  reactance^  p^a,  and  is  measured  experimentally 
in  the  following  manner:  The  armature  is  short-circuited  through 
an  ammeter  and  the  generator  is  brought  up  to  synchronous 
speed  without  field  excitation.  Field  current  is  then  applied  and 
a  series  of  readings  taken  of  the  field  currents  and  the  corre- 
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sponding  armature  currents,  until  the  armature  current  reaches 
about  50  per  cent,  above  normal  full-load  value.  From  the 
magnetization  curve  the  voltages  corresponding  to  the  field-cur- 
rent readings  are  obtained.  A  curve  is  plotted  as  in  Fig.  257  with 
armature  currents  as  abscissse,  and  the  terminal  volts  correspond- 
ing to  the  field  currents  as  ordinates.  The  curve  is  nearly  a 
straight  line,  drooping  slightly  as  the  iron  approaches  saturation. 
Under  short-circuit  conditions  the  armatiu'e  power  factor  is  nearly 
asero  and  the  vector  relations  are  as  shown  in  Fig.  253.  The 
voltage  consumed  by  the  synchronous  reactance  is  practically 
equal  to  the  total  voltage  as  the  part  taken  by  the  resistance  is 
small  and  almost  in  time  quadrature  with  the  induced  voltage. 
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From  the  synchronous  reactance  curve: 

^0   =  lay/ra^  +  ^aS 


or 


E 


^a  =  y-",  approximately 

•1  a 


(424) 


The  value  obtained  for  the  synchronous  reactance  by  this 
method  is,  however,  considerably  larger  than  the  actual  syn- 
chronous reactance  of  the  alternator  when  operating  under  full 
load.  Moreover,  the  synchronous  reactance,  and  hence  the 
synchronous  impedance,  vary  with  the  load.  While  the  data 
gained  by  the  saturation  and  short-circuit  reactance  tests  are  of 
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importance  when  studying  alternator  characteristics^  the  cal- 
culated regulation  is  only  an  approximation  to  the  actual 
value.  In  modem  alternators  from  10  to  25  per  cent,  of  the  total 
synchronous  reactance  is  due  to  armature  reactance  while  the 
remainder  is  caused  by  armature  reaction.  This  is  illustrated 
by  Fig.  258.  The  ordinates  represent  the  short-circuit  current 
of  a  large  alternator  and  the  abscissse  the  time  in  seconds  after 
the  short-circuit  began.  The  instatUaneous  shart-circuU  cur- 
rent  taken  as  100  per  cent.,  gives  the  ratio  of  the  voltage 
to  the  armature  impedance.  After  two  seconds,  the  current 
reached  the  BvMained  short-circuit  value  which  represents  the  ratio 
between  the  voltage  and  the  synchronous  impedance.  The 
quantitative  values  of  the  synchronous  reactance  and  armature 
leakage  reactance  are  usually  given  in  terms  of  the  voltage  con- 
sumed by  full-load  current  and  expressed  in  per  cent,  of  the  rated 
terminal  voltage.  A  synchronous  reactance  of  40  per  cent,  means 
that  for  full-load  current  the  voltage  consumed  in  the  synchro- 
nous reactance  of  the  armature  is  40  per  cent,  of  the  rated 
terminal  voltage. 

ig)  Field  Excitation  at  Any  Load  and  for  Any  Power  Factor. — 
From  the  saturation  curve  at  no  load,  the  synchronous  reactance 
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curve  and  the  armature  resistance,  the  approximate  value  of 
the  required  field  excitation,  for  any  load  and  at  any  power  factor, 
may  be  determined.  In  the  vector  diagrams  in  Figs.  260  to  255, 
it  is  shown  that  the  voltage  loss  caused  by  armature  reaction, 
reactance  and  resistance  may  be  represented  by  a  triangle  so 
drawn  that  the  resistance  drop  is  in  phase,  and  synchronous 
reactance  drop  in  quadrature,  with  the  current.  Let  the  con- 
ditions be  a  constant-terminal  voltage,  constant-load  current 
and  variable-load  power  factor.  In  Figs.  259  and  260  the  cur- 
rent, la,  is  drawn  on  the  X-axis,  and  the  terminal  voltage,  £i. 
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is  leading  by  d^i.  The  vector  for  the  armature  resistance  drop  is 
parallel  to  the  current,  and  the  corresponding  vector  for  the 
armature  synchronous  reactance  drop  in  quadrature  with  the 
current  or  perpendicular  to  the  X-axis.  The  vector  sum  of  Ety 
rJa  and  ^Ja  is  the  required  voltage  jBq.  This  is  the  voltage 
that  appears  at  the  terminals  at 
no  load,  and  hence  is  proportional 
to  the  main  field  flux.  From 
the  no-load  saturation  curve  the 
field  excitation  corresponding  to 
Eq  may  be  found. 

By  varying  the  power  factor 
but  keeping  the  terminal  voltage 
and  armature  current  constant 
the  loci  of  El  and  £o  are  circles, 
with  Et  as  radius  and  points  0 
and  D  as  centers,  as  shown  in 
Fig.  260.  The  locus  of  the  gen- 
erated voltage  may  be  found  by 
separating  the  synchronous  reac- 
tance drop  into  the  parts  propor- 
tional to  the  armature  reaction 
and  the  armature  reactance. 
Under  ordinary  operating  condi- 
tions the  load  power  factor,  the 
terminal  voltage  and  the  arma- 
ture current  are  all  variable. 

Assuming  two  factors  as  con- 
stant   and    the  third  variable, 
three  combinations  are  possible. 
shown  in  Fig.  260. 

First  Case. — 

Et  and  la  constant;  6t  variable. 
la  =  armature  current,  assumed  constant. 
Ei  =  the  terminal  voltage,  assumed  constant. 
Ta  =  armature  resistance. 
Xa  =  armature  reactance. 
^a  =  synchronous  reactance  of  armature,  equivalent  to 

both  the  armature  reactance  and  reaction. 
Eg  =  the  generated  voltage,  proportional  to  the  useful 

flux. 


Fig.  260. 


The  corresponding  loci  are 
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Eo  =  the  no-load  voltage  corresponding  to  the  same 
field  excitation,   and   proportional  to  the  field 
flux. 
6t  =  angle  of  lead  or  lag,  variable. 
OA  =  Et 

ON  =  rJa  =  vEa 

NF   =    Xja    =    zEa 
ND   =   ^Ja   =   .Ea 

OB     =    Eg 

OC  =  Eo 

ilg^   Et    +    rJ5a    +     ,£a     =     J?l    COS    Ot     +    ,j&a 

+  i(J5t  sin  St  +  ,J?o)  (425) 

Eo^Et    +    rEa    +    .zEo     ==     ilt    cos    ^1    +    rJ^« 

+  J(^«  sin  ^,  +  ..J^«)  (426) 

Circle  PAU  =  locus  of  Et,  (0  center,  Et  radius). 
Circle  QBV  =  locus  of  Eg  (F  center,  Et  radius). 
Circle   SCT  =  locus  of  Eo  (D  center,  Et  radius). 

cos  6\  =  power  factor  of  locus  for  perfect  regulation. 

Since  the  sides  of  the  triangle  OND  are  directly  proportional 
to  the  armature  current  similar  constructions  may  be  drawn  for 
any  load  current  and  the  value  of  the  field  excitation  determined. 

Second  Case. — 

Et  and  dt  constant;  /«  variable. 

For  constant  power  factor  and  terminal  voltage  the  locus  of 
the  no-load  voltage,  Eo,  is  along  the  line  CA ;  for  with  a  change 
in  la  the  point  D  moves  along  the  line  OD  and  as  Et  and  dt  are 
assumed  constant  the  point  C  must  move  along  the  line  CA. 

Third  Case.— 

6t  and  In  constant;  Et  variable. 

For  constant  power  factor  and  current  with  variable  terminal 
voltage,  the  triangle  OND  remains  constant  and  the  no-load 
voltage  is  the  resultant  of  OD  and  the  several  values  of  Et,  and 
the  locus  of  Eo  is  along  the  line  DC.  The  required  field  excita- 
tion may  therefore  be  found  from  curves  in  Figs.  256,  257,  and 
260  for  any  load  at  any  power  factor  and  for  any  terminal  voltage. 

(h)  Reguiation.  TA  Regulator. — By  the  regiilation  of  an 
alternator  is  meant  the  per  cent,  increase  in  voltage  when  full 
load  is  thrown  off  the  machine,  the  frequency  and  field  excita- 
tion remaining  constant.     Using  the  same  notation  as  in  Fig. 
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259   the   regulation   is  — ^ X  100,    in    per    cent.     From 

the  previous  discussion  it  is  evident  that  the  regiilation  of  any 
given  alternator  depends  upon  the  power  factor  of  the  load  as 
shown  in  Fig.  260,  and  hence,  a  statement  of  the  regulation 
of  an  alternator  should  include  the  power  factor  of  the  load. 
For  close  regulation  the  voltage  lost  in  the  armature  must  be 
relatively  small.  The  resistance  may  readily  be  reduced  to  the 
required  value  but  not  the  synchronous  reactance.  Funda- 
mentally the  separately  excited  alternator  is  not  self-regulating 
and  none  of  the  internal  automatic  devices  have  proved  satis- 
factory. As  an  example  the  diagram  in  Fig.  261  shows  a  com- 
pK)site  excitation  having  a  series  field  producing  a  compounding 
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effect  as  in  the  direct-^current  compound-wound  generator. 
Part  of  the  alternating  current  transmitted  by  the  transformer, 
is  rectified*  by  the  commutator  while  the  larger  portion  passes 
through  the  shunt. 

Since  the  invention  of  automatic  regulators  entirely  sepa- 
rate from  the  alternator,  all  the  earlier  methods  of  self-regulation 
have  become  obsolete.  By  proper  adjustment  the  automatic 
regulator  insures  highly  satisfactory  regulation  on  the  system, 
although  the  inherent  regulations  of  the  alternators  may  vary 
widely.  With  the  use  of  an  automatic  regulator,  like  the  T A  type 
manufactured  by  the  General  Electric  Co.,  inherent  regulation 
of  the  alternator  makes  very  little  difference  as  the  regulator  so 
adjusts  the  excitation  that  constant  voltage  is  obtained  under 
all  conditions  of  load  (Fig.  262). 
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"An  elementary  diagram  of  the  type  TA,  form  A-2  regulator 
connections  with  an  alternating-current  generator  and  exciter 
is  shown  in  Fig.  263.'  The  regulator  has  a  direct-current  control 
m^net,  an  alternating-current  control  magnet,  and  a  reUy. 
The  direct-current  control  magnet  is  connected  to  the  exciter 
busbars.     This  magnet  has  a  fixed  stop-core  in  the  bottom  and  a 


Fio.  262.— Type  TA,  form  F-5,  voltage   regulator.     (Oenend   EUclric  Co.) 

movable  core  in  the  top  which  is  attached  to  a  pivoted  lever 
having  at  the  opposite  end  a  flexible  contact  pulled  downward 
by  four  spiral  springs.  For  clearness,  however,  only  one  spring 
is  shown  in  the  diagram.  Opposite  the  direct-current  control 
magnet  is  the  alternating-current  control  ma^et  which  has  a 
potential  winding  connected  by  means  of  a  potential  transformer 
'  Deacriptive  Circular,  General  Electric  Co. 
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to  the  alternating-current  generator  or  busbars.  There  is  an  ad- 
justable compensating  winding  on  the  alternating-current  magnet 
connected  through  a  current  transformer  to  the  principal  light- 
ing feeder.  The  object  of  this  winding  is  to  raise  the  voltage  of 
the  alternating  current  busbars  as  the  load  increases.  The 
alternating-current  control  magnet  has  a  movable  core  and  a 
lever  and  contacts  similar  to  those  of  the  direct-current  con- 
trol magnet,  and  the  two  combined  produce  what  is  known  as 
the  floating  main  contacts.  The  relay  consists  of  a  U-shaped 
magnet  core  having  a  difiPerential  winding  and  a  pivoted  arma- 
ture controlling  the  contacts  which  open  and  close  the  shunt 
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Fio.  263. — Circuit  diagram  of  type  TA,  form  A,  regulator. 


circuit  across  the  exciter  field  rheostat.  One  of  the  differential 
windings  of  the  relay  is  permanently  connected  across  the  exciter 
busbars  and  tends  to  keep  the  contacts  open;  the  other  winding 
is  connected  to  the  exciter  busbars  through  the  floating  main 
contacts,  and  when  the  latter  are  closed  neutralizes  the  effect 
of  the  first  winding  and  allows  the  relay  contacts  to  short-circuit 
the  exciter  field  rheostat.  Condensers  are  connected  across  the 
relay  contacts  to  prevent  severe  arcing  and  possible  injury. 
The  circuit  shunting  the  exciter  field  rheostat  through  the  relay 
contacts  is  opened  by  means  of  a  single-pole  switch  at  the  bottom 
of  the  regulator  panel  and  the  rheostat  turned  in  until  the 
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alternating-current  voltage  is  reduced  65  per  cent,  below  normal. 
This  weakens  both  of  the  control  magnets  and  the  floating  main 
contacts  are  closed.  This  closes  the  relay  circuit  and  de- 
magnetizes the  relay  magnet,  releasing  the  relay  armature,  and 
the  spring  closes  the  relay  contacts.  The  single-pole  switch  is 
then  closed  and  as  the  exciter  field  rheostat  is  shortf;ircmted  the 
exciter  voltage  will  at  once  rise  and  bring  up  the  voltage  of  the 
alternator.  This  will  strengthen  the  altemating-ciurent  and 
direct-current  control  magnets  and  at  the  voltage  for  which  the 
counterweight  has  been  previously  adjusted  the  main  contacts 
will  open.  The  relay  magnet  will  then  attract  its  armature 
and  by  opening  the  shunt  circuit  at  the  relay  contacts,  will  throw 
the  full  resistance  into  the  exciter  field  circuit  tending  to  lower 
the  exciter  and  alternator  voltage.  The  main  contacts  will 
then  be  again  closed,  the  exciter  field  rheostat  short-circuited 
through  the  relay  contacts  and  the  cycle  repeated.  This  opera- 
tion is  continued  at  a  high  rate  of  vibration  due  to  the  sen- 
sitiveness of  the  control  magnets  and  maintains,  not  a  constant, 
but  a  steady  exciter  voltage." 

(i)  Rating. — While  the  rating  of  an  alternator  includes  a 
statement  of  the  normal  terminal  voltage,  whether  wound  for 
one,  two  or  three  phases,  speed  and  frequency^  the  term  essen- 
tially applies  to  the  capacity  or  guaranteed  output  of  the  ma- 
chine. With  the  other  factors  given,  the  output  depends  upon 
the  temperature  rise  on  continuous  operation  at  full  load.  This 
increase  of  temperature  is  usually  specified,  in  degrees  above 
room  temperature,  for  continuous  full  load  and  short  period 
of  overload.  The  temperature  rise  depends  directly  upon  the 
rate  of  heat  generation  by  the  losses  in  the  alternator,  and  the 
rate  of  heat  dissipation  from  the  surface  of  the  machine.  The 
temperature  rises  until  the  dissipation  equals  the  heat  production. 
Since  the  copper  losses  vary  as  the  square  of  the  current,  and 
for  a  given  load  the  current  varies  inversely  as  the  power  factor, 
the  temperature  rise,  and  hence  the  rating  can  not  be  given  for 
any  specified  load  in  kilowatts  without  stating  the  power  factor. 
Therefore  alternators  are  rated  in  kilavoU-amperes  (Jcv.a.). 
This  is  necessary,  as  it  is  evident,  that  the  manufacturer  can  have 
no  control  over  the  power  factor  of  the  load  that  the  machine 
will  be  required  to  carry  in  service.  As  the  iron  losses  also 
change  somewhat  for  different  power  factors  the  rating  in  kv.a. 
is  often  supplemented  by  a  statement  of  temperature  rise  for 
two  power  factors,  usually  unity  and  85  per  cent.,  lagging  current. 
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(j)  Losses. — The  losses  in  an  alternator  are  similar  to  those  in 
the  direct-current  generator,  and  may  be  grouped  as  friction, 
windage,  copper  and  iron  losses.  The  friction  losses  are  in  the 
bearings  and  under  the  brushes.  These  and  the  windage  are 
usually  determined  by  empirical  formulsB  or  measured  by  means 
of  a  calibrated  motor.  The  brush  and  windage  losses  are  small 
and  may  be  neglected  except  in  high-speed  machines  like  turbo- 
alternators.  The  following  empirical  formula  for  bearing 
friction  gives  a  close  approximation: 

Bearing  friction  loss  =  O.Sldl  (  Yqq)     ^^  watts       (427) 

d  =  diameter  of  bearing  in  inches. 
I  =  length  of  bearing  in  inches. 
V  =  rubbing  velocity  of  the  bearing  in  feet  per  minute. 

The  copper  loss  is  partly  in  the  field  and  partly  in  the  arma- 
ture. The  field  or  excitation  loss  is  readily  determined  by 
taking  volt  and  ampere  readings.  In  the  armature  the  resistance 
and  the  current  are  measured  to  determine  the  rJl  losses.  In 
large  machines  the  resistance  is  very  small  and  difficult  to  deter- 
mine by  direct  measurements.  If  the  dimensions  of  the  armature 
conductors  are  given  the  resistance  may  be  calculated.    The  ^ 

leakage  flux  produces  eddy  currents  in  the  armature  conductors  «    J 

which  cause  an  additional  copper  loss,  sometimes  called  the  .(} 

load  losses.     The  best  way  to  determine  these  losses  is  by        V^  f* 
means  of  a  calibrated  driving  motor.    The  alternator  is  run  at  \    /iy  |,* 
normal  speed  with  the  armature  short-circuited  through  an/  |^  i  i  A 
ammeter.    The  field  excitation  is  adjusted  until  full-load  currentr  Jj# 

flows  through  the  ammeter.    The  input  of  the  driving  motor  isj 
recorded  and  the  power  required  to  drive  the  alternator  deteg^ 
mined  from  the  efficiency  curve  of  the  motor.    For  a  second 
set  of  readings  the  alternator  \a  run  at  the  same  speed  with  th( 
armature  circuits  open  and  without  field  excitation.    The  powei 
required  to  drive  the  alternator  is  again  determined  from  th< 
motor  input  and  motor  efficiency.    The  difference  in  the  two 
cases  is  the  rail  loss  and  the  short-circuit  core  loss,  including 
the  load  loss  and  iron  loss  due  to  the  core  flux.     As  the  latter  is 
also  included  when  measuring  the  iron  losses,  it  is  necessary  to 
separate  the  two  parts  in  the  short-circuit  core  loss.    This  is 
usually  done  empirically  as  recommended  in  the  standardization 
rules  of  the  A.  I.  E.  E.:  "Stray  load  losses  are  to  be  determined 
by  operating  the  machine  on  short  circuit  and  at  rated-load 
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current.  This,  after  deducting  the  windage  and  friction  and 
PR  loss,  gives  the  stray  load  loss  for  polyphase  generators  and 
motors."  Having  determined  the  friction,  windage  and  load 
losses  the  iron  loss  may  be  found  by  taking  a  third  set  of 
readings  for  the  input  of  the  driving  motor,  the  alternator  run- 
ning at  normal  speed,^with  full  field  excitation  and  open  arma- 
ture circuits. 

(k)  Efficiency. — ^The  eflSciency  of  an  alternator  is  the  ratio  of 
the  power  output  to  the  power  input,  and  is  usually  expressed 
in  per  cent. 

_,^  .  .         *       ^        power  output  X  100 

Efficiency  m  per  cent.  = r 

•^       ^  power  mput 

'_       (output  in  kw.)  X  100  .      . 

""  output  in  kw.  +  losses  in  kw.  ^ 

A  typical  efficiency  curve  for  large  generators  is  shown  in  Fig.  264. 
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Fig.  264. 


For  Table  VII  the  losses  are  given  separately  for  several 
alternators.  The  relative  amounts  of  energy  changed  into  heat 
in  the  armature  and  field  vary  considerably  for  different  de- 
signs. The  ratios  between  the  field  amperes  for  no  load  and 
normal  terminal  voltage  (taken  from  the  no-load  saturation 
curve)  to  the  field  amperes  for  full-load  current  with  the  termi- 
nals short-circuited  (taken  from  short  circuit  saturation  curve 
— straight  line)  are  given  in  the  S.C.  ratio  column.  Armature 
resistance  is  between  terminals  at  25°C.  Synchronous  react- 
ances are  given  in  per  cent,  of  terminal  voltage  at  fulMoad 
current. 
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Table  VII 


fuH 

load, 
kT.a. 


Volta 


/ 
Cydes 


Speed, 
r.p.m. 


Phaae 


S.C. 
ratio 


Iron 

loss, 

kw. 


Friotion 

and 
windage, 

kw. 


Field 
RIt 

loss, 
kw. 


Armatute 

resistance 

across  ter- 

minab, 

ohms 


Per  cent 


500 
500 
-760 
1,000 
,500 
1.500 
1,800 


2,300 

60 

360 

2 

1.4 

18.7 

6.1 

5.0 

0.250 

2,300 

25 

300 

3 

1.8 

8.1 

3.2 

5.4 

0.273 

2,300 

60 

400 

3 

2.2 

17.0 

7.1 

6.8 

0.111 

2.300 

25 

500 

3 

1.6 

12.5 

9.5 

7.3 

0.084 

2.300 

60 

200 

3 

2.2 

24.6 

10.0 

7.8 

0.037 

2,300 

25 

760 

3 

1.5 

31.4 

15.3 

7.5 

0.043 

2,300 

60 

360^ 

3 

1.6 

28  1 

11.8 

7.8 

0.023 

45 
44 
40 
42 
44 
45 
47 


(Z)  Parallel  Operation  of  Alternators. — In  most  power  plants 
it  is  necessary  to  connect  several  generators  to  the  same  dis- 
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tribution  system  as  this  arrangement  gives  the  best  operating 
economy.  In  constant-potential  systems  the  alternators  must 
therefore  be  operated  in  parallel.  The  alternating  nature  of  the 
voltage  wave  and  the  constant  speed  required  for  constant 
frequency  make  the  operation  of  alternators  fundamentally 
different  from  similar  arrangements  of  direct-current  generators. 
Consider  the  two  alternators  in  Fig.  265,  operating  in  parallel 
and  delivering  energy  to  the  same  busbars.  If  both  machines 
produce  simple  sine  voltage  waves,  it  is  possible  to  adjust  the 
field  excitation  and  the  phase  position  of  the  two  machines  so 
that  the  voltages  from  the  two  alternators  shall  at  every  instant 
be  equal.  At  the  busbars  the  two  voltages  arrive  in  phase, 
are  of  equal  magnitude  and  may  be  represented  by  one  vector, 
as  in  Fig.  266.  The  load  current  is  the  sum  of  the  currents 
coming  from  the  two  machines.    With  respect' to  the  busbars  the 
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FiQ.  267. 


two  machines  are  therefore  in  parallel  and  the  voltages  and 
current  waves  are  in  phase.  However,  between  the  machines, 
the  two  armature  windings  and  the  connections  to  the  busbars 
form  a  series  circuit,  and  therefore  relatively  to  each  other  the 

two  voltage  waves  are  in  opposition, 
and  may  be  represented  by  the  dia- 
gram in  Fig.  267.  The  two  diagrams 
in  Figs.  266  and  267  represent  the 
same  voltages;  the  difference  in  phase 
position  merely  depends  on  whether 
-X  the  parallel  circuits  for  the  load  or 
the  series  circuit  through  the  two  ar- 
matures are  under  discussion.  The 
conditions  for  parallel  operation,  with 
no  cross-currents  flowing  between  the 
alternators  in  the  series  circuit  and 
for  simple  sine  voltages  are: 

1.  The  machines  must  be  in  sjm- 
chronism;  that  is,  generate  voltage  at  the  same  frequency. 

2.  The  voltages  must  be  equal  in  magnitude. 

3.  The  voltages  must  be  in  phase  (referred  to  the  parallel 
circuit)  or  the  machines  must  be  in  step, 

(m)  Synchronizing  Current. — Given  the  two  alternators  oper- 
ating in  parallel  and  the  voltages 
represented  by  vectors  180°  apart 
as  in  Fig.  267.  Let  the  power  sup- 
plied by  the  prime-mover  driving 
machine  A  be  increased  by  a  small 
amount.  This  tends  to  increase  the 
speed  of  A  and  bring  the  voltage 
vectors  less  than  180**  apart,  as  in- 
dicated in  Fig.  268.  The  voltages 
in  this  phase  relation  will  not  neu- 
traUze  completely  but  form  a  result- 
ant voltage,  9E  causing  a  current  J 
to  flow  in  the  series  circuit  through 
the'  armatures  of  both  alternators. 
The  synchronizing  current  lags  behind  the  resultant  voltage,  ^E, 
by  an  angle  »dj  depending  upon  the  total  resistance  and  reactance 
of  the  series  circuit,  therefore  including  the  resistance  and 
reactance  of  both  armatures. 
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r  =  total  resistance  in  the  series  circuit. 
cX  =  total  synchronous  reactance  in  the  series  circuit. 
Efu  =  open-circuit  voltage  in  alternator  A, 
Eqb  =  open-circuit. voltage  in  alternator  B. 
9E  —  resultant  voltage  causing  the  ciurent  J  to  flow  in  the 

series  circuit. 
J  =  synchronizing  current. 

COS  .^  =  -  =     y  ,  .      ,  (429) 

With  the  two  voltages  E^a  and  E^b  180**-7  apart,  as  in  Fig. 
268  the  sjrnchronizing  current  leads  Eoa  by  90**  —  {»$  +  iy) 
and  lags  behind  E^b  by  90**  +  (,d  —  J7).  With  ,$  large  compared 
to  7  the  angle  of  lag  of  the  synchronizing  current  with  respect 
to  JS  is  greater  than  90**  and  hence  the  cosine  negative,  while 
for  generator  A  the  angle  of  lead  is  less  than  90^  and  hence  the 
cosine  is  positive.  This  means  that  alternator  A  gives  out 
power;  that  is,  acts  as  a  generator,  while  machine  B  receives 
power  from  the  series  circuit.  Hence  the  synchronizing  current 
transmits  power  from  A  to  B  and  therefore  tends  to  retard  A 
and  accelerate  B  and  thus  bring  the  two  machines  back  into 
phase  opposition,  or  to  keep  them  in  synchronism.  In  the 
series  circuit  between  the  two  alternators: 

The  power  supplied  by  A  =»       E^aJ  cos  (90**  -,6-  iy)    (430) 
The  power  received  by  JB  =»       E^bJ  cos  (90**  +  ,^  —  §7)  or 
(Using  the  negative  sign)  =  -  EobJ  cos  (90**  -.6  +  J7)    (431) 

u^    j.-ise :«    XI i-^j   i._:l     a    — j  ^j^^   poWCr  rc- 

series  circuit,  or 


The  difference  in  the  power  supplied  by  A  and  the  power 
-ceived  by  B  is  equal  to  the  power  lost  in  the  series  circuit 
9EJ  cos  tB. 

Eoa  J  COS  (90**  -.6-  §7)  +  E^B  J  COB  (90°  +  ,6-  iy)  =  ,EJ  cos  ,6 
or 

Eoa  J  COS  (90**-  ,e  -  iy)  ~  EoBsI  COS  (90**  -  »e+  iy)  =  ,E J  008,6 

(432) 
Eoa  =  Eob;  bE  =  2EoB  COS  (90**  -  J7)  (433) 

If  several  alternators  are  connected  to  one  set  of  busbars  the 
qmchronizing  current  tends  to  keep  all  the  machines  in  step. 
If  the  prime  mover  of  any  one  machine  tends  to  increase  its 
speed,  a  resultant  voltage  is  generated,  causing  a  synchronizing 
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current  to  flow.  The  machine  that  leads  delivers  power,  is  thus 
retarded,  and  thereby  tends  to  hold  the  machine  in  synchronism 
and  in  step.  If,  on  the  other  hand,  the  prime  mover  of  one  of 
the  alternators  gives  less  than  its  share  of  the  load  the  machine 
lags  behind  and  receives  power  by  the  synchronizing  current 
and  therefore  is  in  phase  relation  similar  to  machine  B  in  Fig. 
268.  The  power  supplied  by  the  synchronizing  current  ac- 
celerates the  lagging  alternator,  thus  tending  to  keep  the  machine 
in  synchronism.  The  maximum  value  of  the  synchronizing 
torque  is  proportional  to  the  maximum  power  supplied  or  received 
through  the  series  circuit.  For  the  alternator  tending  to  run  too 
fast  the  expression  for  power  is  given  in  equation  (430)  and  for 
the  lagging  machine  in  equation  (431). 
From  (430) : 

J" A  =  EoaJ  cos  (90°  -  .^-  iy) 

or,2    ('^  COS  jy  +  r  sin  jy)  (sin  jx) 

=  ^^oA  y.2  _[_  ^2  (434) 

Considering  ,r  and  y  constant,  differentiate  with  respect  to 
gX  to  find  the  value  of  the  synchronous  reactance  in  terms  of 
the  resistance  and  phase  angle  for  maximum  torque. 

,  -  =0.     Hence  (r*  +  ,x*)  cos  ^7  —{tX  cos  ^7 

dgX 

+  r  sin  iy)  2.x  =  0     (435) 
Or, 

(1  —  sin  hy)r 
-^  °        (cos  iy)  (««) 

For  small  values  of  7,  that  is,  with  the  machines  nearly  in 
the  desired  180°  phase  position,  cos  iy  is  very  nearly  unity  and 
sin  i7  very  small,  and  therefore  the  condition  for  maximum 
torque  with  the  machines  in  step  is: 

.X  =  r  (437) 

For  the  machine  tending  to  lag,  the  value  of  the  synchronous 
reactance: 

(1  +  sin  hy) 

Hence,  the  condition  for  maximum  torque  is  the  same  when  the 
value  of  7  is  very  small  whether  the  machine  tends  to  go  faster 
or  slower  than  synchronous  speed.     With  the  alternators  in 
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step  the  maximum  synchronizing  force  is  obtained  when  the 
synchronous  reactance  and  resistance  are  equal,  or  »$  —  45^. 
For  larger  values  of  7,  the  value  of  .x  Is  less  than  r,  to  give  maxi- 
mum synchronizing  torque.  It  is,  however,  neither  necessary 
nor  desirable  to  design  the  machines  for  a  maximum  synchronous 
torque,  as  a  considerably  smaller  value  is  ample  for  practical 
operation.  Other  factors  entering  into  the  design  of  alternators 
make  it  necessary  to  let  the  synchronous  reactance  be  several 
times  as  large  as  the  armature  resistance. 

(n)  Synchronizing.  Syncbroscopes. — In  order  to  connect 
an  alternator  to  a  system  already  in  operation  the  conditions 
for  parallel  operation  must  be  met,  or,  the  alternator  must  be 
synchronized  before  it  is  connected  to  the  busbars.  The  in- 
coming machine  must  be  adjusted  to  comply  with  the  three 
required  conditions: 

(1)  The  machine  and  busbar  voltages  must  be  approximately 
equal  in  magnitude. 

(2)  The  voltages  must  have  the  same  frequency. 

(3)  The  voltage  waves  must  be  in  phase. 

The  first  condition  is  met  by  adjusting  the  field  excitation,  using 
the  switchboard  voltmeter  as  indicator.  The  voltage  is  usually 
kept  a  little  higher  on  the  incoming  machine.  Conditions  (2) 
and  (3)  are  of  much  greater  importance  than  a  careful  adjust- 
ment of  the  voltages.  To  determine  the  speed  and  phase 
relations  for  conditions  (2)  and  (3)  special  indicators  or  syn- 
chronizing devices  are  used.  These  may  be  grouped  as  indicating 
and  automatic.  The  indicating  synchronizing  device,  or  syn- 
chroscope, should  show  three  things: 

(1)  Whether  the  speed  of  the  incoming  machine  is  too  fast  or 
too  slow. 

(2)  The  amount  of  the  difference  in  speed  from  synchronism. 

(3)  The  time  of  coincidence  of  phase  relations  of  the  incoming 
machine  and  the  busbars. 

The  simplest  of  all  synchroscopes  is  the  incandescent  lamp; 
when  used  for  this  purpose  it  is  called  a  synchronizing  lamp. 
In  Fig.  269  let  machines  A  and  C  be  in  operation  while  B  is 
being  synchronized.  The  synchronizing  lamps  connected  as 
indicated  in  the  diagram,  will  pulsate  in  brightness  as  the  machine 
B  approaches  synchronous  speed.  By  the  rapidity  of  the  pul- 
sations is  indicated  the  difference  in  speed.  When  the  machine 
runs  in  synchronism  with  the  busbar  voltage  the  pulsations 
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cease;  and  when  the  lamps  are  at  their  greatest  brilliancy,  the 
phase  relations  are  correct  and  the  machine  may  be  thrown  into 
circuit.    By  connecting  the  lamps  as  on  machine  C,  Fig.  269, 
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Fig.  269. 


the  lamps  are  dark  when  the  machine  and  busbetrs  are  in  phase. 
For  machines  having  a  higher  voltage,  transformers  are  used 
and  the  connections  made  so  as  to  have  the  lamps  either  dark 
or  hnqhi  when  the  machines  are  in  phase,  as  shown  in  Figs. 


Fig.  270. — Synchronizing 
bright,  using  two  trans- 
formers with  the  secondaries 
in  series. 


Fig.  271. — Synchronizing 
darky  using  two  trans- 
formers with  the  secondaries 
in  opposition. 


270  and  271.  For  three-phase  machines,  as  in  Fig.  272,  the 
lamps  become  bright  in  a  definite  order  while  the  speed  of  the 
incoming  machine  is  too  low,  and  in  the  reverse  order  when  the 
speed  is  above  synchronism.    At  synchronism  the  right-hand 
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lamp  will  be  dark  and  the  other  two  of  equal  br^htness.    For 
Bmall   machines  the  synchronizing  lamps  serve  the  puppose 
but  for  large  alternators  more  accurate  indi- 
cators are  necessary. 

The  Lincoln  Synchroacope. — A  pointer  mov- 
ing in  front  of  a  dial,  lilce  the  hands  of  a 
clock,  indicates  the  relative  speeds  and  phase 
positions  of  the  machines  to  be  synchroniied. 
The  direction  of  rotation  shows  whether  the 
speed  of  the  incoming  machine  is  too  fast  or  too 
slow.  The  speed  of  the  pointer  indicates  the 
relative  speeds  of  the  alternators.  When  the 
machines  are  running  at  the  same  speed  and 
the  voltage  waves  are  in  phase,  the  pointer  pio.  272. 

remains  stationary  in   an  upright   position. 
The  circuit  diagram  of  the  instrument  is  shown  in  Fig.  273.    A 
stationary  laminated  iron  core  MM'  is  magnetized  by  a  current 


Fio.  273.— lincoln  synchro- 
scope. 

from  the  busbars  flowing  through  coil  A  and  resistance  ri.  The 
rotating  part  carrying  the  pointer  consists  of  two  coils,  £  and  £>, 
hgidly  attached  to  the  axle,  in  space  quadrature  to  each  other. 
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Both  coils  are  connected  totheterminalsoftheincoming  machine; 
B  through  a  resistance,  r,,  and  D  through  an  inductive  reac- 
tance, xj.  The  currents  flowing  in 
B  and  D  therefore  differ  in  time 
phase  by  nearly  90°.  Hence  the 
resultant  magnetic  field  produced  by 
the  currents  in  B  and  D  rotates  in 
synchronism  with  the  frequency  of  the 
voltage  from  the  incoming  alternator. 
The  magnetic  flux  in  MM'  pulsates 
in  synchronism  with  the  busbar  volt- 
^e.  The  reaction  between  the  sta- 
tionary pulsating  flux  produced  by 
the  current  in  coil  A  and  the  constant 
rotating  flux  produced  by  the  cur- 
rents in  coils  B  and  D  gives  the  re- 
quired torque  for  turning  the  pointer. 
When  the  voltage  from  the  incoming 
machine  has  the  same  frequency  and 
is  in  time  phase  with  the  busbar  volt- 
age the  torque  during  one-half  cycle  is  balanced  by  an  equal 
torque  in  the  opposite  direction  during   the   next  half  wave. 


9itt><fifV9ix/m^ 


Fig.  276. — Induction  synchroscope. 


The  pointer  is  fastened  to  the  movable  coils  so  as  to  take  wi 
upright  position  when  the  machines  are  in  synchronism.    Cir- 
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cuit  diagrams  showing  the  connections  to  the  synchroscope  in 
grounded  and  ungrounded  systems  are  shown  in  Figs.  274  and  275, 

Induction  Synchroscope. — The  mechanism  consists  of  three 
stationary  coils,  A,  B  and  D,  Fig.  276,  with  a  central  movable 
iron  core,  to  which  is  attached  a  pointer.  Coil  A  is  connected 
to  the  busbars  through  a  resistance,  Ti.  The  current  in  A  pro- 
duces a  pulsating  flux  in  the  iron  armature.  Coils  B  and  D, 
in  space  quadrature,  are  connected  to  the  incoming  machine; 
coil  B  through  a  resistance,  ri,  and  coil  D  through  an  inductive 
reactance,  Xi.  The  currents  in  coils  B  and  D  produce  a  con- 
stant rotating  field.  The  torque  is  produced,  in  the  same 
manner  as  in  the  Lincoln  &ya- 
chroscope,  by  the  reaction  be- 
tween the  pulsating  and  rotating 

fields.     If  the  speed  of  the  in-  ^ 

coming  machine  is  too  slow,  the 

pointer   rotates   in    a  counter-  > 

clockwise  direction;  if  too  fast, 
the  direction  of  rotation  is  re- 
versed. When  the  machines  are 
in  synchronism  the  pointer  ro- 
muns  stationary  in  an  upright 
position. 

(o)  Division  of  Load,  in  Par- 
allel OperatiOQ. — ^The  division  of  „      „__ 
the  load  depends  fundamentally 

upon  the  governors  of  the  prime  movers.  Without  entering  into 
an  extended  discussion  of  the  problem  the  essential  principle  in- 
volved may  bo  shown  by  Fig.  227,  assuming  similar  machines. 

Let  the  diagram  represent  the  current  and  voltage  relations 
for  one  phase. 

OT  =  Et,  constant  busbar  or  terminal  voltage. 

OA  =  /(,  constant-load  current, 
fit  =  angle  of  lag  for  /(  and  Et. 
Ta  =  armature  resistance, 
Xa  =  armature  reactance. 

First  Condition. — The  two  machines  are  in  phase. 

The  voltage  drop  in  each  armature,  per  phase  is: 

'*~n  =  '■ay  +  i^o  o"  (each  alternator  supplies  half  the  busbar 
current)         (439) 
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Eo^Za-^  +  Et  (440) 

00  »  Eo,  generated  voltage  in  each  machine. 
Angle  GTL  =  ,^  =  armature  angle  of  lag. 

The  two  machines  are  dividing  the  load  equally. 
Power  generated  in  A  =  Eqa  -k  cos  00 A. 
Power  output  from  A  ^  Et-K  cos  St. 
i^ower  generated  in  B  =  Egs  -k  cos  GO  A. 

Power  output  from  B  =^  Et  -^  ^^^  ^«- 

Second  Condition. — ^Let  the  governor  for  the  prime  mover  of 
alternator  B  be  adjusted  to  slightly  increase  the  amount  of  power 
supplied.  This  tends  to  increase  the  speed  of  B  and  hence 
to  make  the  voltage  dififer  from  A  by  an  angle  p. 

Keeping  the  same  position  for  the  terminal  voltage  OT,  the 
generated  voltage  of  B  is  f /9  ahead  and  of  A  i/3  behind  00. 
It  is  also  assumed  that 

OF  ^  OH. 

OF  =5  EgB  generated  voltage  in  B. 
OH  =  EgA  generated  voltage  in  A. 
TF  =  zJb  armature  drop  in  B. 
TH  —  zJa  armature  drop  in  A. 
Upon  TF  and  TH  construct  right  triangles  similar  to  TGL. 
TM  =  tJb)  FM  =  xJb. 
TK  =  tJa]  HK  =  xJa. 

From  0  draw  OB  parallel  to  TAf ,  and  OC  parallel  to  TK. 

r 

In  length,  let  OB :  JOA : :  TM:  TL,  or  dB:  \It:  irjBiVa  "^    (441) 

Hence  OB  =  7^,  the  current  from  machine  B,  in  phase  and 

magnitude. 

Similarly,  OC  =  I  a,  the  current  from  machine  A,  in  phase  and 

magnitude. 

/«  =  Jb  +  /^  (442) 

Power  generated  in  B  =  EgBh  cos  FOB  (443) 

Power  output  from  B  =  EJb  cos  TOB  (444) 

Power  generated  in  A  =  EgAlA  cos  HOC  (445) 

Power  output  from  A  «  EJa  .cos  TOC  (446) 
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Under  the  conditions  assumed  for  the  diagram  it  is  evident 
that  B  delivers  more  power  than  A. 

In  the  above  discussion  it  is  assumed  that  the  generated 
voltages  in  the  two  machines  are  equal  in  magnitude.  This 
need  not  be  the  case  but  the  division  of  the  load  will  in  any  event 
depend  upon  the  power  supplied  by  the  prime  mover  to  each 
alternator;  and  since  the  alternators  must  run  in  synchronism 
the  amount  of  power  supplied  by  the  prime  movers  and  there- 
fore the  division  of  the  load  depends  upon  the  adjustment  of  the 
governors.  In  direct  currents  the 
generated  voltage  depends  upon  the 
product  of  the  speed  and  the  field 
excitation.  For  constant  voltage  an 
increase  in  one  requires  a  corres- 
ponding decrease  in  the  other.  For 
alternators  running  in  parallel  both 
the  speed  and  the  terminal  voltage 
are  constant,  while  the  field  is  sepa- 
rately excited  and  hence  variable. 
Referring  to  Figs.  250  and  255  it 
will  be  recalled  that  the  useful  flux 
has  two  components,  one.  from  the 
field  excitation  and  another  from  the 
armature  reaction.  The  product  of  the  useful  flux  into  the  speed 
determines  the  generated  voltage  and  for  constant  speed  and 
constant  voltage  the  useful  flux  must  also  be  constant.  Hence 
if  the  field  excitation  is  changed  while  the  speed  and  voltage  are 
constant,  the  armature  reaction  must  make  a  corresponding 
counter  change  to  keep  the  useful  flux  constant.  This  is  done 
autoinatically  by  the  synchronizing  ciurent  as  may  be  seen  from 
Fig.  278.  Let  the  two  alternators  be  operated  in  parallel  with 
equal  field  excitations  and  each  taking  half  the  load.  If  the 
excitation  of  A  is  increased,  the  voltage  Eqa  rises  slightly  and 
the  machine  tends  to  carry  more  load.  As  the  power  supply 
is  regulated  by  the  governor  .of  the  prime  mover,  the  speed  of  the 
machine  decreases  slightly  imtil  the  two  voltage  waves  differ 
by  a  small  angle,  P,  less  than  18Q^.  This  produces  a  resultant 
voltage,  ,Ef  in  the  series  circuit  and  as  a  result  a  current,  J 
in  both  armatures.  Since  the  annature  reactance  is  inductive 
the  synchronizing  current  J  lags  with  respect  to  Eqa  and  leads  EgB» 
The  armature  reaction   therefore   decreases   the  field  flux   in 


Fig.  278. 
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A  and  correspondingly  increases  the  field  in  B,  The  e£fect  of 
the  armature  reaction  automatically  equalizes  the  resultant 
useful  fluxes  in  the  machines  so  as  to  produce  equal  terminal 
voltages. 

PROBLEMS 

1.  From  the  data  given  in  Table  VII  find  the  efficiencies  of  the  several 
alternators  at  25  per  cent.,  50  per  cent.,  75  per  cent.,  100  per  cent.,  125 
per  cent,  and  150  per  cent,  full  load.  Assume  that  the  load  losses  vary  with 
/'  and  at  full  load  are  equal  to  50  per  cent,  of  the  iron  losses.  Neglect 
field  rheostat  losses. 

(a)  For  cos  Bt  =«  1.0. 
(6)  For  cos  Bt  =  0.85. 

2.  With  Et  constant  and  /«  constant  and  equal  to  the  values  for  50  per  cent, 
full  load,  and  cos  Bt  varying  from  70  per  cent,  lagging  current  to  70  per  cent, 
leading  current,  draw  the  loci  for  Eq  and  Eg  for  alternators  No.  2  and  No.  7 
in  Table  VII.    Let  Xu  be  12.5  per  cent,  of  ,X«. 

8.  In  problem  2  let  Et  be  constant  and  cos  Bt  »  88  per  cent,  (lagging  cur- 
rent) and  let  /«  vary  from  no  load  to  full  load. 
Draw  the  loci  for  Ea  and  Eg. 

4.  Given  two  alternators  operating  in  parallel.  The  prime  mover  for 
B  tends  to  make  it  rotate  faster  than  A. 

(a)  Draw  vector  diagram  for  the  synchronizing  circuit. 
I  (h)  With  the  same  notation  as  in  the  diagram  write  the  equations  for  the 

power  delivered  by  A  and  B, 

(c)  Prove  that  for  the  synchronizing  circuit  alone,  machine  B  is  a  genera- 
I  tor  and  machine  A  a  motor. 

;  5.  Let  A  and  B  be  alternators  of  the  same  type  and  rating  as  No.  3  and 

!  No.  5  respectively  in  Table  VII.     The  prime  mover  of  A  tends  to  run  too 

I  fast  so  that  the  voltage  wave  from  A  leads  that  from  B  by  3°. 

(a)  Find  the  synchronizing  current. 

\  (b)  Find  the  power  in  the  synchronizing  circuit  flowing  from  AtoB, 

6.  In  problem  4  let  the  load  current  lag  32**  behind  the  busbar  voltage. 
I                               (a)  Draw  the  vector  diagram  for  the  load  circuit. 

(b)  With  the  same  notation  as  in  the  vector  diagram,  write  the  power 
!                           equations  for  the  output  in  the  load  circuit  for  A  and  B. 

(c)  From  the  equations  show  that  B  takes  more  than  half  the  load. 

7.  Two  alternators  like  No.  6  in  Table  VII  operate  in  parallel.  The 
voltage  wave  from  A  leads  that  from  B  by  4^.  Let  Xa  «  12.5  per  cent, 
of  «Xa.  Assume  that  the  voltages  are  adjusted  as  that  machine  A  takes 
half  of  the  load  plus  the  required  synchronizing  power,  while  machine  B 
takes  half  the  load  minus  the  synchronizing  power.  The  load  power  factor 
at  the  busbars  is  87  per  cent.,  current  lagging.    Total  load  1,700  kw. 

(a)  What  is  the  load,  in  kw.,  for  A?    In  kv.a.? 
(6)  What  is  the  load  in  kw.,  for  B?    In  kv.a. 7 

(c)  If  B  delivers  full  load,  what  is  the  load  on  A? 

(d)  What  power  is  passing  from  A  to  B  in  the  synchronizing  circuit? 
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8.  The  following  data  apply  to  the  test  of  a  three-phase,  100-kv.a.,  2300- 
volt  generator  when  driven  by  a  separately  excited  core  loss  motor  at 
normal  speed : 


Condition 

Motor 

Generator 

B 

/ 

El 

If 

IL 

Belt  off 

523.5 
525.5 
527.5 
528.0 
529.0 
530.0 
528.5 
530.5 
532.5 

4.0 

6.4 

8.5 

9.5 

10.6 

11.7 

10.0 

12.1 

13.7 

0.0 

2000.0 

2500.0 

2900.0 

3200.0 

0.0 

0.0 

0.0 

0.0 
7.0 
9.5 
12.2 
14.6 
4.8 
6.0 
6.8 

Belt  on 

0  0 

Open  circuit 

Open  circuit 

0.0 
0  0 

Open  circuit 

0  0 

Open  circuit 

0.0 

Short  circuit 

20.0 

Short  circuit 

25.0 

Short  circuit 

28.2 

Star-connected  ammeters  used  during  short-circuit  test. 
Resistance  of  direct  current  motor  armature,  0.87  ohm. 
Resistance  of  generator  between  terminals,  8.62  ohms. 
Calculate  the  efficiency  and  regulation  of  the  above  machine  at  full  load 
on  85  per  cent,  power  factor  G&gsii^s)* 

9.  Alternators  like  No.  3  and  No.  5  in  Table  VII  are  run  in  parallel. 
Before  No.  3  is  connected,  No.  5  supplies  1500  kw.  to  a  2300-volt  load  at 
85  per  cent,  power  factor  lagging.  Alternator  No.  3  is  now  connected  and 
the  governors  of  each  driving  turbine  so  adjusted  that  each  machine  carries 
its  share  of  the  load  (500  kw.  for  No.  3  and  1000  kw.  for  No.  5).  The  field 
of  No.  5  is  not  changed  and  that  of  No.  3  is  adjusted  to  bring  the  line  voltage 
to  2300  volts.  What  are  the  load  currents  and  power  factors  of  each 
machine?     Give  a  complete  vector  diagram. 

1.  Two  similar  1670  kv.a.,  F-connected,  2300  volt,  25  cycle,  3  phase 
generators,  designated  as  A  and  B,  are  installed  in  a  generating  station  and 
may  be  connected  to  the  same  set  of  busses.  A  is  running,  and  it  is  desired 
to  synchronize  B  with  it.  When  synchronizing  the  operator  carelessly 
throws  the  switch  of  machine  in,  when  it  is  15  degrees  ahead  of  exact- 
phase  opposition  to  A.  (a)  Which  machine  supplies  power  to  bring  the 
two  machines  into  step?  (6)  How  many  kw.  are  supplied?  (c)  What  is 
the  value  and  phase  position  of  the  resultant  voltage  in  the  circuit  of  the 
two  machines?     (d)  What  is  the  value  of  the  circulating  current? 

The  synchronous  reactance  of  each  machine  is  40  per  cent.,  and  the  re- 
sistance 1.5  per  cent. 

2.  The  machines  in  problem  (1)  are  driven  by  prime  movers  such  that 
the  speed  regulation  of  machine  il  is  4  per  cent,  and  that  of  machine  B 
is  6.5  per  cent,  at  full  load  of  1670  kv.a.  and  85  per  cent,  power  factor, 
and  normal  frequency.  The  rise  or  drop  in  speed  is  a  constant  amount  per 
kw.  change  of  load,     (a)  What  is  the  combined  kv.a.  output  of  the  two 
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machines  when  A  is  delivering  125  per  cent,  of  its  rated  kv.a.  output?     (6) 
What  is  the  frequency  at  this  load? 

8.  In  problem  (2)  the  combined  load  of  the  two  machines  is  reduced  to 
2400  kv.a.,  load  power  factor  remaining  constant,  (a)  What  is  the  fre- 
quency? (6)  How  many  kw.  does  A  deliver?  (c)  How  many  kw.  does 
B  deliver? 

For  Experiments  see  page  542. 


CHAPTER  XV 

SYNCHRONOUS  MOTORS  AND  SYNCHRONOUS 

CONDENSERS 


1! 


^ 


Consider  two  similar  alternators,  connected  in  parallel  to  the 
same  busbars  as  in  Fig.  279,  with  equal  field  excitations,  and 
running  in  synchronism  carrying  equal  loads.  In  the  series 
circuit  between  the  alternators  no  cross-current  is  flowing  and 
the  voltage  vectors  are  180®  apart.  If  the  power  supply  of 
machine  M  is  reduced,  the  voltage  vector  E^  lags  behind 
the  first  position,  relative  to  the  voltage  Eg  by  an  angle 
Y,  as  indicated  in  Fig.  280.  The  synchron- 
izing current  flowing  in  the  series  circuit 
transmits  power  from  (?  to  Jf  as  ex-* 
plained  in  Chap.  XIV.  If  all  power  sup- 
ply is  cut  off  from  the  prime  mover,  ma^ 
chine  M  still  continues  to  run,  receiving 
the  necessary  power  from  alternator  (?. 
If  in  addition  a  mechanical  load  is  con- 
nected to  My  additional  power  is  trans- 
mitted from  G  by  an  increased  current  in 
the  series  circuit.  The  difference  in  phase 
position  of  the  voltage  vectors  for  the  two 
machines  is  larger  with  M  carrying  a  mechanical  load  than 
before,  but  the  two  machines  continue  to  run  in  synchronism. 
Alternator  M  is  thus  changed  into  a  motor  running  in  syn- 
chronism with  an  alternator  O  by  varying  the  phase  position 
of  the  voltage  waves.  A  synchronous  motor  is,  therefore  in 
principle,  simply  a  reversed  alternator.  Instead  of  receiving 
mechanical  energy  and  generating  electric  energy,  it  receives 
electric  energy  at  synchronous  speed  and  delivers  mechanical 
energy.  If  the  excitation  of  the  motor  is  less  than  the  generator, 
the  resultant  voltage  and  the  synchronizing  current  change 
somewhat  in  phase  position  and  magnitude  but  the  motor 
stays  in  synchronism  and  power  is  transmitted  from  the  gener- 
ator G  to  the  synchronous  motor  M  under  wide  differences 
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in  field  excit&tion  and  for  a  conuderable  range  of  load.  For 
80  per  cent,  field  excitation  of  the  motor  the  current  lags  behind 
the  generator  volt^e,  as  shown  in  Fig.  281  and  power  is  still 
transmitted  from  G  to  M;  or  6^  is  a  generator  and  M  a  motor. 
For  changes  in  load  the  generator  and  motor  voltages  vary  in 
phase  position,  and  for  any  given  excitation  of  the  motor,  the 
locus  of  the  motor  voltage  is  a  circle  as  shown  in  Fig.  282.    For 
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changes  in  the  field  excitation  of  the  motor  and  for  phase  posi- 
tions of  the  motor  voltage,  E^,  with  respect  to  the  generator 
voltage,  Eg,  the  resulting  v61tage,  ,E,  changes  in  both  magnitude 
and  phase  position.  Hence  the  current  flowing  in  the  motor 
likewise  changes  both  in  magnitude  and  phase. 

(o)  Current  Loci.     Power  Input — The  inter-relation  of  the 
motor  voltage,  current  and  power  is  best  shown  graphically  by 
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vector  diagrams.  The  loci  of  the  voltages  and  motor  current  for 
different  field  excitations  and  loads  are  shown  in  Figs.  282  and 
283. 

Eo  =  generator  terminal  or  busbar  voltage,  assumed  constant. 

Ett  =  motor-generated    counter   e.  m.  f .,    depending   upon    the 

motor  field  excitation,  and  given  in  per  cent,  of  generator 

voltage,  Eo. 

gE  =  resultant  voltage  causing  current  to  flow  in  the  motor 

armature. 
/j,  =  current  in  motor  armature. 
,r  =  effective  resistance  of  motor   armature   and   leads   at 

83mclironous  speed. 
.X  =  synchronous  reactance  of  motor. 
,r2?  =  »r  +  jtX  =  synchronous  impedance  of  motor. 

T 

96  =  COS*"  ^  —  (assumed  constant). 
J^  =  il,-\-&u  (451) 

L  =  4  (452) 

The  line  OF  is  drawn  at  an  angle  9B  from  E^  and  the  distance 
OF  is  equal  to  the  quotient  of  Eo  and  ji. 

OF  ^~^oIm  (453) 

The  current  vector  I^  in  Fig.  281  is  drawn  for  80  per  cent,  motor 
field  excitation.  The  locus  of  the  motor  voltage,  E^,  is  a  circle 
and  hence  the  locus  of  the  resultant  voltage,  gE,  is  also  a  circle 
with  A  as  center  and  a  radius  equal  to  E^.  Therefore,  the 
locus  of  the  motor  current,  Jj,,  is  a  circle  with  F  as  center  and  a 
radius  equal  to  the  motor  voltage  divided  by  the  synchronous 
impedance.  For  80  per  cent,  excitation  the  radius  for  the  current 
locus  is  80  per  cent,  of  FO,  Fig.  283.^  With  F  as  a  center  a 
series  of  circles  may  be  drawn  with  radii  directly  proportional 
to  the  motor  excitation,  expressed  in  per  cent,  of  Eo.  These 
circles  are  the  ciurent  loci  for  different  motor  excitations  and 
for  varying  load.  The  component  of  current  in  phase  with  Eg 
represents  power  and  hence  the  power  component  and  the  corre- 
sponding power  input  are  measured  directly  by  the  projection 
of  the  current  along  the  F-axis.    Likewise  the  quadrature  com- 

^  McAiiUBTER,  "Alternating-current  Motors,"  p.  190. 
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ponent  of  the  current  and  the  corresponding  reactive  power  are 
measured  by  the  projection  of  the  current  along  the  X-axis. 
Thus  the  diagram  shows  directly  the  power  input  for  any  motor 
excitation  and  also  the  corresponding  power  passing  to  and  fro 
between  the  motor  and  the  generator. 

(b)  Losses.  Current  Loci  for  '^Mechanical  Power.'' — Since 
the  synchronous  motor  is  not  self -exciting  the  energy  consumed  in 
the  field  need  not  be  taken  into  consideration  when  discussing 
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the  characteristics  of  the  machine,  except  for  the  total  efficiency. 
The  energy  delivered  to  the  rotor  is  therefore  consumed  by  the 
rotor  copper  and  iron  losses,  windage,  friction  and  the  outside 
load.  Since  the  power  absorbed  by  the  iron  losses,  windage  and 
friction  is  practically  constant  for  all  loads,  it  is  convenient  to 
combine  it  with  the  outside  load  into  one  term  in  the  equations. 
"Mechanical  power"  (as  used  in  this  chapter)  =  outside  load  + 
(windage,  friction,  rotor  iron  losses),  or 

"Mechanical  power"  =  outside  load  +  a  constant. 

When  discussing  the  synchronous-motor  characteristics  it  may 
therefore  be  assumed  that: 

Power  input  =  ,r7*  losses  +  "mechanical  power"      (454) 
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In  Fig.  284,  Eo,  the  generator  busbar  voltage,  the  line  OF  and 
the  broken  lines  for  the  current  loci  are  the  same  as  in  Fig.  283. 
For  zero  motor  field  OF  represents  the  motor  current  both  in 
magnitude  and  phase  and  the  projection  on  the  F-axis,  OB,  the 
power  input.  As  no  mechanical  power  is  produced  the  input  is 
consumed  by  the  copper  losses. 

OB  =  .r  oil  (455) 


i.€^^/*9^»    Q*^^€fr^fi*r€  Com/90*9\  *f^  oe   Cur-^en^,         La^^^in^ 


/tfo  tepo    r^    Sfo    £fo 


Coff^mnsiv,   ^•^t/twe  ^onrc#-/>f 


0    j^    s^o    Afg    fopo  ft^SO  /spo 


/r  I4f  for  £'^»£SaO^/f'S,   fffdt^cfiv% 


Fig.  284. 

With  its  center  along  the  Eo  vector,  a  circle  is  drawn  through  0 
and  F.  This  is  the  locus  of  currents  for  zero  mechanical  power. 
From  similar  triangles. 


OB'.OFi'.OH  :0K,  or  OBioI^ : :  io/iriOX 


(456) 
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Hence 

OR  = 

20K 


OB  =  -^  (457) 


Similarly,  for  any  point  S  on  the  circle  OFD  the  projection 
on  Eo  represents  the  power  input  from  (455)  and  (457), 

and  hence  zero  mechanical  power.  Therefore,  in  order  to  pro- 
duce any  mechanical  power  the  current  vector  must  fall  inside 
the  circle  OFDS.  As  the  mechanical  load  at  the  shaft  includes 
all  but  the  ,r  II  losses,  it  is  evident  that  for  any  power  input 
the  losses  will  be  least  when  Eo  and  Im  are  in  phase,  or  for  unity 
power  factor.  The  power  input  for  a  current  in  phase  with  the 
voltage,  as  OQ,  is  given  directly  from  the  diagram.  The  copper 
loss  may  be  foimd  by  drawing  a  circle  with  OQ  as  radius  and  O 
as  center.  The  intersection  with  the  locus  for  no  mechanical 
load  determines  the  ,r  J*  loss  equal  to  the  projection  OT.  The 
mechanical  load  is  therefore  given  by  the  difference  of  OQ  and 
OT  and  is  equal  to  TQ. 

The  maxtmum  mechanical  power  that  the  motor  theoretic- 
ally can  carry  may  be  shown  to  be  one-half  of  the  power  repre- 
sented by  OKy  the  radius  of  the  ciurent  locus  for  zero  mechanical 
power.  The  term  maximum  mechanical  power  in  this  dis- 
cussion refers  to  conditions  which  can  not  actually  be  met  by 
the  motor.  It  is  based  on  the  assumption  that  the  resistance 
and  the  coimter  e.m.f.  are  the  only  factors  opposing  the  flow  of 
the  current,  as  in  a  direct-current  motor.  The  synchronous 
impedance  limits  the  armature  current  to  values  much 
smaller  than  indicated  in  the  diagram.  Hence  the  maximum 
power  possible  is  fictitious  as  it  can  not  be  produced  by  the 
machine. 

That  the  current  loci  for  any  constant  mechanical  power 
output  of  the  motor  are  circles  concentric  with  the  locus  for  zero 
mechanical  power  may  be  proved  as  follows: 

In  Fig.  284  draw  any  circle  LMN  with  K  as  center  and  of  radius 
a  less  than  A,  the  radius  of  the  circle  OFD,  Let  the  circular 
arc  SMQ  intersect  the  circle  LMN  at  M.  Draw  MV  perpen- 
dicular to  OK.  Then  TV  represents  the  mechanical  power 
delivered  by  the  motor  since  OV  represents  the  total  input  and 
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OT  the  losses.  Hence,  if  the  distance  TV  is  proved  constant 
for  point  M  on  the  circle  LMN  corresponding  to  any  point  S 
on  OFD,  then  the  circle  LMN  must  be  the  current  locus  for  the 
constant  mechanical  power  TV. 

LetOr  =  yi;  OV  =  y;  MV  =  x;  OS  =  OM  ^  I, 

From  the  equation  of  the  circle  0F2>,  or  from  equation  458, 

Im  =  V2Ay^  (459) 

From  the  triangle  OJIf  F, 

lu  =  Vx^  +  y'  (460) 

From  the  triangle  MVK, 

a^--  x^  +  {A  -yY  (461) 

Eliminating  Im  and  x  and  solving  for  TVy 

A^  —  d^ 
y  ^  yi  =  TV  =  — 2~4 — '  *  constant  (462) 

For  maximum  mechanical  load  a  equals  zero,  and  the  corre- 
sponding current  locus  is  the  center  of  the  circle  OFD, 
The  efficiency  at  maximum  load 

A 
=  ILnXi  =  I  =  50  per  cent.  (463) 

The  larger  the  load,  the  smaller  is  the  radius  of  the  current 
locus.  For  the  maximum  load  the  circle  of  the  current  locus  has 
contracted  into  a  point,  at  the  center  of  the  set  of  current  loci  for 
the  loads  between  zero  mechanical  output  and  the  largest  load  the 
motor  can  carry.  A  convenient  way  of  graphically  determining 
the  locus  for  any  given  load  is  shown  in  Fig.  285,  in  which  the 
generator  voltage,  the  current  locus  for  zero  mechanical  power 
and  the  scales  for  current  and  power  are  the  same  as  in  Fig.  284. 
The  maximum  power  is  represented  by  half  the  radius,  and  the 
corresponding  current  by  the  radius  of  the  locus  for  zero  mechan- 
ical power.  With  0  as  center  and  OK  as  radius  draw  the  arc 
LKM.  The  line  LM  bisects  OK  and  hence  the  length  NK 
represents  the  maximum  output  or  maximum  mechanical  power 
of  the  motor. 

A  scale  for  the  output  may  be  drawn  as  m  Fig  285.  The  cur- 
rent locus  for  any  load,  as  for  500  kw.,  may  be  determined  by 
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drawing  a  line  parallel  to  the  X-axis  from  the  output  scale  and 
intersecting  the  arc  LKM  at  P.  The  circle  drawn  with  K  as 
center  and  KP  as  radius  is  the  required  current  locus  for  an  output 
of  500  kw.  mechanical  power.  Similarly,  the  locus  for  any  other 
output  may  be  foimd  as  shown  in  Fig.  285  for  350,  800  and  150 
kw.    In  practical  operation  the  current  vector  must  be  within 
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the  locus  for  zero  mechanical  power,  since  even  with  no  load  some 
power  is  required  to  overcome  friction,  windage  and  iron 
losses.  The  current  locus  for  the  machine  operating  as  a  syn- 
chronous condenser  (no  mechanical  load)  is  shown  in  Fig.  285. 

The  copper  losses  are  excessive  unless  the  motor  operates 
near  imity  power  factor  and  in  the  lower  pari  of  the  diagram. 
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At  maximum  load  the  copper  loss  at  unity  power  factor  is 
50  per  cent.  Hence  for  an  efficiency  greater  than  50  per  cent,  the 
current  must  be  within  the  arc  LKM.  The  ordinary  operation 
of  the  synchronous  motor  for  the  conversion  of  electric  to 
mechanical  power  is  within  much  narrower  limits.  This  may  be 
seen  from  the  diagram,  as  150  kw.  is  full  load  for  this  motor. 
To  obtain  the  best  efficiency  for  any  load  the  power  factor  must 
be  near  unity  and  hence  the  current  vector  lies  near  the  Eo  vector 
and  varies  with  the  load  from  zero  to  the  value  corresponding 
to  the  maximum  load.  In  Figs.  283,  284  and  285,  the  power 
component  is  represented  by  the  projections  of  the  current  vector 
on  the  y-axis  in  phase  with  Eo*  The  product  of  the  power  com- 
ponent of  the  ciurent  and  the  voltage  gives  the  power  input  to 
the  motor. 

Eolu  cos  dt  =  motor  input,  or  generator  power  output     (461) 

Similarly  the  quadrature  current  and  the  reactive  power  are 
represented  along  the  X-axis,  in  quadratiu*e  with  Eo 

EJm  sin  ^«  =  reactive  power  (462) 

From  Fig.  285  it  is  seen  that  the  quadrature  component  of  the 
current  may  be  either  lagging  or  leading  with  respect  to  the 
impressed  voltage,  Eo',  and  hence  the  reactive  power  may  be 
either  inductive  or  condensive,  depending  upon  the  excitation 
of  the  motor  field.  The  fact  that  the  current  taken  by  a  syn- 
chronous motor  may  be  made  either  leading  or  lagging  by  merely 
adjusting  the  field  excitation,  and  hence  under  control  of  the 
operator,  is  of  great  commercial  importance.  With  a  leading 
cnirrent  the  excitation  of  the  motor  field  is  under  most  conditions, 
as  may  be  seen  from  Fig.  285,  over  100  per  cent,  of  the  generator 
voltage.  This  has  led  to  the  statement  that  an  ''over-excited 
synchronous  motor  acts  like  a  condenser."  With  a  leading  cur- 
rent the  corresponding  reactance  is  condensive  and  in  that  re- 
spect, and  thai  only,  the  over-excited  synchronous  motor  acts  like 
a  condenser.  However,  the  ability  to  receive  a  leading  current  and 
hence  to  store  power  in  time-phase  opposition  to  magnetic  in- 
ductance, is  the  important  commercial  feature  of  a  condenser,  and 
for  the  same  reason  the  chief  advantage  of  the  over-excited  syn- 
chronous motor.  The  commercial  importance  of  an  adjustable 
condensive  reactance  may  be  seen  in  the  design  of  power  distri- 
bution net-works  and  especially  in  long-distance  transmission 
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systems.  A  simple  illustration  of  improving  the  power  factor  of 
the  load  by  operating  a  synchronous  motor  in  parallel  with  an 
induction  motor  will  be  given. 
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In  Fig.  286  let  a  generator  G  supply  power  to  an  induction 
motor,  Mi.    Let  the  rated  capacity  of  the  generator  be  400  kv.a., 


-200 


4-00- 
yJO- 


900- 


^f(p  ^yo 


L  €c^/<n^,    ^,  ^0i/r^f*^r€  Curi  'r/?/,  lajfjf/^ 


/jy  /^O  ^ 


zao^ 


ZOO- 


/so- 


zoo- 


so- 


'•r% 


o  sn 


P  ^^o 


Fia.  288. 


the  motor  load  300  kw.  at  75  per  cent,  power  factor.  The  vector 
diagram  of  the  voltages  and  currents  with  scales  showing  the  real 
and  reactive  power  is  shown  in  Fig.  287.    It  is  required  to  carry 
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an  additional  load  of  80  kw.  by  the  same  generator.  This 
evidently  can  not  be  done  by  using  an  induction  motor  as  the 
400  kv.a,  taken  by  the  first  motor  is  equal  to  the  rated  capacity 
of  the  generator.  It  is,  however,  possible  to  improve  the  power 
factor  by  using  an  over-€xcited  synchronous  motor  for  the  addi- 
tional load,  thereby  reducing  the  kv.a.  so  that  the  larger  load 
takes  less  current  from  the  generator.  In  Fig.  288  is  shown  the 
vector  diagram  of  voltage  and  current  for  a  200-kv.a.  synchron- 
ous motor  taking  80  kw.  at  40  per  cent,  power  factor,  leading 
current.  Combining  the  vector  diagrams  for  the  induction  and 
synchronous  motors  in  Fig.  289  gives  the  relative  magnitudes  and 
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phase  relations  of  the  currents  in  each  of  the  motors  and  in  the 
generator. 

Power  taken  by  the  induction  motor: 

EoLiM  cos  BiM  =  2,000  X  200  X  0.75  =  300  kw. 
Power  taken  by  the  synchronous  motor: 

EoIbm  cos  e&M  =  2,000  X  100  X  0.40  =  80  kw. 
Power  delivered  by  the  generator  to  both  motors: 

Eoh  cos  Bi  =  EoliM  cos  BiM  +  EoIsm  cos  Bsm  ==  380  kw. 

f 

Reactive  power  in  the  induction  motor: 
EJLiM  sin  BiM  =  2,000  X  200  X  0.66  =  264  kw.  (lagging  current). 
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Reactive  power  in  synchronous  motor: 

EJsM  sin  Ban  =  2,000  X  100  X  0.916  =  183  kw.  (leading 

current). 
Reactive  power  in  generator: 

• 

EoIiM  sin  Sim  —  EoIsM  sin  Bsu  =  264  —  183  «  81  kw.  (lagging 

current). 
Current  in  generator: 

/«  =  IiM  +  Ism  ^ 

=  tiM  (cos  BiM  —  j  sin  Bim)  +  tauicoB  Bbm  +  j  sin  Bsm) 
=  liM  cos  BiMi  +  tsM  cos  ^«jf  —  jitiM  sin  ^/jf  —  tan  sin  ^^ir) 

=  190  -  i40,  or  /^  =  193.7  amp. 

cos  Bt  =  0.98  and  ^,  =  11^  28'. 

Hence,  although  80  kw.  additional  load  is  supplied  by  the 
generator  with  both  motors  in  operation,  the  current  in  the 
generator  is  reduced  from  200  to  193.7  amp.  As  the  loss  in  the 
generator  copper  varies  as  the  square  of  the  current,  the  heat  is 

reduced  in  the  proportion  of  200*  :  193.7.*  Prom  the  diagram 
in  Fig.  289  it  is  evident  that  by  means  of  a  synchronous  motor 
the  power  factor  of  the  load  at  the  generator  may  be  changed  at 
will.  Aside  from  the  economy  effected  by  operating  at  or  near 
unity  power  factor,  as  illustrated  above,  the  control  of  the  power 
factor  is  a  useful  method  for  regulating  the  voltage  in  long- 
distance transmission  systems  as  explained  in  Chap.  XXIL 

(c)  Synchronous  Condenser. — ^In  large  power  systems,  and 
particularly  in  connection  with  long-distance  transmission  lines, 
over-excited  synchronous  motors  are  kept  floaiing  an  the  linej 
that  is,  nmning  at  synchronous  speed  but  not  canying  any  load, 
for  the  purpose  of  supplying  the  necessary  leading  or  lagging 
current  to  control  the  power  factor  and  thereby  regulate  the 
voltage.  Under  such  conditions  the  synchronous  machine  is 
called  a  synchronous  condenser.  The  derivation  of  the  term  is 
plain,  for  the  synchronous  condenser  produces  the  same  effect 
in  causing  a  leading  current  as  a  stationary  condenser  of  equiva- 
lent condensance.  The  mechanical  power  is  expended  in  over- 
coming friction  and  windage  and  hence  is  constant  in  value. 
The  current  locus  is  therefore  a  circle  for  mechanical  power 
equal  to  the  losses  caused  by  friction,  windage,  and  losses  in  the 
iron,  as  shown  in  Fig.  285. 

(d)  Power  Equations. — ^From  the  vector  diagrams  used  in  the 
above  graphical  analysis  of  the  synchronous  motor  the  algebraic 
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expresdODB  for  power  are  readily  obtained.    Let  the  diagram  in 
Fig.  200  represent  the  general  case. 

Eo  »  the  impressed  voltage  on  the  motor  terminals. 
Em  =  the  voltage  corresponding  to  the  motor  counter  e.m.f . 
Im  »  the  current  in  motor  armature. 

tX  =  synchronous  reactance  of  motor. 

,r  =  effective  resistance  of  motor  armature  at 
synchronous  speed. 

T 

cos  90   =  — J  • 

V.r*  +  ^^ 

cos  $t  »  terminal  power  factor. 

7  =  time-phase  angle  between  Eo  and  Em' 

Power  input  =  Eola  cos  ft  (466) 

"Mechanical  power"  =  EmIm  cos  {St  —  7)   (467) 

Copper  losses  «  *r/i  (468)  c 

Power  output  =  "mechanical  power" 

—  friction  and  windage  — 

and  rotor  iron  loss  (469) 

It  is  sometimes  desirable  to  have  the  power 
input  and  the  "mechanical  power"  expressed  in 
terms  of  -Bo,  Em,  %0,  7,  ^  and  ,x. 

These  may  be  derived  directly  from  equations 

(466)  and  (467)  by  substituting  for  1m  and  ft. 

From  Fig.  290: 

.E 


^f 


Em  cos  (mO  -  St)  ^  Eo-  Em  cos  7 


(470)      Fig:  290 


(471) 


and 


J5  sin  (,^  —  ft)  =  Em  sin  7 
Substituting  in  (466) : 

Power  input  =  ^^r-r-^rj2 


(472) 


"^^^^    cos  (7  +  .^)  + 


El 


\/.r'  +  .X* 


cos  ,^(473) 


E.E 


**  Mechanical  power"  =  -7-7—-^  cos  (7  -  .0) 

"V  gf  -f-  «x 


_      ,^^-.-      cos  .0     (474) 
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(e)  Test  Data.  Rating.  Efficiency. — The  saturation  and 
synchronous  reactance  curves  are  obtained  by  running  the 
synchronous  motor  as  a  generator  and  taking  the  data  as 
explained  for  alternators.  From  the  synchronous  reactance  and 
armature  resistance,  ^6  may  be  found.  The  value  of  Eu  is 
determined  from  the  current  in  the  field  and  the  saturation 
curve.  Eo,  In  and  St  may  be  taken  directly  by  voltmeter, 
ammeter  and  wattmeter  readings  for  any  given  load  and  field 
excitation.  The  fixed  losses  (windage,  friction  and  iron  losses) 
may  be  found  by  measuring  the  input  with  the  motor  running 
without  load.  Adjusting  for  unity  power  factor  keeps  the  copper 
losses  at  a  minimum.  These  must  be  subtracted  from  the  input 
to  obtain  the  fixed  losses.  The  rating  of  a  synchronous  motor  is 
based  on  the  same  principle  as  already  discussed  for  alternators. 
The  capacity  is  given  in  hp.  or  kv.a.  with  a  statement  of  tem- 
perature rise  at  unity  power  factor.  The  efficiency  is  the  ratio 
of  output  to  input,  usually  expressed  in  per  cent.  As  with  alter- 
nators the  efficiency  may  be  found  by  measuring  input  and  out- 
put or  by  measuring  either  the  input  or  the  output  and  the 
losses.    For  large  machines  the  latter  method  is  preferable. 

(/)  The  V  and  O  Curves. — In  a  synchronous  motor  giving 
constant  mechanical  power  the  armature  current  is  a  mini- 
mum if  the  power  factor  is  unity.  By  varying  the  field  excita- 
tion of  the  motor  the  power  factor  may  be  varied  with  corre- 
sponding change  in  the  armature  current.  Curves  plotted  with 
the  field  excitation  as  abscissae  and  the  armature  current  as 
ordinates  for  a  constant  load,  assume  a  form  like  the  letter  V,  as 
seen  in  Fig.  291,  and  are  known  as  the  V  curves  of  a  synchron- 
ous motor.  A  series  of  curves  may  be  obtained  ior  a  number  of 
loa^s,  as  in  Fig.  291. 

The  V  curves  may  be  found  graphically  from  the  current  loci 
diagram  in  Fig.  285  in  a  simple  manner,  as  shown  in  Fig.  292. 
The  voltage  or  field  excitation  of  the  motor  is  laid  off  on  a  line 
from  the  origin  to  the  intersection  of  the  current  locus  for  a  con- 
stant load  with  the  loci  for  different  field  excitations  and  this 
distance  used  as  ordinate  in  obtaining  a  point  on  the  V  curve. 
By  plotting  the  values  of  the  current  for  all  points  on  the  circular 
load  loci,  the  V  curves  are  converted  into  closed  curves,  sometimes 
called  the  0  curves  of  the  synchronous  motor.  In  Fig.  292  the 
parts  that  may  be  found  experimentally  are  drawn  in  heavy 
lines. 
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The  broken  line  in  Fig.  292  indicates  the  field  excitations  and 
corresponding  minimum  currents  for  unity  power  factor.  In 
attempting  to  exteRd  the  experimental  observations  further  by 
either  increasing  or  decreasing  the  motor  field  excitation  the 
machine  is  thrown  out  of  synchronism.  Curves  drawn  as  in 
Fig.  292  are  necessarily  only  approximations  to  the  actual  char- 
acteristic curves  of  commercial  machines,  since  several  assump- 
tions were  made  that  are  only  partly  fulfilled  in  practice. 

1.  It  was  assmned  that  the  motor  voltage  Em  could  be  varied 
indefinitely;  while  in  the  actual  motor  the  field  flux  is  limited  by 
magnetic  saturation.  Although  sufficient  field  excitation  might 
be  appUed  so  as  to  obtain  readings,  during  a  short  test,  as  high 
as  indicated  by  the  heavy  lines  in  the  diagram,  the  limits  are 
far  beyond  the  voltage  that  may  be  appUed  continuously  to  the 
motor. 

2.  The  synchronous  reactance  and  impedance  were  assumed  as 
constant,  while  these  vary  in  the  commercial  motor  both  with 
the  saturation  of  the  iron  and  the  position  of  the  armature  with 
regard  to  the  field.  These  variations  in  the  reactance  and 
impedance  are  most  pronounced  at  low  power  factors. 

3.  The  characteristic  curves  in  Figs.  291  and  292  represent 
conditions  for  constant  electric  power,  including  all  but  the  copper 
losses.  The  loss  due  to  friction  and  windage  is  practically 
constant,  but  the  iron  losses  depend  upon  the  field  excitation, 
and  increase  with  the  magnetic  induction.  Hence  for  constant 
mechanical  output  the  whole  system  of  curves  is  shifted  some- 
what toward  the  lower  field  excitation. 

(g)  Load  Curves. — The  curves  for  current,  power  factor  and 
efficiency,  as  a  function  of  the  output  at  constant  excitation,  are 
often  called  load  curves.  These  may  be  derived  directly  from 
Figs.  285  and  292,  if  the  same  assumptions  be  made,  that  the  core 
loss,  friction,  windage  and  synchronous  reactance  remain  con- 
stant. By  plotting  the  curves  in  rectangular  coordinates,  with 
power  output  as  abscissae,  the  characteristics  of  the  synchronoxis 
motor  may  readily  be  compared  to  those  of  the  induction  motor. 
For  the  latter  one  set  of  curves  determines  the  performance  of  the 
machine  for  any  given  impressed  voltage.  In  the  synchronous 
motor  the  field  excitation  can  be  varied  and  hence  an  infinite 
series  of  load  curves  may  be  obtained  for  any  given  impressed 
voltage.  The  power  factor  curves  are  of  special  interest  By 
inspection  of  Fig.  283,  it  is  readily  seen  that  unity  power  factor 
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is  obtained  only  at  points  of  intersection  of  the  current  locus  for 
the  given  field  excitation  with  the  voltage  vector  along  the  F- 
axis.  The  load  curves  for  a  synchronous  motor  at  three  field 
excitations  are  illustrated  in  Figs.  293^  294  and  295.  For  a 
field  excitation  of  80  per  cent.,  Fig.  293,  the  current  locus  does 
not  intersect  the  voltage  vector  and  the  power  factor  never 
reaches  unity.  Under  these  conditions  the  load  curves  are 
similar  to  those  of  the  induction  motor.     At  an  excitation  of 
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Fig.  293. — Curves  for  80  per  cent,  excitation. 


99  per  cent,  the  power  factor  is  unity  at  two  loads  as  shown  in 
Fig.  294. 

By  referring  to  Figs.  283  and  285  it  is  evident  that  the  Umits 
within  which  the  power  factor  will  be  unity  for  two  loads  as 
illustrated  in  Fig.  294,  are   approximately,  98  per  cent,  and 

100  per  cent,  field  excitation.  For  excitations  above  100  per 
cent,  the  power  factor  becomes  imity  for  one  load  only  as  illus- 
trated in  Fig.  295. 

It  should  be  noted  for  a  field  excitation  slightly  below 
100  per  cent,  the  power  factor  is  near  unity  from  zero  to  full 
load.    As  the  losses  are  a  minimum  at  unity  power  factor  the 


262 


ALTERNATING  CURRENTS 


most  desirable  field  excitation  for  economical  operation  is  about 
99  per  cent,  when  running  simply  as  a  motor.  In  most  cases 
the  synchronous  machine  is  required  to  supply  a  leading  current; 
that  is,  to  act  partly  as  synchronous  condenser,  in  order  to 
bring  the  power  factor  of  the  system  nearer  unity.  In  general 
the  economical  operation  of  the  whole  system  determines  the 
per  cent,  of  field  excitation  of  the  synchronous  machines. 


^^^         ^OQ         ^C9  ^OO 

Fia.  294. — Curves  for  99  per  cent,  excitation. 
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(A)  Polyphase  Synchronous  Motors.  Equivalent  Single- 
phase. — The  above  discussion  is  based  on  single-phase  circuits 
and  single-phase  apparatus.  The  same  treatment  may  be  ap- 
pUed  without  modification  to  polyphase  apparatus,  provided 
equivalent  single-phase  values  are  used  for  the  current,  resistance, 
synchronous  current,  synchronous  reactance  and  synchronous 
impedance  of  the  armature  and  supply  circuits. 

For  two-phase  motors  the  equivalent  single-phase  resistance,  syn- 


SYNCHRONOUS  MOTORS 


263 


chronous  reactance,  and  synchronous  impedance  equal  one-half 
the  respective  values  as  measured  in  one  of  the  phases;  and  the 
equivcderU  single^phase  current  is  twice  the  current  in  one  phase. 
For  three^hase  motors  (whether  star-  or  delta-connected)  the 
equivalent  single-phase  resistance,  synchronous  reactance  and  syn- 
chronous impedance  equal  one-half  the  respective  values  as 
measured  between  two  terminals;  and  the  equivalent  single-phase 
current  equals  \/3  times  the  current  in  one  of  the  mains.  The 
equivalent  single-phase  voltage  is  the  same  as  measured  between 
the  mains  for  two-phase  or  three-phase. 


/OO  zoo  J09  4^0 

Fia.  295. — Curves  for  110  per  cent,  excitation. 

» 

It  should  also  be  noted  that  while  the  synchronous  motors 
discussed  above  operate  on  a  constant-potential  system  it  is 
seldom  that  the  impressed  voltage  is  constant  at  the  terminals  of 
the  motor.  If  the  busbars  are  kept  at  constant  voltage  the 
resistance  and  reactance  of  the  leads  from  the  busbars  to  the 
motor  should  be  combined  with  the  resistance  and  synchronous 
reactance  of  the  armature  to  obtain  the  data  from  which  the 
performance  of  the  motor  may  be  calculated.  In  some  cases  the 
S3mchronous  motor  may  be  located  at  a  considerable  distance  from 
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the  busbars  or  the  generator  where  the  voltage  is  kept  constant. 
The  resistance  and  reactance  of  the  line  from  the  point  of  constant 
voltage  must  in  all  cases  be  included  with  the  resistance  and  syn- 
chronous reactance  of  the  armature  in  preparing  the  data  from 
which  the  performance  curves  of  the  synchronous  motor  may  be 
calculated.  Necessarily,  if  the  constants  of  the  leads  to  the  bus- 
bars or  a  considerable  length  of  transmission  line  are  included, 
the  performance  curves  differ  from  the  set  obtained  from  the 
same  motor  operating  under  the  condition  of  constant  poten- 
tial at  the  terminals  of  the  motor.  Hence,  in  order  to  determine 
the  operating  characteristics  of  a  synchronous  motor  the  con- 
stants of  the  line  from  the  point  of  constant  potential  to  the 
terminals  of  the  motor  must  be  known,  as  well  as  the  resistance 
and  synchronous  reactance  of  the  machine. 

(i)  Surging  or  Hunting  of  a  Synchronous  Motor. — ^In  Chap. 
XIII  it  is  shown  that  the  torque  of  an  induction  motor  is 
a  function  of  the  speed;  that  a  decrease  of  speed  increases 
the  torque.  Hence,  if  the  load  is  suddenly  increased  on  an 
induction  motor  the  speed  decreases  until  the  torque  becomes 
sufficient  for  the  new  load.  Conversely,  if  the  load  irf  decreased 
the  motor  reacts  by  an  increase  in  speed.  This  change  in  torque 
and  speed  is  gradual  and  without  any  oscillation. 

In  the  synchronous  motor  the  torque  is  not  a  function  of  the 
speed  but  of  the  relative  phase  positions  of  the  rotor  and  the 
impressed  voltage.  Hence,  for  a  change  of  load  the  rotor  is 
required  to  change  its  relative  phase  position  without  change  of 
speed.  Strictly  the  two  requirements  are  incompatible  and  the 
change  is  affected  in  a  series  of  oscillations  which  may  produce 
serious  disturbances  in  the  system.  Suppose  the  load  is  de- 
creased. The  torque  is  then  in  excess  of  the  amount  required 
by  the  load  and  thus  causes  an  acceleration  of  the  arma- 
ture until  the  phase  position  is  reached  at  which  the  torque  is 
just  sufficient  for  the  load.  However,  upon  reaching  this  posi- 
tion the  speed  of  the  armature  is  above  synchronism  and  hence 
moves  past  the  desired  position.  This  further  change  of  phase 
position  also  decreases  the  torque  which  becomes  less  than  the 
load,  and  the  difference  must  be  supplied  by  a  deceleration  of  the 
armature.  When  the  armature  has  again  reached  synchronous 
speed  its  phase  position  is  such  as  to  give  less  torque  than  re- 
quired by  the  load.  The  deceleration  of  the  armature,  therefore, 
continues  and  the  phase  position  is  retraced  until  the  second 
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position,  where  the  torque  balances  the  load,  is  again  reached. 
However,  the  armature  rotates  by  this  time  below  synchronous 
speed  and  hence  the  armature  again  passes  the  desired  position. 
The  change  in  the  kinetic  energy  in  the  rotating  mass  therefore 
causes  the  armature  to  oscillate  around  the  desired  position, 
where  the  torque  is  just  sufiScient'  for  the  load. 

Under  certain  conditions*  the  action  is  cumulative,  the  suc- 
cessive oscillations  increase  in  magnitude,  and  as  a  result  the 


Fia.  296. — AmortiBaeur  windmg  or  grid.     {General  Electric  Co.) 

machine,  in  a  short  time,  drops  out  of  synchronism.  In  most 
cases  the  synchronous  motor  is  designed  so  that  the  successive 
oscillations  decrease  in  magnitude  and  rapidly  become  negligible. 
The  most  common  and  useful  means  for  rapidly  reducing  hunting 
oscillations  is  the  amortisaeur  mruiing.  This  consists  simply  of  a 
short-circuited  grid,  similar  to  the  squirrel-cage  rotor  of  an  induc- 
tion motor,  placed  in  slots  at  the  surface  of  the  field  iron  core, 
Fig.  296.  The  oscillations  of  the  armature  cause  a  correspond- 
ing motion  in  the  magnetic  flux  which  induces  a  voltage  causing 
currents  to  flow  in  the  amortisseur  winding.  The  r/*  losses  from 
these  currents  act  as  a  brake  on  the  armature  oscillations,  and 
thereby  the  hunting  of  the  synchronous  motor  is  rapidly  de- 
creased. The  amortisseur  winding  is  sometimes  used  as  a 
squirrel-cage  rotor  when  starting  the  machine  as  an  induction 
motor.     When  running  in  synchronism  no  lines  of  force  cut  the 

'  Steinhetz,  "Inatability  of  Electric  Circuits,"  Trana.  A.  I.    E.  E., 
ToL  XXXII,  2007. 
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amortisseur  winding  and  hence  it  does  not  affect  the  operation  of 
the  motor  under  normal  conditions.  Its  chief  purpose  is  to 
provide  the  means  for  a  gradual  adjustment  of  the  'motor-phase 
positions  for  changes  in  load,  and  thus  to  eliminate  troublesome 
surging  or  hunting  in  the  synchronous  machine. 

PROBLEMS 


1.  From  the  data  in  Table  VIII  find  the  efficiency  of  the  several  motors 
for  25  per  cent.,  50  per  cent.,  75  per  cent.,  100  per  cent.,  125  per  cent,  and 
150  per  cent,  full  load.  Assume  that  the  load  losses  vary  with  /*  and  at 
full  load  are  equal  to  50  per  cent,  of  the  iron  losses^  Neglect  losses  in 
rheostats. 

(o)  For  unity  power  factor. 

(6)  For  85  per  cent,  power  factor. 

Table  VIII 


1 

Arma- 

T 

Friction 

ture  re- 

Full 

load, 

hp. 

Ei 
volts 

/ 
cydee 

Speed, 
r.p.m. 

1 

s.c. 

ratio 

Iron 
loss, 
kw. 

and 

windage, 

kw. 

sistance 

across 

terminals. 

per 
cent. 

Pk 

ohms 

1 

400 

2,300 

25 

150 

3 

1.6 

5.4 

4.2 

0.«t3 

40 

2 

750 

2,400 

60 

720 

3 

1.1 

10.1 

7.2 

0.166 

44 

3 

1,000 

2,300 

60 

514 

2 

1.2 

15.0 

4.9 

0.092 

44 

4 

1,000 

2,200 

25 

500 

3 

1.0 

16.0 

6.5 

0.061 

45 

5 

1,500 

2,200 

25 

500 

3 

1.5 

16.7 

13.8 

0.061 

42 

6 

1,500 

2,300 

60 

514 

3 

1.0 

17.0 

16.0 

0.068 

37 

2.  For  one  of  the  motors  in  Table  VIII  draw  current  loci  as  in  Fig.  285 
for  zero  mechanical  power  and  for  full  load. 

8.  An  induction  motor  and  a  synchronous  motor  are  connected  to  the 
same  2,200  volt  mains.  The  induction  motor  takes  137  kw.  at  84  per  cent, 
power  factor.  The  synchronous  motor  takes  85  kw.  The  power  factor  of 
the  total  load  in  the  mains  is  98  per  cent,  flagging  current). 

(a)  Find  the  power  factor  of  the  synchronous  motor. 

(5)  Draw  the  vector  diagram  showing  the  currents  in  the  motors  and  in 
the  mains  and  their  time-phase  relations  to  the  voltage. 

4.  A  synchronous  motor  is  mstalled  in  a  substation  having  the  following 
load:  Incandescent  lamps  76  kw.;  induction  motor  35  kw.  at  82  per  cent, 
power  factor;  induction  motor  120  kw.  at  87  per  cent,  power  factor.  The 
load  for  the  synchronous  motor  is  92  kw.  The  power  factor  at  the  busbars 
is  97  per  cent,  (current  lagging).     E  =  2,200  volts. 

(a)  Find  the  power  factor  of  the  synchronous  motor. 

(6)  Find  the  rating  of  the  synchronous  motor  if  its  load  is  75  per  cent,  of 

full  load. 

(c)  Draw  the  vector  diagram  showing  the  magnitude  of  the  currents  in 
the  lamps  and  motors  and  their  time-phase  relation  to  the  busbar  voltage. 

6.  Synchronous  and  induction  motors  operate  in  parallel.     The  total 
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load  is  385  kw.  The  power  factor  at  the  busbars  is  unity,  for  the  induction 
motor  84  per  cent,  and  for  the  synchronous  motor  70.7  per  cent. 

(a)  Find  the  load  in  kilowatts  and  in  kilovolt-ampcres  for  the  two  motors. 

(&)  Draw  the  vector  diagram  for  the  currents  with  the  busbar  voltage 
as  the  reference  vector. 

6.  The  machine  given  in  problem  8,  Chap.  XIV,  is  run  as  a  synchronous 
motor  at  a  mechanical  load  of  90  horse  power  from  a  2300-volt  three- 
phase  line.    Find  the  "V"  Curve  for  this  load. 

For  Experiments  see  page  545. 


CHAPTER  XVI 

ROTARY  CONVERTERS 

The  synchronous  or  rotary  converter  consists  of  a  direct- 
current  generator  and  synchronous  motor  combined  into  one 
machine.  The  direct-current  commutator  at  one  end  of  the 
armature  and  the  alternating-current  slip  rings  at  the  other  are 
connected  to  the  same  winding.  Through  the  slip  rings  the 
converter  receives  power  as  a  synchronous  motor;  and  at  the 
same  time  the  commutator  deUvers  energy  as  a  direct-current 
generator.  The  motor  and  generator  currents  flow  simul- 
taneously in  the  same  armature  conductors  and  are  acted  upon 
by  the  same  field.  The  synchronous  converter  is  therefore 
equivalent  to  a  motor-generator  set,  and  is  used  extensively  for 
converting  alternating  into  direct  currents,  especially  in  electric 
railway  systems.  When  the  process  is  reversed  and  the  machine 
converts  direct  into  alternating  currents  it  is  known  as  an 
inverted  synchronous  or  rotary  converter, 

(a)  Voltage  Relations. — ^In  the  preliminary  discussion  let  the 
converter  be  separately  excited  and  consider  the  losses  negligible 
so  that  the  same  amount  of  energy  is  delivered  through  the  brushes 
on  the  direct-current  end  as  is  received  at  the  sUp  rings  from  the 
alternating-current  circuit.  The  alternating-durent  side  of  the 
rotary  converter  has  characteristics  similar  to  the  synchronous 
motor.  As  in  the  synchronous  motor,  the  phase  relations  of 
the  voltage  and  alternating  current  in  the  rotary  converter  may 
be  changed  by  varjdng  the  field  excitation.  Let  the  excitation 
be  of  such  value  as  to  give  unity  power  factor  for  the  alternating 
current.  Hence  the  maximum  value  of  the  current  in  the 
group  of  armature  coils  under  consideration  occurs  when  the 
maximum  voltage  is  developed.  If  the  fields  are  not  distorted 
the  maximum  voltage  is  generated  when  the  center  of  the  group 
of  coils  is  passing  at  right  angles  to  the  lines  of  force  from  the  field; 
that  is,  opposite  the  center  of  the  field  pole.  When  the  center  of 
the  same  group  of  coils  is  midway  between  two  poles  no  voltage 
is  generated;  and  at  intermediate  positions  the  instantaneous 
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values  are  represented  by  e  =  "i?  sin  (ut).  Diagrammatic 
representations  of  the  commutator  and  slip-ring  connections 
are  shown  in  Figs.  297,  298  and  299  for  a  two-pole  machine. 


Fia.  297. — SiDgle-phaae. 

The  voltage  between  the  direct-current  bruBhes  ia  the  sum  of  the 
voltages  of  one-half  of  the  coils  on  the  armature.     The  instan- 


Fia.  298.— Two-phase. 

taneous  voltages  in  each  coil  may  be  represented  by  vectors 
drawn  through  some  point  0  as  in  Fig.  300  or  arranged  in  a 
polygOD  as  in  Yig.  301.     The  number  of  sides  of  the  polygon 
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corresponds  to  the  number  of  coils;  and  the  vertices  lie  in  a 
circle,  as  the  coils  are  equal.  When  the  armature  revolves, 
the  points  connected  to  the  slip  rings  in  Fig.  297  pass  under 
the  commutator  brushes  at  the  point  of  maximum  voltage  of  the 


Fia.  299.— Three-phaae. 

alternating  wave.  Hence  the  direct-current  voltage,  Eq,  must 
be  equal  to  the  maximum  value  of  Eiy  the  alternating-current 
single-phase  voltage. 


Ei  =  —^-  =  0.707Bfl 

V2 


(481) 


Fia.  300. 


In  the  two-phase  or  quarter-phase  converter, 
Fig.  298,  the  slip-ring  connections  are  90°  apart, 
and  the  voltage  relations  for  the  single-phase 
and  quarter-phase  circuits  are  shown  in  Fig. 
302  by  the  relative  lengths  of  the  diameter  and 
the  chord  for  90^. 

Ea  =  Ei  sin  45°  =  -^  sin  45°  =  0.500^o    (482) 


Similarly  for  a  three-phase  converter,  Pigs.  299  and  302,  the 
slip-ring  connections  are  120°  apart  and  the  relative  length  of  the 
chord  and  diameter  give  the  relation  between  the  magnitude  of 
the  three-phase  voltage  E^  and  single-phase  voltage  Et. 

Et  =  £,  sin  60°  =  :5^  sin  60°  =  0.612Eo  (483) 
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In  the  same  manner  the  voltage  Et  between  the  slip  rings  of  a 
six-phase  converter  ia: 

Bt  =  Et  sin  30"  =  -^-  sin  30°  =  0.354£o  (484) 

V2 


Fia,  302. — Showii^  relativi  current  for  same  power. 

These  results  may  be  expressed  by  one  equation  as  in  (485) 
by  letting  n  represent  the  number  of  slip  rings  in  the  converter. 

E,  =  -%  sin  -  (485) 
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For  single-phase  n  =  2 
For  three-phase  n  =  3 
For  quarter-phase  n  =  4 
For  six-phase         n  =  6 

(6)  Current  Relations. — Under  the  assumptions  of  unity 
power  factor  and  no  losses,  the  current  relations  are  readily 
found  by  equating  the  alternating-current  input  to  the  direct- 
current  output  and  substituting  the  voltage  ratios  found  in  the 
preceding  paragraph. 

Let  /o  =  the  direct  current  delivered  through  the  brushes. 
1 2  =  the  current  in  the  single-phase  winding. 
/s  =  the  current  in  the  three-phase  windings. 
I A  =  the  current  for  the  quarter-phase  windings. 
/«  =  the  current  for  the  six-phase  windings. 

For  single-phase  converters: 

Eolo  =  2B2/,  :.Ii  =.  0.707/0  (486) 

For  three-phase  converters: 

Eolo  =  3B,/3 .'.  Is  =  0.544/0  (487) 

For  quarter-phase  converters: 

EJo  =  4^4/4  /.  I A  =  0.500/0  (488) 

For  six-phase  converters: 

EJo  =  6Be/e  .'.  U  =  0.471/o  (489) 

For  a  converter  of  n  rings,  the  current  in  the  armature  circuits. 

r         V2/0 

^»  "  ~r^  (490) 

nsin  - 
n 

Since  two  circuits  are  connected  to  each  collector  ring  the 
currents  in  the  mains  are  the  vector  differences  of  the  currents 
in  the  circuits. 

Letting  the  subscript  r  indicate  at  the  rings,  the  currents  in 
the  mains  at  unity  power  factor  will  be: 
For  a — 

two-ring  converter  (single-phase)  /2P  =  2/2      =  1.41/o         (491) 

three-ring  converter  (three-phase)  /sp  =•  y/Slz  =  0.943/o       (492) 
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four-ring  converter  (two-phase)     I^r  =  \/^Ia  =  0.707/o      (493) 

six-ring  converter  (six-phase)         Jer  =         ^6=  0.471/o       (494) 

The  general  expression  for  current  in  the  mains  or  collector 


rings: 


Inr   -   21  n  siu  -    « 


2y/2h 


n 


n 


(496) 


In  Table  IX  the  respective  values  of  the  ciurents  and  voltages 
in  the  circuits  and  mains  are  given  for  1.0  amp.  and  100.0  volts 
in  the  direct-current  mains. 

Table  IX. — ^Volts  and  Amperbs  fob  Constant  Power 
D.  C.  Mains.     E^  «  100  volts.     7o  »  1.00  amp.     TFo  »  100  watts 


No.  of 
circuits 
in  arm- 
ature 


n 


No. 

of 

rings 


VoltB  between 
mains 


En  - 


B9       .      T 

— Tzrmn- 
\/2       « 


£»- 


V2En 


Amperes  per  armature 

circuit  or  per 

phase 


In  - 


V^J« 


nsin- 
n 


/«- 


V2ln 


Amperes 
per 


2V^J» 


n 


Single-phase 

2 

2 

70.7 

100.0 

0.707 

1.000 

Three-phase 

3 

3 

61.2 

86.7 

0.544 

0.770 

Quarter- 

phase 

4 

4 

50.0 

70.7 

0.500 

0.707 

Six-phase. . . 

6 

6 

35.4 

50.0 

0.471 

0.666 

1.41 
0.943 

0.707 
0.471 


In  Fig.  302  the  effective  value  of  current  in  the  leads  and 
voltage  per  phase  are  indicated  corresponding  to  1  amp.  at  100 
volts,  direct-ciurent. 

Thus,  for  a  three-phase  converter  the  current  in  the  leads  is 
0.943  amp.  and  for  a  six-phase  converter  0.471  amp.  For  the 
single-phase  converter  the  current  at  the  slip  rings  is  1.41  amp. 
while  the  voltage  is  only  70.7  voltrf. 

(c)  Heat  Losses  at  Unity  Power  Factor. — ^From  the  previous 
discussion  it  is  evident  that  the  rotary  converter  may  be  used 
as  a  generator  receiving  power  from  a  prime  mover  and  deUvering 
either 'direct  or  alternating  currents,  or  both  simultaneously.  It 
may  also  be  used  as  a  synchronous  or  direct-current  motor  receiv- 
ing the  energy  in  the  electric  form  and  delivering  mechanical 
energy  by  means  of  pulley  and  belt.  As  a  rotary  converter  it 
receives  energy  from  the  alternating-current  mains  and  delivers 


274  ALTERNATING  CUKHENTS 

all  but  the  amount  lost  in  the  machine  to  the  direct-current 
mains.  As  an  inverted  converter  or  inverted  rotary,  power  is 
received  from  the  direct-current  mains  and  delivered  to  the 
alternating-current  mains  of  phase  and  frequency  depending 
upon  the  number  of  slip-ring  connections  and  the  speed.  Under 
the  several  kinds  of  service  the  armature  heating  is  not  the  same 
for  equal  power  passing  through  the  machine.  Since  the  rating 
of  the  synchronous  converter  depends  upon  the  permissible  tem- 
perature rise  for  the  same  reasons  as  for  alternators  and  syn- 
chronous motors,  the  difference  in  heat  loss  in  the  armature 
aSects  the  capacity  of  the  machine.     The  power  rating  of  a 


Fig.  303. 

rotary  converter  is  expressed  in  terms  of  the  rating  the  same 
machine  would  have  if  used  as  a  direct^urrent  generator  driven 
by  a  prime  mover.  The  difterence  in  rating  when  used  as  a 
rotary  converter  as  compared  to  a  direct-current  generator  is 
determined  by  the  RI^  losses  in  the  armature,  since  the  eddy- 
current  and  hyBtcresis  losses  are  approximately  the  same  in  both 
cases.  Since  the  slip  rings  and  commutator  bars  are  connected 
to  the  same  armature,  the  instantaneous  value  of  the  current  in 
any  conductor  will  be  the  algebraic  sum  of  the  simultaneous 
values  of  the  currents  flowing  in  the  direct-current  and  alter- 
nating-current circuits. 

Consider  a  two-pole  n-ring  converter,  as  indicated  by  the 
diagram  in  Fig.  303.     Let  M  be  the  conductor  midway  between 
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the  slip-ring  connections  A  and  B,  and  let  S  be  the  conductor  at 
a  distance  of  a  from  M.    For  the  several  conductors  in  the 

IT 

circuit  between  A  and  B  the  value  of  a  varies  from  0  to  ±  — 

n 

The  maximum  value  of  the  alternating  current,  ^/2Int  flows 

when  conductor  M  passes  under  the  center  of  the  field  pole 

(unity  power  factor  assumed).     Hence  the  instantaneous  value 

for  any  other  position  of  the  armature  is  for  conductor  M: 


i  =  y/2  In  cos  (A)t  — ^ 


(496) 


When  conductor  S  reaches  the  positive  brush, 


a  = 


=  t:  —  <»)t 


Fig.  304. 


and  at  the  negative  brush 


a  =  —  ( 2  +  «n  or  2 «^- 


The  notation  in  equation  (496)  applies  to  multipolar  machines 
by  using  electrical  degrees  and  letting  /o  represent  the  direct 
current  passing  through  each  set  of  brushes.  In  Fig.  304  are 
shown  the  currents  flowing  through  conductor  Jlf  in  a  single- 
phase  converter,  i.  c,  n  =  2,  a  =  0.  The  direct  current  re- 
verses direction  at  the  brushes  forming  a  wave  of  rectangular 
shape.     The  neutral  points  of  the  alternating  current  coincide 
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with  the  Wave  reversals  of  the  (Urect  current,  and  the  maximum 
value  is  twice  that  of  the  direct  current.  The  instantaneous 
value  is  the  algebraic  sum  of  the  simultaneous  values  of  the  direct 
and  alternating  currents.  Hence  curve  C,  plotted  as  the  sum  of 
curves  A  and  B,  represents  the  wave  shape  and  magnitude  of  the 
resultant  current  flowing  in  the  armature  conductor.  The  broken 
line,  curve  D,  is  plotted  to  the  square  of  the  instantaneous  values 
in  curve  C  and  hence  its  ordinates  are  proportional  to  the  heat 


Fia.  305. 


generated  in  the  conductor  due  to  the  RP  losses.  In  Kg.  305 
are  shown  the  corresponding  curves  for  the  conductor  at  the  point 
of  connection  to  the  slip  ring,  when  n  =«  2,  a  =  90**.  By  shifting 
the  relative  positions  of  the  direct  and  alternating  waves  the 
instantaneous  values,  and  hence  the  heating,  become  much 
greater  for  the  conductor  nearest  to  the  slip-ring  connection  than 
for  conductor  M  midway  between  the  slip  rings.  Similar  curves 
forn  =  2  and  a  =  46°  are  shown  in  Fig.  306. 
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The  curves  for  a  three-phase  converter  are  like  Hg.  304 

for  n  =  3,  and  a  =  0  and  like  Kg.  305  f or  n  =  3  and  a  =  «• 

From  the  figures  and  from  the  equation  it  is  evident  that  in  order 
to  determine  the  heat  loss  in  the  armature  it  is  necessary  to  find 
first  the  average  loss  in  a  conductor  for  a  cycle,  and  second,  the 
average  of  the  loss  in  the  several  conductors  between  each  pair 
of  leads. 


Fig.  306. 


From  equations  (490)  and  (496) : . 

2/o  cos  C<^t) 


%  = 


n  sin  g) 


2 


(497) 


The  heat  loss  is  proportional  to  the  square  of  the  current. 


i*  = 


47o*  cos*  (ut)  _  2h*  cos  jut)       V 
n*  sin*  (-j  n  sin  l-j 


(498) 


7o* 


16  co8*(mO  _  8  cos  («>0 
n'  sin*  ( -j       n  sin  (-) 


(499) 


The  average  heat  loss  per  conductor  in  half  a  cycle 

(«0«— )     ii^(^^t) 
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in  which  r  is  the  resistance  of  one  armature  conductor  between 
taps. 


Ci*d(ut)  _  rr*f<'> 


16  COS*  ((at)      8  COS  (wO 


n*  sin^  y-j      n  sin  (- j 


fl 


d(coO  (500) 


rZJ 


16  cos  a 


8 


am  sin  -       n*sin*(-) 
n  \n/ 


(501) 


To  find  the  average  heat  in  the  armature  the  average  value 
per  conductor  as  given  in  equation  (501)  must  be  integrated 

between  the  limits  of  a  = and  a  =  -  and  the  result  divided 

n  n 


Average  heat  in  armature: 


rll  f » 

*  n       " 


1- 


16  cos  a 


+ 


8 


ing)       n«8in«g) 


nx  sm  I  - 


da 


(502) 


r7* 


l-i?  + 


8 


n*  sin*  (- j 


(503) 


One-half  of  the  armature  is  taken  into  the  calculations  both 
for  the  alternating  current  and  the  direct  current,  and  hence  the 
ratio  is  the  same  as  for  the  whole  armature. 

. 8 

The  average  armature  heating  is  therefore 


.-ir% 


n*sin*  (-) 

times  the  heat  generated  by  the  same  direct  current.     Hence  for 
the  same  temperature  rise  an  n-ring  rotary  converter  transmits 

1 


times  as  much  current  as  when  the  machine  operates  as  a  direct-- 
current  generator. 

From  this  ratio  the  power  ratings  of  the  synchronous  converter 
are  found  in  terms  of  the  direct-current  generator  as  stated  in 
Table  X. 


ROTARY  CONVERTERS 


279 


Table  X. — ^Power  Ratings  of  a  Synchronous  Converter 


As  a  direct- 
current  sener- 
ator 


Ab  a  angle- 
phaae  conver- 
ter 
n  -  2 


As  a  three- 
phase  conver- 
ter 
n  -  3 


As  a  two- 
phase  conver- 
ter 
n  -  4 


As  a  six- 
phase  conver- 
ter 
n  «  6 


As  a  twelve 

ring  converter 

n  -  12 


1.00 


0.85 


1.33 


1.63 


1.03 


2.44 


In  the  preceding  discussion  of  the  current  relations,  it  was 
assumed  that  no  energy  was  lost  in  the  converter  and  that  the 


A 


S^corfofar^  ^^ 


^/i^rif9j^s 


i 


.^^>S 


Fio.  307. — Diametrical  connection.     3^  to  6^. 

field  excitation  was  adjusted  for  unity  power  factor.  For  power 
factors  less  than  unity,  ^  and  taking  into  account  the  eflSiciency 
of  the  machine,  the  heat  losses  in  the  armature  conductor  are 
greatly  increased.  The  load  losses  are  also  increased  for  power 
factors  less  than  unity.     Any  variation  of  wave  shape  from  the 

»  Stahl,  Electrical  Worlds  Oct.  28,  1911,  p.  1090. 
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sinusoidal  form  also  affects  the  heat  losses  in  the  converter. 
The  rating  of  the  converter  is  computed  on  the  basis  of  sine 
waves  and  unity  power  factor  as  given  in  Table  X. 

(e)  Transformer  Comiections  for  Rotary  Converters. — In  most 
systems  using  rotary  converters  the  energy  is  delivered  to  the 
converter  substation  in  the  three-phase  system.  From  the 
relative  ratings  as  given  in  Table  X  it  is  evident  that  the  same 
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Fio.  308. — Double-delta  connection.     3^  to  6^. 

machine  will  give  a  larger  output  for  the  same  heating  if  connected 
as  a  six-phase  converter  than  in  the  three-phase  system.  The 
ratio  is  1.33:1.93,  or  1:1.45;  an  increase  of  45  per  cent,  in  the 
capacity  of  the  converter.  The  change  from  three-phase  to  six- 
phase  ,is  readily  accomplished.  The  converter  itself  requires 
six  sUp  rings  instead  of  three  with  connections  to  the  windings 
at  intervals  of  60  electrical  degrees  instead  of  120.  The  trans- 
formation from  a  three-phase  to  a  six-phase  system  may  be 
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accomplished  in  several  ways,  and  the  following  connections  are 
in  general  use: ' 


1.  Diaznetrical 

2.  Double  A 

3.  Double  Y 

4.  Double  T 
6.  Double  T 

6.  Ring 

7.  Distributed  Y 


3^  to  6^ 
8^  to  6^ 
3^  to  6^ 

3^  to  6^ 
2^  to  6^ 
30  to  6^ 


Pig.  307. 
Fig.  308. 
Fig.  309. 
Fig.  310. 
Fig.  311. 
Fig.  312. 


30  to  30  (with  Edison  three-wire 


system  on  d.c.  side) 


Fig.  313. 


3    3 


1 
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Fia.  309. — Double- y  connection.     30  to  60. 

The  diametrical  or  double-delta  connections  are  most  com- 
monly used  with  rotary  converters.  A  neutral  can  conveniently 
be  secured  in  the  diametrical  connection  and  this  arrangement  is 
generally  preferred  whether  the  direct-current  side  is  two-wire  or 
three-wire  Edison  system. 
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The  choice  of  connections  for  any  system  often  depends  on 
factors  outside  of  the  rotary  converter;  such  as  the  type  of  direct- 
current  distribution  system,  minimum  insulation  stress,  voltage 
ratios,  operating  three-phase  in  connection  with  six-phase,  ground 
connections,  etc.  By  means  of  the  double-T  connection ,  Fig.  311, 
the  transformation  from  two-phase  is  made  directly  to  six-phase. 
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FiQ.  310. — Double-7  connection.    3^  to  6^. 

The  teaser  transformer  must  either  have  a  tap  at  86.7  per 
cent,  of  the  fuU  voltage  or  a  proportionate  number  of  turns  on 
the  secondary  windings.  The  double-T*  connection,  Fig.  310, 
may  also  be  used  for  three-phase  to  six-phase  transformation  in 
connection  with  the  three-wire  Edison  system  on  the  direct- 
current  side.  The  distributed  Y  eliminates  flux  distortions  in 
the  transformers  when  operating  a  three-phase  rotary  converter 
connected  to  a  three-wire  Edison  system.    The  two  windings 
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are  interconnected  as  shown  in  Fig.  313.  The  unbalanced  neutral 
current  flows  through  the  two  coils  in  each  transformer  in 
opposite  directions,  and  hence  has  no  magnetizing  effects.  With 
the  simple  Y  connection  even  a  10  per  cent,  unbalanced  neutral 
current  magnetizes  the  transformer  cores  beyond  the  saturation 
point  and  thus  causes  abnormally  large  magnetizing  currents  to 


Fig.   311. — Double-^  coimection.    2^  to  6^. 

flow,  with  accompanying  excessive  losses.  In  the  distributed  Y 
connection  the  primary  may  be  connected  in  A  and  it  is  there- 
fore often  preferable  to  the  double- r.  The  double-T  connection 
requires  only  two  transformers,  but  has  also  the  disadvantage 
that  the  triple  harmonic  exciting  current  is  not  short-circuited. 
(/)  Synchronous  Boosteri  ^lit-polCi  Auxiliary-pole  and  Com- 
mutating-pole,  Rotary  Converters. — As  has  already  been  shown, 
the  ratio  of  the  alternating-current  to  the  direct-current  voltage 
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in  a  rotary  converter  is  a  constant,  depending  upon  the  number 
of  phases  and  the  maximum  value  of  the  alternating-current 
wave.  The  ratio  is  not  affected  by  changes  in  the  field  excitation, 
as  the  alternating-current  part  of  the  converter  acts  like  a 
synchronous  motor  and  hence  changes  in  field  excitation  merely 
cause  variation  in  the  power  factor  without  affecting  the  voltage. 


S€con€/^ry  6  ^ 


3/f^'ri*n^ 


fV^ 


Fig.  312. — Ring  connection.    3^  to  6^. 

In  the  operation  of  the  converter  it  is  often  necessary  to  have 
the  direct-current  voltage  under  control  of  the  operator  al- 
though the  power  is  supplied  from  constant-potential  alternating- 
current  mains.  The  control  of  the  direct -cun  ent  voltage  is 
usually  secured  in  one  of  two  ways: 

(a)  To  vary  the  alternating-current  voltage  impressed  on  the 
rotary  converter  by  means  of  a  booster,  or  change  in  transformer 
ratio,  or  by  using  reactive  leads,  and, 
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(6)  By  varying  the  wave  shape  of  the  alternating-current 
voltage. 

The  synchronous  booster  rotary  converter,  as  illustrated  in 
Fig.  314,  consists  of  a  simple  rotary  converter  in  combination 
with  an  alternating-current  generator  mounted  on  the  same 
shaft  and  having  the  same  number  of  poles.    By  varjring  the 
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Fia.  313. — Distributed-y  (interconnected  star)  connection.    3^  to  3^ 


field  of  the  alternating-current  generator,  the  voltage  impressed 
on  the  rotary  converter  part  of  the  machine  may  be  increased 
or  decreased  at  will.  The  direct-current  voltage  is  thereby 
under  direct  control  of  the  operator.  In  conmiercial  machines 
the  range  of  voltage  regulation  is  usually  from  15  per  cent,  above 
to  16  per  cent,  below  the  line  voltage.  The  principle  of  the 
booster  converter  is  therefore  simple  and  easily  understood. 
The  change  in  the  alternating  voltage  impressed  on  the  rotary 
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converter  may  likewise  be  obtained  by  changing  the  ratio  of  the 
voltage  tranfiformation  between  the  machine  and  the  constant- 
volt^e  transmission  line  by  means  of  induction  regulators.  To 
a  certain  extent  a  similiar  variation  may  be  secured  by  using 
inductive  reactances  in  the  alternating  current  leads  to  the 
converter.  The  choice  of  apparatus  depends  upon  manyfactors, 
but  their  action  on  the  rotary  converter  is  the  same;  nameli', 
to  vary  the  impressed  voltage  and  thereby  control  the  value  of 
the  direct-current  voltage  delivered  by  the  converter. 


Fia.  314.— Synchr. 

The  action  of  the  split-pole  converter  is  based  on  an  entirely 
different  principle.  The  direct-current  voltage  is  equal  to  the 
maximum  value  of  the  impressed  alternating-current  voltage 
wave.  Hence,  by  changing  the  wave  shape  the  direct-current 
voltage  may  be  varied  several  per  cent,  while  the  effective  value 
of  the  alternating  current  remains  constant.  This  change  in 
wave  shape  may  be  secured  by  splitting  the  pole  parallel  to  the 
shaft  into  three  narrow  sections,  each  having  a  separate  winding. 
By  making  the  field  excitation  of  the  middle  section  stronger 
than  for  the   outside   parts,  the    flux  distribution   and   hence 
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the  voltage  wave,  is  peaked  as  in  Pig.  315  giving  a  direct-current 
voltage  higher  than  for  the  corresponding  sine  wave.  On  the 
other  hand,  if  the  side  sections  are  stronger  the  wave  shape  is 
flattened,  as  in  Fig.  316,  and  the  direct-current  voltage  is  less 
than  for  the  sine  wave  of  equal  effective  value. 


Fig.  316. — Peaked  wave  with  equivalent  sine  wave. 

The  action  of  the  sectional  pole  converter,  Fig.  317,  is  to  some 
extent  dependent  upon  the  change  in  wave  shape,  but  depends 
chiefly  on  the  shifting  of  the  field  flux  relative  to  the  direct 
current  brushes.     The  direct  current  of  the  converter,  as  in  any 


Pig.  316. — Hat-top  wave  with  equivalent  sine  wave. 

direct-current  generator,  varies  with  the  shifting  of  the  brushes 
relative  to  the  field  poles.  Hence,  by  changing  the  relative  field 
excitation  of  the  main  and  auxiliary  poles  the  magnetic  flux  is 
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shifted  while  the  brushes  remain  fixed.  Thereby  the  directs 
current  voltage  may  be  raised  or  lowered  without  changing  the 
impreesed  alternating-Gurrent  voltage.    It  should  be  noted  that 


Fia.  317.- — Sectional  pole,  rotary  converter,     {General  Eleclric  Co,) 


Fio.  318. — Commutating  pole,  rotary  converter.     (CeneroZ  Eltetric  Co.) 

the  sectional  pole  of  the  rotary  converter  merely  provides  a 
means  for  varying  the  direct-current  voltage  and  is  not  an 
interpole  for  commutation.     In  fact,  the  range  over  which  the 
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voltage  may  be  varied  by  means  of  the  sectional  pole  is  chiefly 
limited  by  commutation  troubles.  For  this  reason  the  sectional 
pole  is  placed  nearer  the  trailing  tip  so  as  to  leave  the  necessary 
space  for  commutation. 

The  commutating  pole  is  used  on  many  rotary  converters, 
Fig.  318,  for  the  purpose  of  improving  the  cqnunutation,  in  the 
same  manner  as  for  direct-current  generators.  The  conunutat- 
ing  pole  is  placed  midway  between  the  main  poles  and  the  ex- 
citation is  so  designed  as  to  automatically  provide  satisfactory 
commutation  during  rapid  fluctuations  of  the  load.  With 
commutating  poles  it  is  necessary  to  raise  the  direct-current 
brushes  in  order  to  avoid  sparking  when  starting  a  converter 
from  the  alternating  side.  A  rigging  is  provided  so  that  all 
the  brushes  may  be  raised  by  the  movement  of  one  lever.  In 
other  respects  the  starting  of  a  rotary  converter  from  the  alter- 
nating-current end  is  similar  to  that  of  a  synchronous  motor. 
It  may  also  be  started  from  the  direct-current  side  as  a  direct- 
current  motor. 

Tablb  XI. — ^RoTABT  Ck>NyBRTisRS,  Six  Phasb,  600  Volts 

Direct  Current 


Rated 
full 
load 

/ 

Speed 

Iron 

lOM 

Friction 

and 
windage 

Field 

lOM 

Armature 

reeiBtanoe 

from  d.0.  end 

Ew. 

Cycles 

R.p.in. 

Kw. 

Kw. 

Kw. 

Ohma 

1 

500 

60 

900 

8.0 

9.2 

5.2 

0.011 

2 

500 

25 

750 

5.0 

3.0 

5.1 

0.014 

3 

1,000 

60 

600 

19.0 

18.0 

7.2 

0.005 

4 

1,000 

25 

500 

12.0 

15.0 

7.3 

0.009 

5 

1,500 

60 

600 

24.0 

27.0 

8.1 

0.004 

6 

1,500 

.     25 

375 

19.0 

12.0 

8.4 

0.005 

7 

2,000 

60 

450 

30.0 

22.0 

9.0 

0.003 

8 

2,000 

25 

300 

28.0 

19.0 

9.5 

0.004 

PROBLEMS 


.  1.  From  the  data  in  Table  XI  calculate  the  efficiency  for  25  per  cent.» 
50  per  cent.,  75  per  cent.,  100  per  cent.,  125  per  cent,  and  150  per  cent, 
full  load.  Assume  the  load  losses  at  full  load  to  be  equal  to  50  per  cent,  of 
the  iron  losses.  Neglect  losses  in  rheostat.  Field  excitation  in  all  cases 
adjusted  for  unity  power  factor. 
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2.  For  600  volts  on  the  direct  current  end  what  are  the  theoretical  alter- 
nating voltages  between  adjacent  slip  rings  for  2, 3,  4,  and  6-ring  converters? 
Neglecting  losses,  what  alternating  line  currents  would  give  100  amperes 
on  the  direct  current  end  for  the  above? 

8.  For  a  six  ring  rotary,  problem  2,  what  is  the  voltage  on  the  secondan' 
terminals  in  each  case? 

(a)  Diametrical  connection. 

(6)  Double-delta  cohnection. 

(c)  Double-star  connection. 

(d)  Ring  connection. 

(c)  Double- r,  20  connection. 
(/)  Double- r,  30  connection. 
(g)  Interconnected  star  (using  three  rings). 

For  Experiments  see  page  545. 


CHAPTER  XVII 

SINGLE-PHASE  COMMXTTATOR  MOTORS 

Simplicity  is  the  notable  feature  of  constant-speed  altemating- 
ciirrent  machines,  when  compared  to  the  corresponding  direct- 
current  apparatus;  simplicity  in  design,  in  construction  and  in 
operation.  Alternators,  transformers  and  induction  motors  cost 
less  to  manufacture,  have  lower  operating  and  maintenance 
expense  and  a  lower  depreciation  than  the  corresponding  direct- 
current  machines.  While  the  transformer  is  the  foundation  of 
the  alternating-current  system,  the  alternator  and  particularly 
the  squirrel-cage  induction  motor  comply  almost  perfectly 
with  the  requirements  in  their  respective  fields.  For  constant- 
speed  service  the  alternating-current  machinery  offers  many 
advantages. 

However,  for  variable-speed  loads,  the  reverse  is  true.  Di- 
rect-current motors  can  operate  eflSciently  under  a  wide  range  in 
speed,  while  the  corresponding  alternating-current  motors  are 
complicated  and  comparatively  inefficient.  To  provide  a 
strong  starting  torque  the  polyphase  induction  motor  needs  a 
wound  rotor  with  an  adjustable  resistance;  and  if  operated 
continuously  at  half  synchronous  speed  its  efficiency  would  be 
less  than  50  per  cent.  The  single-phase  induction  motor  has 
inherently  no  starting  torque  and  hence  the  devices  necessary 
to  bring  it  up  to  speed  introduce  complications,  increase  first 
cost  and  maintenance  and  lower  the  efficiency. 

In  electric  railway  service  the  speed  variation  is  an  important 
feature  and  the  starting  torque  is  very  large.  The  requirements 
of  street  railway  loads  can  be  complied  with,  in  a  highly  satis- 
factory manner,  by  the  direct-current  series  motor.  For  inter- 
urban  and  trunk  lines  the  problem. of  power  transmission  may 
make  it  more  desirable  to  use  a  single-phase  system  although  a 
comparison  of  the  motors  alone  is  decidedly  in  favor  of  the 
direct-current  machine. 

(a)  The  Straight  Series  Motor. — The  basic  principle  of  the 
single-phase  series  motor  is  the  same  as  that  of  the  direct-current 
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series  motor;  and  the  simplest  method  for  explaining  the  char- 
acteristics of  the  former  is  by  direct  comparison  with  the  known 
characteristics  of  the  latter.  The  field  and  armature  windings 
are  connected  in  series  and  the  circuit  diagram,  Fig.  319,  is  the 
same  as  for  a  direct-current  series  motor.  Since  the  field  flux  and 
armature  ciurent  reverse  direction  simultaneously,  the  torque  con- 
tinues in  the  same  direction  for  successive  half  cycles.  Super- 
imposed upon  the  series-motor  principle  is  the  transformer  action 
inherent  in  all  alternating-current  apparatus.  A  direct-current 
series  motor  pould  be  operated  as  an  alternating-current  motor 
if  it  were  not  for  excessive  heating  produced  by  the  eddy  currents 
and  hysteresis  losses  in  the  poles,  yoke  and  armature,  and  by  the 

induced  currents  in  the  short-cir- 
cuited armature  coils,  and  for  de- 
structive sparking  at  the  commu- 
tator. 

To  reduce  the  eddy  currents  to  a 
minimum  the  entire  magnetic  cir- 
cuit of  the-  alternating-current  series 
motor  is  laminated;  and  the  iron 
„      „-^  used  must  have  low  hysteresis  loss. 

^"  ''*•  The  alternating  field  flux  nece«si- 

tates  other  changes  in  the  design,  as  the  transformer  action  is 
the  source  of  four  undesirable  features  in  the  commercial  opera- 
tion of  the  motor,  in  comparison  to  the  corresponding  direct- 
current  series  motor. 

(a)  The  commutator  troubles  are  increased. 

(b)  The  armature  heating  is  greater. 

(c)  The  starting  torque  is  weaker. 

(d)  The  power  factor  is  always  less  than  imity,  and  very 
low  during  the  starting  period. 

The  brushes  cover  two  or  more  commutator  bars  and  the 
corresponding  armature  coils  are  short-circuited  in  the  same 
manner  as  for  direct-current  series  motors.  In  the  alternating- 
current  motor  these  coils  form  a  secondary  circuit  interlinked 
with  the  alternating  field  flux.  The  resulting  induced  voltage 
causes  heavy  currents  to  flow  in  the  short-circuited  coils,  which 
increase  the  heating  and  produce  excessive  sparking.  To  im- 
prove commutation  the  voltage  induced  per  coil  must  be  made 
as  small  as  possible;  or  the  product  of  the  number  of  turns  in  the 
short-circuited  coil  and  the  interlinking  alternating  flux  must  be 
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sufficiently  small  to  give  satisfactory  commutation.  This  is  ob- 
tained by  several  modifications  in  the  design  as  compared  to  the 
standard  direct-current  motor. 

(a)  By  reducing  the  number  of  turns  per  coil.  Except  for 
very  small  motors  the  least  possible  number  is  used,  or  one  turn 
per  coil. 

(b)  By  using  more  poles,  hence  more  paths,  and  therefore 
less  flux  per  coil.  This  increase  is  limited  by  other  features  of 
the  design;  but  in  alternating-current  railway  motors  six  poles 
are  usually  used  instead  of  four  in  the 
direct-current  motor. 

(c)  By  increasing  the  number  of  com- 
mutator segments. 

(d)  By  reducing  the  magnetic  flux 
density. 

To  compensate  for  the  weaker  field 
and  fewer  turns  the  armature  current 
must  be  increased  in  order  to  have  the 
same  torque,  and  this  in  turn  necessi- 
tates a  larger  armature  diameter  and  a 
longer  commutator.  The  low  field  den- 
sities require  only  a  few  field  turns  and 
hence  only  a  small  space  for  the  field 
coils.    Alternating-current  series  motors 

have,  as  a  result,  short  stubby  field  poles  of  larger  cross-section 
than  the  corresponding  direct-current  motors.  The  few  field 
turns  and  large  cross-section  give  a  low  reluctance  in  the  magnetic 
circuit.  For  the  same  total  field  flux  the  inductance  is  directly 
propK)rtional  to  the  number  of  turns.  In  order  to  have  a  fairly 
good  power  factor  the  reactive  power  component  must  be  small 
and  hence  the  inductance  in  the  circuit  must  be  kept  as  low  as 
possible.  The  relative  value  of  the  field  and  armature  ampere- 
turns  has  an  important  bearing  on  the  commutation  of  the  motor. 
In  a  direct-current  series  motor  the  total  flux  in  the  armature  is 
the  resultant  of  the  main  field  flux  and  the  cross-flux  produced  by 
the  armature  current.  Illustrating  by  a  two-pole  motor  as  in 
Fig.  320  the  main  field  may  be  represented  by  the  vector,  4>Ft  and 
the  armature  cross-field  by  4>a»  The  conductors  short-circuited 
by  the  brushes  lie  in  the  cross-field  and  hence  when  the  armature 
rotates,  the  flux,  4>aj  induces  a  voltage  which  in  turn  produces  a 
cturent    in    the    short-circuited    turns.     Consequently,    if    the 
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armature  ampere-turns  are  relatively  large,  the  cross-field,  ^^, 
is  strong  and  the  .induced  voltage  and  current  in  the  short- 
circuit  turns  may  create  serious  difficulties  in  commutation. 
Therefore,  in  order  to  secure  satisfactory  commutation,  ^jp  is 
made  stronger  than  0^,  especially  in  direct-current  motors  with- 
out commutating  poles.  In  motors  supplied  with  commutating 
poles  the  ratio  may  approach  unity  although  the  distortion  of 
the  resultant  field  is  undesirable  as  it  causes  larger  core  losses 
and  higher  maximum  voltages  between  the  commutator  seg- 
ments. While  a  strong  field  is  desirable  in  the  direct-current 
series  motor,  it  is  not  permissible  in  the  alternating-current  series 
motor,  as  already  explained,  and  the  strength  of  the  cross-field 
may  be  much  larger  than  the  main  field  as  indicated  in  Fig.  321. 


Fig.  321. 


Fig.  322. 


(&)  Compensated  Straight  Series  Motor. — In  order  to  pre- 
vent destructive  sparking  on  the  commutator  the  cross-field  is 
neutraUzed  by  means  of  an  auxiliary  or  compensating  winding, 
placed  in  slots  in  the  pole  faces  as  indicated  in  Fig.  322.  The 
compensating  winding,  in  the  straight  series  motor,  is  connected 
in  series  with  the  armature  and  has  the  same  number  of  turns. 
Fig.  323.  The  ciu-rents  in  the  armature  under  the  field  pole  and 
in  the  parallel  conductors  of  the  compensating  windings  flow 
in  opposite  directions  and  hence  the  magnetic  fluxes  in  the  two 
windings  are  of  equal  strength  but  opposite  in  direction,  as 
indicated  in  Fig.  322.  Compensation  for  the  conductors  under 
the  brushes  and  the  open  space  between  the  field  poles  may  be 
secured  by  fractional  pitch  windings  or  by  the  use  of  commutating 
poles. 
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Power  Factor. — ^The  compensating  winding  improves  the 
power  factor  as  well  as  the  commutation.  In  Fig.  324  is  shown 
the  vector  diagram  of  a  plain  alternating-current  series  motor, 
and  in  Fig.  325  the  corresponding  vector  diagram  for  a  single- 
phase  motor  having  a  compensating  winding  but  omitting  the 


Fia.  323. 

currents  induced  in  the  coils  short-circuited  by  the  brushes. 
The  current  is  represented  by  a  vector,  J,  along  the  X-axis  and 
the  respective  volts  consumed  by  the  real  and  reactive  power 
components  in  the  circuit  are  shown  both  in  magnitude  and 
phase  position  by  the  voltage  vectors. 


Fia.  324. 

Epn  =  voltage  for  field  resistance. 
Efx  ==  voltage  for  field  reactance. 
Ear  =  voltage  for  armature  resistance. 
Eax  =  voltage  for  armature  reactance- 
Ea  =  voltage  for  speed  loss  (friction,  windage  and  iron). 
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El  =»  voltage  for  output  or  mechanical  load. 

Ea  +  El  =^  the  counter  e.m.f. 

EcB  =  voltage  for  resistance  of  compensating  winding. 
Ecx  ==  voltage  for  reactance  of  compensating  winding. 

Et  =»  total  impressed  voltage. 

Eax  —  Ecx  =  voltage  for  leakage  between  armature  and  com- 
pensating windings. 

For  straight  series  motor,  Fig.  324: 

St  —  EpB  +  Ear  +  Es  +  El  +  i(JVx  +  Eax) 
Et^  V{EpB  +  Ear  +  E8  +  ElY  +  {Epx  +  EaxY 


(511) 
(512) 


9 
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Fia.  326. 


For  compensated  straight  series  motor.  Fig.  325: 

Et  —  EfR  +  Ear  +  Ecr  +  ^a  +  -Bl  +  j{Epx  +  -B,tx  —  -Bex) 

(513) 

•Br  =  W{EpR  +  J?^  +  ^CJB  +  -Ba  +  JBl)^  +  {Epz+Eax  —  Box)* 

(514) 

It  is  readily  seen  from  the  vector  diagrams  that  the  power 
factor  is  greatly  improved  by  use  of  the  compensating  winding. 
In  commercial  designs  the  power  factor  without  the  compen- 
sating winding  is  about  35  to  40  per  cent,  while  with  a  com- 
pensating winding  it  may  reach  90  per  cent.  While  the  inductive 
reactance  due  to  the  main  field  can  not  be  eliminated,  it  may  be 
reduced  to  a  comparatively  small  value,  by  providing  a  magnetic 
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circuit  of  low  reluctance.  This  ifi,  in  part,  gained  by  the  larger 
cross-sectioa  of  fielda  and  armature  necessaiy  for  obtaining  good 
commutation,  aa  already  explained,  but  to  a  larger  degree  by  using 
a  sTnaller  air  gap  than  in  the  dired-currenl  motor. 


Fifl,  326. — IMrect-ciUTent  aeries  motor. 

Comparaiive  Size.— In  Figs.  326  and  327  is  shown  an  approxi- 
mate comparison  between  a  600-voIt  direct-current  railway  motor 


Fio.  327. — Alternating-current  series  motor. 

and  the  corresponding  25-cycle  alternating-current  compensated 
motor  The  dimensions  along  the  shaft  are  approximately 
the  same.     In  general  the  25-cycle  motor  is  from  25  to  45  per 
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cent,  and  a  15-cycle  motor  from  15  to  30  per  cent,  heavier  than 
the  corresponding  direct-current  motor.  For  higher  direct- 
current  voltages  the  comparison  is  more  favorable  to  the  single- 
phase  motor. 

Besistance  Leads. — As  ah-eady  stated,  the  alternating  field  flux 
induces  heavy  currents  in  the  armature  coils  when  short-circuited 
by  the  brushes.  These  currents  produce  two  very  undesirable 
effects: 

(o)  Destructive  sparking  on  the  commutator;  and 

(&)   Excessive  losses  in  the  armature. 

By  inserting  resistance  leads  between  the  commutator  seg- 
ments and  the  armature  coils  the  commutation  is  improved 


and  the  heat  losses  are  reduced.  From  Fig.  328  it  should  be 
noted  that  two  resistance  leads  are  in  series  in  the  short-circuit 
carrying  the  induced  currents,  while  the  same  two  resistance 
leads  are  in  parallel  in  the  load-current  circuit.  By  this  means 
the  short-circuit  currents  and  the  accompanying  commutator 
sparking  are  reduced  until  satisfactory  commutation  is  secured. 
With  the  decrease  of  the  short-circuit  current  the  iJ/*  losses  in 
the  armature  are  also  reduced,  while  the  resistance  leads  add  a 
new  heat-loss  factor  to  the  circuit.  In  well-designed  motors 
the  sum  of  the  losses  in  both  the  resistance  leads  and  the  armature 
windings  is  less  than  in  the  armature  alone,  if  the  resistance  leads 
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were  removed.  The  resistance  leads  also  improve  the  starting 
torque  and  provide  a  certain  protection  against  higher  harmonics 
and  other  disturbing  influences.  The  chief  objection  to  the  re- 
sistance leads  is  the  increased  complication  in  the  design.  The 
armature  must  needs  be  compact  and  the  introduction  of  a  re- 
sistance section  between  the  conamutator  and  the  active  portion 
of  the  armature  winding  under  the  field  flux  is  a  serious  handicap 
to  the  designer.  In  motors  operating  on  low  frequencies,  15 
cycles  or  less,  satisfactory  commutation  can  be  secured  without 
the  use  of  resistance   leads.     At  25  cycles,  the  standard  fre- 


/0t\ 


100   200   300   400   500    600   700   800 

Fig.  329. — Characteristic  curves  of  a  100-hpy  single-phase,  series,  compel^ 
sated,  railway  motor.   245  volts,  25  cycles.    (Westingkouae  Elec,  &  MJg,  Co  J} 

quency  for  electric  railways,  most  motors  are  supplied  with 
resistance  leads,  although  some  designers  consider  their  use  an 
unnecessary  complication.  For  circuits  having  40  or  more  cycles 
per  second,  resistance  leads  are  necessary  for  successful  operation. 

Summarizing  the  more  important  features  in  the  design  of  the 
compensated  straight  series  motor  as  compared  to  the  cor- 
responding direct-current  series  motor  we  have: 

(a)  Both  field  and  armature  cores  are  laminated. 


300 


ALTERNATING  CURRENTS 


(jb)  Larger  armature  diameter. 

(c)  Field  poles  are  short  and  stubby;  more  in  number  and 
of  greater  cross-section. 

(d)  Commutator  longer,  of  larger  diameter  and  of  greater 
number  of  segments. 

(e)  Small  air  gap. 

(/)   Compensating  winding. 
(g)  Resistance  leads. 

Typical  characteristic  curves  of  a  compensated,  series,  alternat- 
ing-current, railway  motor  are  shown  in  Fig.  329.  It  should  be 
noted  that  this  motor  will  operate  in  a  highly  satisfactory 
manner  on  direct-current  circuits.    It  is,  in  fact,  a  better  but 

more  expensive  machine  than  the  ordi- 
nary direct-current,  series  motor. 

(c)  Inductively  Compensated  Series 
Motor.    Primary   Excitation. — In   the 

discussion  of  the  induction  motor  it 

v^*'''*>^  was  shown  that  aside  from  delivering 

■^    ^     VlUillllllu    ^^c^^c^  power  the  motor  operated 
\^^y     ilJtyxSU  like    a    transformer.     Similarly    in    a 

series  motor  the  alternating  fields  in- 
duce voltages  in  the  several  circuits  in 
the  same  manner  as  in  the  stationary 
transformer.  With  the  compensating 
winding  placed  in  grooves,  parallel  to  the  armature  conductors, 
currents  for  neutralizing  the  armature  cross-field  may  be  ob- 
tained by  short-circuiting  the  compensating  winding  as  shown 
in  Fig.  330.  The  inductively  compensated  series  motor  possesses 
practically  the  same  operating  characteristics  on  alternating- 
current  circuits  as  the  straight  series  motor. 

(d)  Inductively  Compensated  Series  Motor,  Secondary  Ex- 
citation.— By  connecting  the  field  in  series  with  the  compensated 
winding  as  in  Fig.  331  the  motor  field  is  excited  by  the 
secondary  circuit.  The  armature  only  is  in  the  primary  con- 
nected to  the  supply  mains,  while  the  voltage  induced  in  the 
compensating  coil  sends  current  through  both  the  main  field  and 
compensating  windings.  The  current  in  the  armature  leads  the 
main  field  fiux  on  account  of  the  large  inductive  reactance  in  the 
secondary,  and  the  power  factor  of  the  motor  is  very  low.  Ob- 
viously the  power  factor  may  be  improved  by  inserting  a  shunt 
across  the  field  as  indicated  in  Fig.  332,  but  this  arrangement 
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also  causes  a  marked  loss  in  efficiency.     The  time  phase  of  the 
armature  ciurent  with  respect  to  the  main  field  produces  a  com- 
mutating  field,  which  at  synchronous  speed  is  in  magnitude  and  ' 
phase  position  of  the  required  value  to  give  good  commutation. 
This  motor  can  not  be  operated  on  direct-current  circuits  and 


Fia.  331. 


Fig.  332. 


its  commercial  use  seems  to  be  limited  to  certain  types  of  in- 
duction meters. 

{e)  The  "Repulsion"  Motor. — ^The  main  field  or  stator  is 
connected  to  the  supply  mains  while  the  wound  armature  is 
short-circuited  through  brushes  placed  180  electrical  degrees 
apart;  as  indicated  by  the  circuit  diagrams  in  Figs.  333  and  334; 


Fia.  333.— Thomson  "re- 
pulsion "  motor. 


Fig.  334. — Compensated  "re- 
.     pulsion"  motor. 


a  compensating  winding  may  be  connected  in  series  either 
with  the  stator  or  armature  winding.  The  "repulsion''  motor 
is  fundamentally  a  transformer,  with  the  primary  winding  and 
core  stationary.  The  secondary  is  like  an  ordinary  direct- 
current  armature,  in  which  the  armature  conductors  and  core 
rotate,  while  the  short-circuited  brushes  are  stationary.    Hence, 
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while  the  conductors  in  the  secondary  winding  rotate,  the 
secondary  circuit  remains  in  a  definite  position  with  re- 
spect to  the  stator.  In  the  "repulsion"  motor  as  in  the 
single-phase  induction  motor,  there  are  transformer  and  speed 


Fia.  335.  Fia.  336. 

fields,  whose  reactions  with  the  armature  currents  produce  the 
desired  torque. 

At  standstill,  the  speed  field  is  zero  and  the  starting  torque 
is  produced  by  the  reactions  between  the  induced  armature 
current    and    the    stator    field. 
The  mi^nitude  of  the  starting 
torque  depends  upon  the  rela- 
tive position  of  the  armature 
brushes  and  the  direction  of  the 
stator  field.     If  the  brushes  are 
in  line  or  at  right  angles  to  the 
direction  of  the  stator  field  fiux, 
no  torque  is  produced,  as  may 
be  seen   by  inspection  of  Figs. 
i35  and  336.    The  magnetic  poles 
ire   along   the    F-axis  and   the 
maximum     transformer    action 
occurs  at  AA'  along  the  X-axis, 
Any  reaction  between  the  field  and  the  induced  armature  current 
in  sector  AB,  Fig.  335,  is  at  all  instants  balanced  by  the  equal 
and  opposite  torque  in  the  BA'  sector.     Similarly,  the  torque 
in   AB'   is  at  all  instants  equal  and  opposite  to  the  reaction 
in  the  B'A'  sector.     The  voltage  induced  from  A  to  B,  Fig. 
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336,  is  neutralized  by  the  induced  voltage  from  B  to  A'.  Simi- 
larly, AB'  is  neutralized  by  B'A\  Hence  there  is  no  difference 
in  voltage  between  the  brushes,  Fig.  336,  no  armature  current 
flows  and  therefore  there  is  no  torque. 

Let  the  short-circuited  brushes  be  displaced  by  an  angle  y 
from  the  axis  of  the  stator  field,  as  in  Fig.  337,  with  the  line  NQ 
and  the  symmetrically  placed  line  MP  2y  apart.  Comparing 
Fig.  337  with  Figs.  335  and  336  it  is  seen  that  the  conditions 
for  the  conductors  in  the  areas  NA'P  and  MAQ  in  Fig.  337  are 
the  same  as  for  all  the  conductors  in  Fig.  335;  while  the  con- 
ductors lying  in  the  areas  MBN  and  PB'Q  have  the  same  con- 
ditions as  all  the  conductors  in  Fig.  336.  Hence  in  the  arcs 
NP  and  MQ  the  transformer  action  of  the  primary  field  in- 
duces voltages  that  cause  currents  to  flow  through  the  armature 
and  the  short-circuited  brushes.  No  torque  is,  however,  pro- 
duced as  the  reaction  in  the  arc  NA'  is  balanced  by  the  equal  and 
opposite  action  in  PA',  and  similarly  for  MA  and  QA.  In  the 
arcs  MBN  and  PB'Q  the  resultant  transformer  action  is  zero  since 
the  voltage  induced  in  arc  MB  is  neutralized  by  the  equal  and 
opposite  voltage  induced  in  BN]  likewise  QB'  is  balanced  by  B'P. 
However,  the  currents  flowing  in  the  arcs  MBN  and  QB'P, 
Fig.  337,  produced  by  the  transformer  action  in  MAQ  and 
NA'P  react  upon  the  stator  field  and  produce  a  starting 
torque.  In  the  conductors  between  MB  and  BN  the  currents 
flow  in  the  same  direction  and  react  upon  the  same  field,  while 
on  the  opposite  side  between  Q  and  P  the  relative  directions  of 
both  the  current  and  field  flux  are  reversed.  Hence  the  starting 
torque  produced  at  B'  is  in  the  same  direction  as  at  B  and  both 
tend  to  cause  rotation  in  the  same  direction.  For  successive 
half  waves  of  the  impressed  voltage  both  the  primary  field  and 
the  induced  armature  currents  reverse  in  direction,  hence 
producing  a  torque  continuously  in  the  same  direction. 

In  analyzing  the  reactions  between  the  armature  and  the  field 
it  is  simpler  to  let  the  line  joining  the  brushes  be  the  reference 
axis  and  to  separate  the  primary  field  into  components  in  phase 
and  in  quadrature  with  the  armature  winding,  as  shown  in  Fig. 
338.  The  component,  t<t>p,  of  the  primary  field,  4>p,  in  line  with 
the  brushes  is  the  transformer  field  which  induces  voltages  that 
cause  currents  to  flow  in  the  armature.  The  quadrature  com- 
ponent, f<t>py  is  the  main  field;  the  reactions  between  the  armature 
currents  and  the  main  field  f<t>p  produce  the  starting  torque. 
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t<l>p  -  #p  C06  7  (516) 

y^p  •=  ^p  SID  T  (517) 


The  induced  armature  currents  also  produce  a  field  i4.  in 
opposition  to  the  primary  transformer  flux  i^p.  If  the  traoB- 
former  action  were  perfect  with  both  resistance  and  leakage 


reactance  zero,  that  is,  neglecting  all  losses,  then  f^.  ~  i^^  and 
the  total  flux  in  the  motor  would  be  /^,.  Hence  for  an  "ideal" 
repulsion  motor  at  standstill  the  total  volt^e  impressed  on 
the  primary  circuit  is  balanced  by  the  voltage  induced  by  the 
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flux  <0p  in  the  stater.  In  the  actual  motor  the  armature  resist- 
ance, leakage  reactance  and  iron  losses  absorb  part  of  the  im- 
pressed voltage  and  the  flux  t<l>p  is  correspondingly  larger  than 
t<tfa'  The  armature  current  is  in  space-phase  and  practically 
in  time-phase  with  the  flux  /0p,  and  the  reaction  produces  a  strong 
starting  torque. 

When  the  armature  rotates^  a  speed  fleld  is  produced  in  the 
same  manner  as  explained  for  the  single-phase  induction  motor 
in  Chap.  XIII.  Neglecting  losses  and  assuming  an  ''ideal" 
motor,  the  speed  field  is  in  space  quadrature  to  the  primary 
field  as  in  Fig.  339.  Under  the  assumed  conditions  the  speed 
field  must  produce  a'  counter  e.m.f.  that  just  balances  the 
armature  speed  voltage.  At  synchronous  speed,  S,  the  speed 
field  is  equal  to  the  primary  field.  At  any  other  speed,  8,  the 
speed  field  is: 


•^3 


^/*P 


(519) 


0     M00 
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Fio.  340. — Speed-torque  curves  for  single-phase  induction  motor 

0* repulsion''  starting). 

The  speed  voltage  is  in  time  phase  with  the  flux  /<^p  and  hence 
in  time  quadrature  with  «0p.  Simultaneous  values  are  therefore 
expressed  by  equations  520  and  521. 
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fif>p  =  ''f4>v  COS  ioi 


8 


The  total  field: 


•*p  =  g  ''f<t>p  sin  cd 


<tfMal    —   f4>p  +  J«^P 


(520) 
(521) 


(522) 


The  voltage  impressed  upon  the  motor  must  be  proportional 
to  the  corresponding  fluxes,  and  consists  of  two  components  in 
time  quadrature;  one,  /Ep,  for  f4>p,  and  the  other,  ^Ep,  for  ,0,. 


Eo  =  fEp  +  j.Ep;  or  2?o  =  V  fE$  +  JEl 


(523) 


The  "repulsion"  motor  has  the  characteristics  of  a  straight 
series  motor.  To  a  limited  extent  it  has  been  used  for  com- 
mercial work  on  loads  requiring  series  motors.  It  is  widely  used 
as  a  device  to  give  starting  torque  to  single-phase  induction 
motors.  A  typical  starting  and  operating  torque  curve  is  shown 
in  Fig.  340  for  a  motor  that  starts  as  a  "repulsion"  motor  and 
automatically  changes  to  a  squirrel-cage  induction  motor  when 
the  speed  approaches  synchronism. 

(f)  Single-phase  Constant-speed  Motor  {WaQT^er  Type  BA). — 
The  circuit  diagram  is  shown  in  Fig.  341.  The  stator  has  a  main 
inducing  winding  4,  while  the  rotor  is  provided  with  a  conmiuted 
winding  5,  short-circuited  by  means  of  the  permanently  inter- 
connected brushes  6,  7,  along  an  axis  displaced  from  the  stator 
winding.     A  centrifugally  operated  device,  9,  short-circuits  a 

number  of  points  on  the  commuted  winding, 
such  as  8,  when  synchronous  speed  is  ap- 
proached. A  device  is  also  provided  that  auto- 
matically lifts  the  brushes,  6,  7,  oflf  the  commu- 
tator as  soon  as  the  short-circuiting  device  has 
interconnected  most  of  the  points  of  the  rotor 
winding.  The  characteristics  of  the  motor  are 
thereby  changed  from  series  to  shunt  and  it 
operates  at  nearly  constant  and  nearly  syn- 
chronous speed  for  all  loads.  In  practice,  the 
centrifugal  device  is  located  within  the  rotor  at  the  opposite 
end  from  the  commutator.  Lifting  the  brushes  reduces  the 
wear  on  the  commutator  and  practically  eUminates  the  noise 
under  normal  operation.     The  motor  is  usually  started  and 


Fig.  341. 
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stopped  by  means  of  a  single  double-pole  switch^  except  in  some 
cases.  An  ordinary  direct-current  resistance  starter  is  sometimes 
used  in  connection  with  the  larger  motors. 

The  starting  performance  curves  are  shown  in  Fig.  342  for 
the  machine  directly  connected  to  the  mains.  From  the  start 
until  the  conmiutator  is  short-circuited  the  motor  has  series 
characteristics,  the  torque  varying  with  the  speed  as  shown 
by  the  curve  Torque'2.  The  corresponding  current  and  power 
factor  values  are  shown  by  curves  marked  Ampcr««-2  and 
Power  Factor'2  respectively.  After  the  commutator  has  been 
fully  short-circuited,  the  performance  of  the  machine  is  indicated 
by  the  curves  marked  Torque,  Amperes  and  Power  Factor.  The 
centrifugal  device  is  set  so  as  to  operate  at  the  speed  marked  x 
in  the  figure,  1,650  r.p.m.  When  the  short-circuiting  of  the 
commutator  takes  place  the  torque,  from  a  value  sUghtly  in 
excess  of  full-load  torque  (Torque-2  curve)  suddenly  rises  to 
over  50  ft.-lb.  (torque  curve)  and  then  rapidly  drops  to  whatever 
value  the  load  requires.  This  change  takes  place  in  the  short 
time  interval  required  by  the  motor  to  rise  in  speed  from  1,650 
to  1,750  r.p.m.  Likewise  the  current  rises  momentarily  from 
38  amp.  to  about  94  amp.  and  then  rapidly  falls  to  the  value 
corresponding  to  the  load  on  the  motor. 

The  operating  characteristics  are  shown  in  Fig.  343. 

(g)  Single-phase  Squirrel-cage  Motor  {Wagner  Type  BK). — 
The  disadvantages  due  to  the  lack  of  starting  torque  and  low 
power  factor  at  all  loads  inherent  in  the  single-phase  induction 
motor  have  been  eliminated  in  the  design  of  the  single-phase 
squirrel-cage  motor  having  both  commuted  and  squirrel-cage 
windings  with  a  double  set  of  brushes  spaced  90  electrical 
degrees  on  the  commutator.  Photographs  of  an  assembled  and 
dissembled  motor  are  shown  in  Fig.  344.  The  circuit  diagram 
is  shown  in  Fig.  345  (a)  and  a  section  of  the  iron  core  showing 
the  slots  for  the  two  windings  and  the  intervening  magnetic 
layer  in  Fig.  345  (ft) . 

"The  motor*  consists  of  a  rotor  carrying  a  commuted  winding,  6, 
located  in  a  number  of  partly  open  slots,  18,  placed  near  the  outer 
periphery  of  the  rotor  laminations,  16,  as  shown  in  Fig.  345;  and  also 
a  squirrel-cage  winding  the  bars,  11,  of  which  are  located  in  holes  17, 
provided  in  the  rotor  punchings  and  interconnected  at  each  end  by 

^Fynn,  "Single-phase,  Squirrel-cage  Motors,"  Trans.  A.  1.  E,  E.,  1915, 
Vol.  XXXIV,  page  2483. 
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means  of  conducting  end  rings,  12.  The  holes,  17,  ftcoommodating 
the  squirrel-cage  winding  are  so  placed  as  to  be  separated  by  a  cer- 
tain amount  of  magnetic  material,  20,  from  the  slots,  IS,  carrying  the 


commuted  winding."     "The  stator  carries  a  msjn  inducing  winding,  4, 
and  a  coaxial  compensating  winding,  5,  usually  provided  with  a  tap, 


13.    The  main  or  working  brushes,  7,  9,  are  permanently  short-cir< 
cuited  and  placed  in  line  with  the  axis  or  the  etator  windings.    The 
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Fio.  347. — Charoctemlic  curves.    Single-phase  motor.     13  hp.,  60  cycles, 
6  pole,  220  volte,  1200  r.p.m.     Type  BK.    (Wagner  Electric  i:  Mfg.  Co.) 
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auxib'ary  or  exciting  brushes,  8,  10,  are  displaced  by  90  electrical 
degrees  from  the  short-circuited  brushes."  At  starting,  the  main 
stator  winding,  4,  is  connected  across  the  mains,  2,  3,- in  series  with 
the  commuted  rotor  winding,  6,  by  way  of  the  exciting  brushes,  8, 10. 
The  brushes  7,  9,  are  short-ciromted,  and  the  circuit  of  the  winding,  5, 
is  open,  this  being  indicated  in  Fig.  345a  by  showing  the  switch  15  in 
its  ''off"  position.  After  the  motor  has  reached  its  normal  speed 
switch  15  is  placed  either  on  point  13  or  point  14.  If  connected  to 
the  tap  in  the  compensating  winding,  5,  the  machine  will  operate 
with  unity  power  factor  under  most  loads.  If  switch  15  connects 
brush  10  to  the  end  of  14  of  the  compensating  winding  5,  then  the 
machine  will  operate  with  leading  power  factor  at  no  load  and  with 
unity  power  factor  at  full  load." 

The  corresponding  characteristic  operating  curves  are  shown  in 
Figs.  346,  347  and  348.  The  curves  for  the  two  connections 
dififer  mainly  in  the  power  factor;  for  maximum  compensation 
the  current  leads  at  starting  and  at  light  loads.  The  efficiency 
is  slightly  higher  for  the  normal  compensation. 

(A)  Other  Types. — Over  40  distinct  types*  of  alternating- 
current  commutator  motors  are  known  and  quite  a  number  have 
been  manufactured  and  found  to  give  satisfactory  service.  Com- 
pared to  the  polyphase,  squirrel-cage  induction  motor  all  are 
compUcated  in  design  and  as  a  consequence  the  first  cost  and 
maintenance  charges  are  higher. 

*Fynn,  ^'Characteristics  of  Alternating-current  Motors,"  Trans. 
A.  I.  E.  E.,  1916,  Vol.  XXXIV,  page  1349. 

PROBLEMS 

1.  Draw  the  vector  diagram  for  a  series  excited,  inductively  compensated 
alternating  current  commutator  motor.     Circuit  diagram  as  in  Fig.  330. 

2.  Draw  the  vector  diagram  for  an  inductively  compensated  and  excited 
and  series  fed  alternating  current  commutator  motor.  Circuit  diagram 
as  in  Fig.  331. 

For  Experiments  sec  page  547. 


CHAPTER  XVIII 

mDUCTIOIf  OR  ASTNCHRONOUS  GENERATOR. 

GENERAL  TRANSFORMER 

# 

(a)  The  Induction  Generator. — In  the  discussion  of  the 
induction  motor,  Chap.  XIII,  it  was  shown  that  the  speed  of 
the  rotating  field  of  an  ordinary  squirrel-cage  motor  is  slightly 
greater  than  the  speed  of  the  rotor.  The  slip  of  the  rotor  makes 
the  magnetic  lines  of  force  cut  the  conductors,  thereby  inducing 
voltages  which  cause  currents  to  flow  in  the  rotor  circuits. 
The  reaction  between  the  rotating  field  and  rotor  currents  trans- 
fers energy  from  the  stator  to  the  rotor.  The  magnetic  flux  is 
therefore  the  connecting  link  by  which  electric  energy  is  trans- 
ferred from  the  stator  circuit  and  transformed  into  mechanical 
energy  in  the  rotor. 

Let  the  rotor  of  the  induction  motor  be  belted  to  a  direct- 
current  motor  or  any  prime  mover  whose  speed  can  be  varied; 
and  let  the  stator  be  connected  to  the  mains  of  the  supply 
circuit.  If  the  speed  is  increased  imtil  the  rotor  runs  in  S3m- 
chronism  with  the  rotating  field,  no  voltage  is  induced  and 
no  current  flows  in  the  rotor  circuits.  The  energy  necessary  to 
overcome  the  friction  and  windage  comes  from  the  prime  mover 
and  the  energy  dissipated  by  the  losses  in  the  stator  from  the 
supply  mains.  If  the  speed  is  still  further  increased,  the  rotor 
revolves  faster  than  the  field,  or  above  synchronism,  and  voltage 
is  again  induced  and  the  rotor  currents  flow  in  the  opposite 
direction  from  what  was  the  case  when  operating  below  syn- 
chronous speed.  If  the  rotor  currents  are  reversed  with  respect 
to  the  field,  the  resulting  reaction  is  also  in  the  opposite  direction, 
or  energy  flows  from  the  rotor  to  the  stator.  Hence,  when 
operating  above  synchronous  speed  the  mechanical  energy  sup- 
plied to  the  rotor  is  transmitted  magnetically  across  the  air  gap 
and  delivered  as  electric  energy  in  the  stator  circuit.  At  speeds 
above  synchronism,  therefore,  the  induction  motor  is  a  generator 
and  transfers  and  transforms  the  mechanical  energy  from  the 
prime  mover  into  electric  energy  in  the  stator  or  primary  circuit. 
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Primary  Frequency. — When  operating  as  an  induction  motor 
the  rotor  slip  depends  on  the  load,  but  variations  in  load  and 
slip  in  nowise  affect  the  primary  frequency.  In  precisely  the 
same  way  when  the  machine  is  operated  above  synchronism, 
as  a  generator,  the  amount  of  power  transmitted  depends  on  the 
excess  over  synchronous  speed,  but  the  relative  rotor  speed  does 
not  affect  the  frequency  in  the  stator  circuit. 

Therefore,  if  operated  in  parallel  with  ordinary  alternators, 
the  speed  of  the  rotor  va™s  with  the  load  and  the  machine 
does  not  run  in  synchronism  with  the  other  machines.  The 
frequency  of  the  current  in  the  stator  of  the  induction  generator 
is  the  same  as  for  the  other  alternators,  and  the  division  of  the 
load  depends  upon  the  governors  of  the  prime  movers. 

Excitation. — The  induction  generator  is  not  self-exciting; 
the  reactive  energy  for  the  rotating  magnetic  field  must  be 
supplied  from  an  outside  source  to  the  stator  winding  When 
operating  in  parallel  with  other  alternators  delivering  power  to 
constant-potential  mains  the  exciting  current  automatically 
adjusts  itself  to  the  requirements  for  variations  in  the  load. 
The  power  component  is  supplied  through  the  rotor  by  the 
prime  mover  of  the  induction  generator,  but  the  quadrature 
component  or  reactive  power  required  for  the  magnetic  field 
comes  from  the  other  machines  through  the  mains.  Hence, 
whether  operating  as  an  induction  motor  or  as  an  induction 
generator,  the  reactive  power  in  the  stator  circuit  must  be 
supplied  from  an  outside  source.  Operating  in  connection 
with  over-excited  synchronous  motors  is  a  desirable  arrangement 
for  induction  generators  as  well  as  for  induction  motors.  It 
is  evident  that  the  required  reactive  power  could  be  supplied 
by  stationary  condensers  The  reactive  power  would  oscillate 
between  the  condenser  and  the  field  of  the  induction  genera- 
tor with  double  the  frequency  of  the  voltage,  appearing  alter- 
nately in  the  magnetic  field  of  the  generator  and  the  dielectric 
field  of  the  condenser.  The  cost  of  the  condensers  would  in 
many  cases  be  prohibitive  for  using  this  arrangement  in  com- 
mercial plants,  since  the  required  reactive  power  is  approximately 
25  per  cent,  of  the  generator  capacity. 

Circle  Diagram. — Since  the  induction  generator  is  simply  a 
reversed  induction  motor,  having  the  same  electric  and  magnetic 
circuits,  the  current  locus  for  the  generator  is  merely  an  exten- 
sion of  the'  locus  for  the  induction  motor.    Draw  the  cirde 
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diagram  for  the  machine  as  an  induction  motor.  Fig.  220,  and 
complete  the  circle  as  shown  in  Kg.  349.  The  upper  half  of 
the  diagram  is  the  current  locus  of  the  induction  motor,  or 
for  speeds  below  synchronism,  while  the  lower  half  gives  the 
corresj)onding  current  locus  for  speeds  above  synchronism,  or, 
for  the  machine  operating  as  an  induction  generator. 

MO  =  fnl,  the  magnetizing  current. 
P'M  =  7i,  the  stator  current. 
P'O  =  In,  the  rotor  current. 


/SB- 


Fia.  349.— Circle  diagram  for  asynchronous  generator. 

If  the  diagram  represents  values  per  phase,  to  obtain  the  cor- 
res|>onding  quantities  for  the  motor  or  generator  multiply  by  n, 
the  number  of  phases. 

Under  the  same  assumptions  and  approximations  as  for  the 
induction  motor  diagram,  Fig.  220,  the  corresponding  values  in 
watts  may  be  obtained  for  the  induction  generator  from  the 
diagram  in  Fig.  349. 


nE\{P'F)  =  mechanical  input 

nEi{MN)  =  core  loss,  windage  and  friction 


(530) 
(531) 
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nEi(HK) 

nEi(HF) 

nEiiP'F  -  FL) 

Cos  P'MEi 

PT  -FL 
P'F 

ML  =  jbiEi 

nEi{ML) 


//c 


primary  copper  loss 
secondary  copper  loss 
electrical  output  =  nEi(P'L) 
power  factor  of  stator  circuit 

F'L 


efficiency 


P'F 


(532) 
(533) 
(534) 
(535) 

(536) 

(537) 


quadrature  component  of  /i 

reactive  power  supplied  by  the  mains  (538) 


£S  JO  rs  too 

FiQ.  350. — ^Performance  curves  of  a  3-^  asynchronous  generator. 

From  the  circle  diagram  the  performance  curves,  Fig.  350, 
may  be  calculated  in  the  same  manner  as  explained  for  the 
induction  motor. 

(&)  The  General  Transformer. — In  the  stationary  transformer 
the  voltage  is  raised  or  lowered  but  the  frequency  remains  the 
same  in  the  two  circuits.    The  electric  energy  received  in  the 
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primary  is  transmitted  by  the  magnetic  circuit  to  the  secondary 
and  transformed  to.  electric  energy  at  a  higher  or  lower  voltage 
but  without  change  of  frequency.  In  the  iiiduction  motor  the 
electric  energy  received  in  the  stator  is  transmitted  by  the 
noiagnetic  field  across  the  air  gap  and  transformed  into  the 
mechanical  form  and  delivered  through  the  rotor  to  the  load. 
From  the  slip  rings  of  a  wound-rotor  induction  motor  electric 
energy  may  be  obtained  in  the  same  manner  as  from  the  second- 
ary of  the  stationary  transformer.  Connecting  the  slip  rings 
to  an  outside  electric  circuit.  Fig.  351,  the  machine  is  both 
a  motor  and  a  transformer  and  both  mechanical  and  electric 
power  may  be  obtained  simultaneously.  The  frequency  of  the 
voltage  and  current  in  the  secondary  circuit  from  the  slip  rings 
need  not  be  the  same  as  in  the  stator,  but  depends  upon  the 
relative  speed  of  the  rotating  field  and  rotor.     If  the  rotor  is 


^333 


'^      •'z     A 


Fig.  351. 

stationary  the  frequency  of  the  secondary  current  from  the  slip 
rings  is  the  same  as  in  the  primary  and  the  machine  is  a  station- 
ary transformer  with  a  large  leakage  flux. 

Let  the  speed  of  the  rotor  be  controlled  independently  of  the 
rotating  magnetic  field,  by  belting  to  a  variable-speed  motor, 
which  can  operate  in  either  direction.  If  the  rotor  revolves  in 
the  same  direction  as  the  stator  field,  the  frequency  of  the  current 
from  the  slip  rings  is  proportional  to  the  difference  in  the 
speeds.  If  the  rotor  is  forced  to  rotate  in  the  opposite  direc- 
tion, that  is,  run  backward,  the  frequency  of  the  secondary  current 
is  proportional  to  the  sum  of  the  speeds.  Hence,  if  the  backward 
rotation  is  considered  negative,  the  frequency  of  the  secondary 
currents  is  in  all  cases  proportional  to  the  algebraic  difference 
in  the  speeds  of  the  rotating  field  and  the  rotor. 
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/i  =  frequency  of  the  primary  or  stator  circuit. 

«i  =  speed  of  the  primary  or  rotating  field. 

/a  =  frequency  of  the  secondary  or  rotor  sUp-ring  circuit. 

8t  =  speed  of  the  rotor. 

h-h'-^'  (539) 

The  voltage  in  the  secondary  depends  upon  the  relative  number 
of  turns  in  the  stator  and  rotor  circuits  and  upon  the  relative 
speeds.     Neglecting  losses  in  the  machine: 

£,=  S^Z^?(iLr_^  (540) 

'  ni8i 

Let««a;2  =  reactance  of  the  secondary  circuit  at  standstill,  and 
Xt,  the  corresponding  reactance  at  speed  8%. 

x%  =   ; 9»X2  (541) 

.   n2   (si  —  82) 
jij^— 

/,  =  :^_?  ^  ^^ il /542I 

h  +^'*^^     8,     J 

The  power  relations  of  the  several  circuits,  or  the  direc- 
tion of  the  energy  flow  depends  upon  the  relative  speed  of  the 
rotating  field  and  rotor.  The  reactive  power,  both  for  the 
stator  and  the  rotor  circuits  comes  from  the  primary  mains  at  all 
rotor  speeds. 

The  reaction  between  the  rotating  field  and  the  rotor  cur- 
rents necessarily  consists  of  two  equal  and  opposite  forces.  With 
the  forces  equal,  the  work  done  by  the  field  or  by  the  rotor  is 
directly  proportional  to  their  speeds.  Neglecting  losses  in  the 
machine,  the  power  and  speed  relations  may  be  grouped  into  four 
divisions. 

1.  For  rotor  speeds  above  synchronism. 

«2  >  81. 

The  machine  is  an  asynchronous  generator  and  the  mechanical 
power  supplied  through  the  rotor  pulley  is  transformed  into 
electric  energy  in  both  the  primary  and  secondary  circuits. 
The  relative  frequency  in  the  two  circuits  is  given  in  equation 
(643). 

/.=/i^'  (543) 
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2.  For  speeds  between  standstill  and  synchronism. 

0  <  «j  <  «i. 

The  total  power  is  supplied  from  the  primary  circuit.  The 
rotor  deUvers  mechanical  power.  The  frequency  of  the  current 
in  the  rotor  circuit  is  proportional  to  the  slip. 

'        '  «^  -  *«  (544) 


''"''        8, 

3.  At  standstill. 

St  =  0. 

With  both  windings  stationary  the  machine  operates  as  a  sta- 
tionary transformer.  On  account  of  the  large  air  gap  the 
magnetizing  current  is  comparatively  large,  but  all  the  power  is 
supplied  by  the  primary  and  appears  in  the  electric  form  in  the 
rotor  secondary. 

/2  =  /i  (545) 

4.  The  rotor  running  backward. 

82  <0. 

The  machine  is  a  combination  generator  and  transformer. 
Electric  energy  is  received  from  the  primary  and  mechanical 
energy  through  the  rotor  pulley.  From  both  sources  the  energy 
flow  is  through  the  rotor  and  sUp  rings  to  the  secondary  circuit. 
The  frequency  of  the  secondary  circuit  is  greater  than  in  the 
primary  and  equal  to  the  sum  (algebraic  difiFerence)  of  the 
speeds,     st  is  negative. 

/.  =  /.  '-^  (646) 

In  cases  (2)  and  (3)  all  the  losses  in  the  machine  are  supplied 
from  the  primary  circuit.  In  (1),  near  synchronous  speed  and 
until  the  mechanical  power  suppUed  through  the  pulley  is  equal 
to  or  greater  than  the  losses,  the  difference  comes  only  from  the 
primary  circuit.  In  (4)  the  losses  are  supplied  from  both  circuits. 
With  a  single  winding  on  the  rotor  a  single-phase  current 
is  deUvered  through  the  slip  rings.  From  a  rotor-wound  poly- 
phase the  corresponding  polyphase  currents  are  delivered  from 
the  slip  rings.  The  machine  can  be  used  as  a  phase  trans- 
former since  the  secondary  winding  is  independent  of  the 
primary. 
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The  extreme  flexibility  of  a  machine  consisting  of  a  primary 
and  a  rotating  secondary  is  apparent.  The  general  transformer 
can  operate  as  a  motor,  generator,  transformer,  phase  con- 
verter, or  frequency  changer,  and  may  even  perform  most  of 
these  transformations  simultaneously. 

PROBLEMS 

1.  The  machine  in  problem  3,  Chap.  XIII,  is  run  as  an  induction  generator. 
Find  the  variations  of  torque,  current,  power  factor  and  efficiency  by  means 
of  the  circle  diagram  from  100  to  125  per  cent,  speed  and  plot  curves. 

2.  Show  that  in  the  transition  in  changing  an  induction  machine  from  a 
motor  to  a  generator  by  increasing  the  speed;  for  certain  speeds  power  is 
supplied  both  mechanically  and  electrically.  Calculate  by  ''McAllister's 
Method  "  the  losses  at  no  load  when  they  are  supplied  electrically  and  when 
they  are  supplied  mechanically. 

For  Experiments  see  page  548. 


CHAPTER  XIX 

INSULATION,    THE  DIELECTRIC  CIRCUIT 

A.  Insulation.  Leakage  Current — The  chief  function  of  the 
dielectric  is  to  provide  insulation  between  conductors  so  as  to 
confine  as  much  of  the  electric  ciu'rent  as  possible  to  narrow  paths, 
and  thus  establish  definite  electric  circuits.  In  this  respect  a 
good  dielectric  is  simply  a  very  poor  conductor,  and  hence  the 
possibility  of  producing  well-defined  electric  circuits  depends 
directly  upon  the  relative  conductivity  of  the  materials  used  in 
the  conductor  and  the  surrounding  dielectric.  In  most  di- 
electrics the  resistance  is  very  high,  or  the  conductivity  is  ex- 
tremely low  as  compared  to  metals.  Thus  the  resistance  of 
glass,  rubber,  porcelain  and  similar  good  insulators  is  of  the 
order  10^*  times  that  of  copper,  an  enormously  large  ratio.  How- 
ever, in  general,  experimental  data  tend  to  prove  that  although 
the  resistance  may  be  very  large,  whenever  a  difference  of  po- 
tential exists  a  current  flows  through  the  dielectric  and  thus 
forms  an  electric  circuit.     This  is  the  true  leakage  current. 

In  constant-potential  systems  the  dielectric  forms  an  infinite 
series  of  parallel  circuits,  each  with  a  very  high  resistance.  In 
large  systems  the  cross-section  of  the  dielectric  through  which 
the  leakage  current  flows  is  very  large,  and  hence  while  at  any 
part  the  resistance  is  very  high,  still  over  the  total  section  a 
considerable  leakage  current  may  flow.  The  dimensions  of 
length  and  cross-section  of  the  dielectric  are  generally  so  irregular 
that  it  becomes  impracticable  to  determine  the  average  resistance 
by  means  of  space  measurements  and  the  specific  resistance  of 
the  material.  As  an  illustration  consider  the  comparatively 
simple  case  of  the  insulation  between  the  several  turns  in  a 
transformer  winding.  Any  attempt  to  accurately  measure  the 
length  and  cross-section  of  the  dielectric  for  determining  the 
leakage  conductance  would  be  futile  since  the  leakage  current 
tends  to  flow  between  any  two  points,  at  a  difference  of  potential, 
and  not  merely  between  adjacent  layers.  Hence,  while  the  law 
for  the  leakage  current  is  simple,  the  practical  determination  of 
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the  average  length  and  cross-section  of  the  irregularly  shaped 
dielectric,  by  space  measurements,  makes  a  direct  application 
impossible.  The  total  equivalent  conductance  of  any  machine 
or  system  is  usually  determined  by  measuring  the  leakage  current 
for  any  applied  voltage  and  then  applying  Ohm's  law. 

il  =  igE  (551) 

The  measurements  are  made  with  direct  currents.  In  alternat- 
ing currents  the  leakage  current  is  in  phase  with  the  voltage,  and 
the  power  lost  is  therefore: 

^  =  z/S  =  igE^  =  ir  iD  (552) 

In  all  cases  the  leakage  current  represents  a  transformation 
of  electric  energy  into  heat,  light  or  chemical  reactions.  Since 
the  process  is  not  reversible,  the  energy  is  not  returned  to  the 
circuit  when  the  voltage  decreases;  hence  the  loss  represents  a 
drain  of  energy  from  the  electric  circuit  in  the  same  manner  as 
the  resistance  losses  in  the  metallic  conductor. 

Leakage  through  the  dielectric  is  always  undesirable.  The 
energy  loss  may  be  small  and  in  most  cases  the  heat  generated 
gives  no  troublesome  rise  in  temperature,  but  very  often  the 
leakage  current  causes  changes  in  the  chemical  composition  of 
the  dielectric  that  rapidly  destroy  its  insulating  properties. 

Three  factors  of  special  importance  in  affecting  both  the 
leakage  conductance  and  the  rate  of  deterioration,  should  be 
mentioned,  namely: 

1.  Moisture. 

2.  Temperature. 

3.  Voltage  gradient. 

Even  very  small  amounts  of  moisture  affect  the  leakage  con- 
ductance  to  a  marked  degree.  The  leakage  current  is  greatly 
increased  and  chemical  reactions  follow  that  produce  deteriora- 
tion at  a  more  or  less  rapid  rate.  In  many  cases,  electrical 
apparatus  can  not  be  protected  from  moisture  and  the  selection 
of  the  most  serviceable  insulation  for  the  given  conditions  must 
be  made.  In  other  cases,  like  the  oil  insulation  of  transformers, 
extreme  care  is  exercised  in  removing  all  the  water,  and  in 
keeping  the  apparatus  well  protected  against  moisture. 

In  a  recent  paper  describing  an  extended  investigation  on 
press-board  insulation,  the  effect  of  moisture  is  summarized: 
"The  weakening  effect  in  press-board,  and  very  Ukely  other 
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water  absorbent  insulations,  may  increase  as  great  as  the  5th 
and  6th  power  of  the  per  cent,  absorbed  moisture.  When  the 
free  moistiu'e  is  above  3  per  cent.,  the  weakening  effects  due 
to  its  presence  are  quite  pronounced."* 

The  temperature  limit  for  various  kinds  of  electrical  appa- 
ratus is  in  almost  all  cases  based  directly  on  the  characteristics 
of  the  dielectric  used.  The  temperatiu'e  range  for  commercial 
operation  is  seldom  above  100®C.  and  in  most  cases  considerably 
less,  because  at  higher  temperatures  the  rate  of  chemical  change 
becomes  too  great,  causing  a  rapid  deterioration  of  the  insulating 
properties  of  the  dielectrics.  It  is,  therefore,  the  rate  of  chemical 
change  in  the  dielectrics  that  Umits  the  permissible  temperature 
and  the  rating  of  most  electrical  machinery,  as  is  readily  seen 
from  the  Standardization  Rules  of  the  A.  I.  E.  E.  "  The  weaken- 
ing effects  in  insulation,  as  shown  by  the  dielectric  losses,  power 
factors,  and  currents,  may  increase  as  great  as  the  5th  or  6th 
power  of  the  temperature."* 

The  voltage  gradient  at  any  point  in  the  dielectric  is  of  greater 
importance  than  the  total  voltage  difference  between  two  con- 
ductors, in  determining  the  stresses  and  resultant  strains  and 
possible  ruptures  in  the  dielectric.  Dielectrics  are  electrically 
elcLstic  and  have  a  more  or  less  definite  elastic  limitf  above 
which  the  insulation  breaks  down  or  ruptures.  In  the  irregularly 
shaped  dielectric  between  conductors,  the  stresses  are  not 
uniform,  and  the  elastic  Umit  may  be  reached  in  the  layers 
near  the  conductors  at  a  much  lower  total  voltage  than  at  points 
farther  away.  Thus  the  rupture  may  begin  at  the  surface  of 
the  conductor  long  before  the  average  stress  exceeds  the  elastic 
limit  of  the  particular  dielectric,  as  illustrated  by  the  corona, 
the  use  of  condenser  terminals,  etc.  It  is  therefore  necessary 
to  so  design  electrical  apparatus  that  at  no  point  the  voltage 
gradient  exceeds  the  elastic  Umit  of  the  dielectric,  or  to  provide 
safety  appliances  that  will  protect  the  apparatus  against  excessive 
voltage  gradients. 

In  solid  dielectrics  the  rupture,  produced  by  a  stress  in  ex- 
cess of  the  elastic  limit,  is  a  permanent  deformation  or  break, 
while  in  Uquids  and  gases  the  insulating  properties  of  the  di- 
electric are  immediately  restored  as  soon  as  the  electric  stress  is 
sufficiently  reduced.  In  soUds  the  puncture  causes  a  short- 
circuit,  generally  followed  by  a  "biu'n-out,"  due  to  the  excessive 

*  MiNTON,  A.  I.  E.  E.  Proc,  July  1915,  1166. 
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leakage  current  flowing  through  the  ruptured  dielectric.  Id 
gases  and  liquids  the  insulation  ie  automatically  restored  after 
the  short-circuit  arc  is  broken. 

Briefly,  the  existence  of  a  leakage  current  premises  imperfect 
insulation.  Under  ideal  conditions  with  perfect  insulation,  no 
leakage  current  could  exist,  and  all  of  the  electric  circuit  would  be 
confined  to  the  conductors. 

B.  The  Dielectric  Circuit. — When  the  conductors  are  at  a 
difference  of  potential,  an  electric  stress  is  exerted  upon  the 
materials  in  the  intervening  space.  This  stress  produces  what  is 
equivalent  to  a  strain  in  the  electrically  elastic  dielectrics.  The 
product  of  stress  and  strain  represents  energy.  At  potentials 
less  than  the  rupturing  voltf^e  the  strain  is  proportional  to  the 
stress  and  hence  the  energy  stored  in  the  dielectric  is  propor- 
tional to  the  square  of  the  impressed  voltage. 

Dielectrically  stored  enei^  =  -s—  (see  Chap.  I)  (553) 


Fio.  352. 

For  voltages  within  the  electrical  elastic  limit  of  the  dielectric 
the  process  is  reversible.  Hence  the  energy  flows  from  the 
electric  circuit  into  the  dielectric  while  the  voltage  increases, 
and  returns  to  the  electric  circuit  while  the  voltage  decreases. 
This  energy  flow  to  and  from  the  dielectric  is  separate  and  apart 
from  the  leakage  current  and  follows  independent  laws.  The 
leakage  may  interfere  with  the  dielectric  circuit,  as  both  phe- 
nomena occur  in  the  same  space,  but  the  basic  processes  are 
entirely  different.  A  mechanical  analogue  will  illustrate  both 
the  independence  and  the  interference  of  the  two  sets  of  phe- 
nomena, liet  three  cyhnders  be  arranged  as  shown  in  Fig. 
352  with  the  pistons  at  the  center  position  in  cylinders  A  and  B. 
Cylinder  D  is  divided  into  a  number  of  compartments  by  elastic 
rubber  diaphragms  and  the  space  between  the  pistons  is  filled 
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with  water.  Move  the  two  pistons  in  A  and  B  to  the  right  as 
shown  in  Fig.  353.  A  stress  and  consequent  strain  will  appear 
in  the  rubber  diaphragms,  and  energy  is  traneferred  from  the 
pistons  to  the  elastie  rubber.  If  the  rubber  is  perfectly  elastic 
and  frictionless,  the  enei^  stored  in  the  diaphragm  returns  to 
the  pistons  upon  removing  the  pressure  applied  by  the  pistons. 
Moving  the  pistons  to  the  left,  as  in  Fig.  354,  energy  is  stored  in 
tbe  elastic  diaphragms,  and  again  returns  to  the  piston  during 


Fig.  353. 

the  return  half  cycle.  This  process  is  analogous  to  the  e&ei^y 
Bow  in  the  dielectric  circuit.  If  there  are  minute  holes  in  the 
diaphr^ms  allowing  a  little  water  to  leak  between  the  several 
compartments,  this  is  analogous  to  the  leakage  current.  With 
Bome  water  leaking  through  the  diaphragms,  the  energy  stored  in 
the  rubber  in  Figs.  353  and  354  would  soon  escape  and  the 
strain  be  removed.  The  energy  thus  transferred  from  the 
elastic  rubber  to  the  leaking  water  would  not  be  returned  to 


Fio.  354. 

the  pistons  upon  the  removal  of  the  applied  force.  The  transfer 
and  storing  of  energy  in  the  mechanical  model  is  analogous  to 
the  energy  changes  in  the  dielectric  circuit  and  the  leakage  cur- 
rent. The  one  is  due  to  the  elastic  propertiea  of  the  dielectric 
and  the  other  to  imperfections  in  the  insulation.  With  perfect 
insulation  (no  leakage)  the  dielectric  circuit  is  free  from  inter- 
ference; and  conversely  in  conductors  having  little  or  no  electric 
elasticity  and  no  energy  storage  there  is  no  dielectric  circuit. 
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The  strain  in  the  dielectric  is  represented,  both  in  magnitude 
and  direction  by  dielectric  lines  of  force,  in  precisely  the  same 
way  as  the  intensity  and  direction  of  the  magnetic  field  is  rep- 
resented by  magnetic  lines  of  force. 

The  elastance  of  the  dielectric  circuit  corresponds  to  the 
reluctance  of  the  magnetic  circuit  or  the  resistance  of  the  electric 
circuit.  Condensance  (capacity)  is  the  reciprocal  of  the  elastance 
and  hence  corresponds  to  the  permeance  of  the  magnetic  circuit 
or  the  conductance  of  the  electric  circuit.  The  unit  of  con- 
densance is  the  farad  (see  Chap.  I)  and  of  the  elastance  the  daraf. 

Elastance  = 1 -;  S(darafs)  =  7777 j-r-  (554) 

condensance'  C(farads)  ^      ' 

The  specific    condensance  or  permittivity,   k,  is    the    ratio 

of  the  condensance  of  the  given  dielectric  to  that  of  air.    The 

elastance  of  any  given  circuit  also  depends  upon  the  dimensions 

of  the  dielectric  and  follows  the  same  laws  as  the  resistance  of 

an  electric  circuit;  that  is,  it  varies  directly  as  the  length,  I, 

and  inversely  as  the  cross-section,  A. 

Airl  kA 

S  =  —T-;  or  C  =  -T-j  abstatfarads  (c.g.s.  electrostatic  units)  (555) 

The  factor  47r  is  introduced  by  the  definition  of  the  unit 

dielectric  line  of  force  (one  line  per  cm.^  on  the  surface  of  a 

sphere  of  unit  radius). 

To  change  from  the  c.g.s.  electrostatic  (abstat)  to  the  c.g.s. 

electromagnetic  absolute  (ab)  system  of  units,  the  constant  v^ 

must  be  introduced  in  the  equations. 

„       4tvH    .  ,       - 

S  =  — j-abdarafs;  or 

kA 
C  =  T — 2",  abfarads  (c.g.s.  electromagnetic  units)     (556) 

The  constant,  t;  =  3  X  10^°  cm.  per  sec.  is  the  velocity  of 
propagation  of  electric  field  in  space,  which  is  the  same  as  the 
velocity  of  light. 

The  absolute  electromagnetic  units  are  reduced  to  darafs  and 
farads  by  the  factor  10*. 

C  — 't^t  =  0.8842'^10-"  farads  (558) 

kA 
=  0.8842-,- 10-^  microfarads. 
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The  relation  between  the  voltage,  flux  and  elastance  or  con- 
densance  in  the  dielectric  circuit  is  the  same  as  for  the  voltage, 
current  and  resistance  or  conductance  of  the  electric  circuit  and 
hence  may  be  stated  in  the  same  form  as  Ohm's  law. 

Dielectric  flux  =  J^^^J  ^  =  |  (559) 

Dielectric  flux  =  condensance  X  voltage;  ^  =  Ce  (560) 

From  557  and  559 : 

^  =  —7 — ^  lines  of  dielectric  force 


and 


=  0.8842-!^10-"  lines  of  dielectric  force        (561) 


e  =  -^jj^  volts  =  113.1-^10^^  volts  (562) 


The  potential  or  voltage  gradient,  (?,  in  a  dielectric  circuit  of 
constant  cross-section  and  of  homogenous  material,  is  the 
ratio  of  the  voltage  and  the  length. 

G  =  T  volts  per  cm.  (563) 

The  dielectric  stress  or  field  intensity  in  c.g.s.  electromagnetic 
units: 

K  =  4--.  (564) 

The  flux  density  may  be  stated  either  as  the  permittivity 
times  the  field  intensity  or  as  the  total  flux  divided  by  the 
cross-sectional  area. 

D  =  itK  =  -T  ==    ^.     g,  for  e  in  volts  (565) 

The  diflSculty  in  applying  the  above  equations  to  any  di- 
electric circuit  comes  chiefly  from  the  irregular  shapes  of  the  di- 
electric in  electrical  appliances.  The  dimensions  are  seldom 
simple  geometrical  forms.  Often  it  is  impracticable  to  deter- 
mine either  the  cross-section  or  the  length.  Another  factor  is 
the  small  range  in  the  permittivity  of  insulating,  materials, 
thus  making  it  impossible  to  confine  the  dielectric  flux  to  a 
definite  path  as  may  be  done  by  both  the  electric  and  magnetic 
circuits. 
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Table  XII 

Material                                    PermlttiTity         Material  Permittivity 

Glass  (easily  fusible) 2.0  to  5.0  Air  and  other  gases 1.0 

Glass  (difficult  to  fuse).  .5.0  to  10.0  Alcohol,  amyl 15.0 

Gutta-percha 3.0  to  5.0  Alcohol,  ethyl 24.3  to  27.4 

Ice 3.0  Alcohol,  methyl 32 .7 

Marble 6.0  Benzine 1.9 

Mica 5.0  to  7.0  Benzol 2.2  to    2,4 

Paper  with  turpentine. . .  2.4  Olive  oil 3.0  to    3.2 

Paper  or  jute  impregnated  4 . 3  Paraffin  oil 1.9 

Paraffin 2.3  Petroleum 2.0 

Porcelain 5.3  Turpentine 2.2 

Rubber 2.4  Bakelite 6.6  to  16.0 

Rubber  vulcanized 2. 5  to  3.5  Micarta 4.1 

Shellac 2. 7  to  4.1 

Silk 1.6 

Sulphur 4.0 

Three  important  differences  in  the  constants  of  the  magnetic 
and  dielectric  circuits  should  be  noted. 

1.  The  permeability  of  soft  steel  or  iron  may  reach  several 
thousand  while  the  permittivity  of  most  dielectrics  is  less  than 
ten.  Hence  while  very  great  changes  can  be  made  in  the  strength 
of  the  magnetic  field  by  using  iron-clad  circuits,  only  com- 
paratively small  changes  can  be  secured  in  the  dielectric  field  by 
using  different  materials.     Table  XII. 

2.  The  permeability  of  iron  and  other  magnetic  materials 
varies  widely  for  different  magnetic  densities,  while  the  per- 
mittivity of  most  dielectrics  is  constant  for  all  potentials  up  to 
the  ruptiuing  voltage.  The  dielectric  field  has  no  saturation 
point;  and  the  strength  of  a  magnetic  field  is  not  limited  by  a 
breakdown  of  the  magnetic  material. 

3.  The  magnetic  flux  density  may  be  increased  indefinitely 
by  increasing  the  m.m.f.,  for  although  the  permeabiUty,  even  in 
iron-clad  circuits,  is  small  above  the  saturation  point,  it  is  always 
positive.  The  practical  Umit  for  the  magnetic  density,  in  iron- 
clad circuits  is  the  saturation  point  of  the  steel  or  iron  used. 

The  dielectric  field  intensity  increases  directly  with  the  im- 
pressed voltage  until  the  insulation  is  pierced  or  breaks  down. 
The  rupturing  voltage,  therefore,  limits  the  dielectric  flux  density. 

(a)  Condensers  in  Series  and  in  Parallel, — Since  the  relation 
between  the  dielectric  flux,  voltage  and  elastance  or  condensance 
may  be  expressed  by  Ohm's  law  (559,  560)  it  follows  that  the 
total  elastance  or  condensance  may  be  found  for  series  and 
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parallel  arrangements  in  the  same  manner  as  the  total  re- 
sistance or  conductance  is  found  for  similar  electric  circuits. 

Thus  in  Fig.  355,  the  total  elastance  is  the  sum  of  the  several 
elastances  in  series. 
For  series  circuits: 

S,^Si  +  S2  +  Sz  +  Sa+.    .    .  +  Sn  (566) 

7r  =  ?7-+7nr  +  ?r  +  7r  +  .  •  •  +  tt  (567) 

t/«         Ci  l/i  Os         O4  0» 

Likewise  for  parallel  circuits,  as  in  Fig.  356,  the  sum  of  the 
several  condensances  is  the  total  condensance. 
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Fig.  355.  Fia.  366. 

For  parallel  circuits: 

C,  =  Ci  +  C,  +  C,  +  C4  +  .   .   .  +  Cn  (568) 

o'~'c     >'o~'""o     '"o     "•    •    •I'c"  (569) 

0|        01  02  OS  04  On 

The  distribution  of  the  voltage  in  series  circuits  and  the 
current  in  parallel  circuits  is  therefore  the  same  as  for  the 
corresponding  electric  circuits. 

(6)  Charging  Current. — The  current,  V,  flowing  in  the  electric 
circuit,  suppl3dng  the  energy  to  the  dielectric  circuit  (correspond- 
ing to  the  magnetizing  current  for  the  magnetic  circuit) 
is  called  the  charging,  condensance  or  capacity  current.  As 
energy  is  stored  in  and  returned  from  the  dielectric,  the  term 
charging  current  is  appropriate;  but  it  shovid  be  kept  clearly 
in  mind  that  the  energy  supplied  by  the  charging  current  is  held 
within  the  dielectric  and  not  located  on  the  surface  of  the  conductors. 
As  stated  in  Chap.  IV,  the  charging  current  is  proportional 
to  the  rate  of  change  in  the  voltage;  and  hence  for  a  sine  voltage 
wave  the  current  is  of  the  same  form  and  leads  by  90°. 

Since  the  dielectric  circuit  is  in  parallel  with  the  electric  circuit 
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in  the  conductors,  it  is  customary  to  express  the  relation  be- 
tween the  voltage  and  the  charging  current  by  a  susceptance 
instead  of  a  reactance. 

J  =  jJ)E  (571) 

If  there  are  no  losses  in  the  dielectric  circuit  the  susceptance 
represents  the  reciprocal  of  the  reactance,  but  with  energ}' 
losses  (series  resistance,  dielectric  hysteresis,  etc.)  the  equivalent 
resistance  also  enters  the  equations. 

The  reactive  power,  represented  by  the  product  of  the  voltage 
and  the  charging  current,  surges  to  and  fro  with  double  the 
frequency  of  the  impressed  voltage. 

JP  =  JbE^  =  ^J2  (572) 

(c)  Energy  Losses. — In  a  constant  dielectric  field  the  energy 
loss  in  the  dielectric  is  represented  by  the  leakage.  When  an 
alternating  voltage  is  impressed  the  energy  loss  is  increased. 
This  additional  loss  is  in  the  dielectric  circuit  proper  and  is 
probably  partly  due  to  a  molecular  friction,  similar  to  magnetic 
hysteresis,  and  partly  to  a  viscous  give  in  the  elastic  medium. 
From  a  series  of  tests  in  1901,  on  commercial  condensers  of  the 
paraffin-tinfoil  type,  Steinmetz^  draws  the  following  conclusions: 

1.  "  With  a  sine  wave  of  impressed  e.mi.  the  current  in  the  condenser 
is  directly  proportional  to  the  impressed  e.m.f.  and  to  the  frequency; 
that  is,  the  capacity  of  the  condenser  on  an  alternating  current  is  con- 
stant, within  the  range  of  the  tests  (220  to  980  volts;  57  to  133  cycles)." 

2.  "The  loss  of  the  condenser  is,  within  the  range  of  the  tests,  pro- 
portional to  the  square  of  the  impressed  e.m.f.;  that  is,  the  power  factor 
of  the  condenser  at  constant  frequency  is  constant  and  independent  of 
the  impressed  voltage." 

3.  "  The  power  factor  of  the  condenser  does  not  seem  to  vary  with  the 
frequency;  that  is,  the  efficiency  of  the  condenser  appears  to  be  independ- 
ent of  the  frequency;  or,  in  other  words,  the  loss  of  energy  per  cycle  is 
proportional  to  the  square  of  the  electrostatic  field  strength,  but  inde- 
pendent of  the  frequency." 

4.  "The  power  factor  in  well-made  condensers  is  extremely  low, 
averaging  about  0.005  or  the  efficiency  is  about  99.5  per  cent." 

In  a  recent  investigation^  by  means  of  the  cyclograph  more 
satisfactory  measurements  of  the  power  losses  were  possible.  For 
60  cycles  and  a  wide  range  of  impressed  voltage,  "it  is  shown 

»  Steinmetz,  Electrical  World,  vol.  XXXVII,  1065. 
«  MiNTON,  A.  I.  E.  E.  Procy  July,  1915,  1165. 
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that  the  watts  do  not  vary  as  the  square  of  the  voltage,  but  may 
vary  from  the  1.32  to  the  2.52  power  of  the  voltage."  While 
the  losses  have  been  represented  by  a  variety  of  empirical  equa- 
tions, no  simple  form  seems  to  apply  to  all  eases.  Expressed  in 
the  form  of  a  complex  equation,  with  the  conductance  and 
susceptance  constants  determined  for  each  case,  the  dielectric 
circuit  admittance  is: 

Frf  =  fifd  +  jJ>4  (573) 

In  combination  with  the  leakage  the  admittance  of  the  cir- 
cuits in  the  dielectric  is: 

Ya^  19  +  94+  jjba  (574) 

The  current  flowing  in  the  conductor  supplying  both  the 
energy  losses  and  the  reactive  power  in  the  dielectric : 

J  =.Yj!  ^  (i9  +  ga+  jcbi)E  (575) 

(d)  Residiuil  Charge, — Due  to  the  heterogeneous  nature  of 
insulation  materials  and  compositions,  combined  with  a  slow 
leakage,  all  the  energy  stored  dielectrically  is  not  released  im- 
mediately upon  short-circuiting  the  conductors.  This  is  par- 
ticularly the  case  with  the  use  of  direct  currents  when  the  voltage 
is  appUed  for  long  periods  in  one  direction.  The  energy  stored 
in  the  dielectric  at  some  distance  from  the  conductor  must  be 
transmitted  through  the  intervening  layers.  This  transmission 
is  not  all  made  instantaneously  and  is  often  complicated  by 
leakage  of  various  amounts  in  the  several  layers,  and  hence  an 
appreciable  length  of  time  is  required  both  to  fully  energize  and 
to  discharge  the  dielectric.  On  this  account  a  single  discharge 
of  a  cable  or  other  apparatus  having  considerable  condensance 
may  not  be  sufficient.  The  two  sides  should  be  short-circuited 
for  some  time  or  several  "groundings"  may  be  necessary  to 
remove  the  stored  energy,  and  thus  prevent  any  dangerous  shock 
to  the  workmen. 

(e)  Dielectric  Induction  {Electrostatic  Influence). — The  e.m.f. 
in  an  alternating  circuit  induces  in  all  nearby  conductors,  by 
dielectric  induction,  voltage  opposite  in  direction  but  proportional 
in  magnitude.  The  induced  voltage  reacts  upon  the  impressed 
e.m.f .  in  somewhat  the  same  manner  as  the  two  currents  in  mutual 
magnetic  induction.  The  induced  voltages  cause  currents  to 
flow  in  the  conductors  thereby  changing  the  distribution  of  the 
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energy  content  in  the  system.  As  the  impressed  voltage  is  con- 
tinually changing  in  value,  the  induced  voltage  is  likewise  either 
increasing  or  decreasing.  This  necessitates  a  flow  of  current  in 
all  nearby  conductors  with  attendant  conversion  of  some  electric 
energy  into  heat  by  the  rP  losses.  The  source  for  this  heat 
energy  is  in  the  primary  circuit.  Therefore,  the  phenomenon 
of  dielectric  induction  (electrostatic  influence)  increases  both 
the  condensance  and  the  energy  loss  through  the  dielectric. 
That  part  of  the  charging  current  due  to  mutual  dielectric 
induction  may  also  be  represented  by  components  in  phase  and 
in  quadrature  with  the  impressed  voltage,  and  the  equivalent 
conductance  and  susceptance  may  be  included  in  the  notation 
used  in  equation  (572). 

(/)  Di&ruptive  Strength,  Piercing  Pressure. — When  the  vol- 
tage between  two  conductors  is  gradually  increased  the  stress  on 
the  intervening  dielectric  likewise  increases  until  the  pressure  is 
suddenly  equaUzed  by  a  discharge  or  formation  of  a  short- 
circuit  through  the  dielectric.  If  suflScient  energy  is  suppUed 
to  the  conductor?  the  current  continues  to  flow  in  the  form 
of  an  arc  at  a  comparatively  low  voltage,  depending  upon  the 
resistance  of  the  breakdown  path.  Instead  of  stating  the  dis- 
ruptive strength  of  an  insulating  material  in  terms  of  the  density 
of  dielectric  lines  of  force,  it  is  customary  to  give  the  voltage  at 
which  a  given  thickness  of  the  specified  material  will  be  punc- 
tiu'ed.  This  is  called  the  disruptive  strength  or  piercing  pressure, 
and  its  value  depends  upon  many  factors.  These  may  be 
grouped  in  two  divisions:  (g)  factors  affecting  the  specific 
dielectric  strength  of  any  given  material;  (ft)  factors  affecting 
the  voltage  gradient  at  various  points  in  the  dielectric  circuits. 

Table  XIII. — Appboxihatb  PnoBciNO  Pressubb  for  1  mm.  Thickness 

Boiled  linseed  oil 8,000  volts 

Dry  wood  fiber 13,000  volts 

Insulating  varnish 50,000  volts 

Melted  paraffin 8,000  volts 

Mica 68,000  volts 

Micanite 33,000  volts 

Oiled  linen 12,500  volts 

Paraffined  paper 30,000  volts 

Porcelain 13,000  volts 

Transformer  oil 9,000  volts 

Turpentine 6,500  volts 

Vulcanized  rubber 10|000  volts 
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(g)  Specific  Dielectric  Strength. — The  more  important  factors 
are:  (1)  material;  (2)  moisture;  (3)  temperature;  (4)  thick- 
ness; (5)  mechanical  stresses;  (6)  length  of  time  the  voltage  is 
applied. 

1,  The  specific  piercing  pressure  varies  widely  for  different 
materials,  and  bears  no  direct  relation  to  the  insulation  re- 
sistance. Solids  Uke  rubber,  glass,  mica,  porcelain  or  fiber  have 
much  higher  disruptive  strengths  than  hquids  and  gases.  But 
in  a  soUd  a  puncture  is  not  readily  repaired,  while  in  hquids  and 
gases  the  path  of  the  disruptive  spark  is  quickly  filled  and  the 
dielectric  automatically  regains  its  normal  strength.  For  definite 
chemical  compounds,  the  piercing  pressure  for  a  given  thickness 


5 

^ 

-7S 

s 

^ 

.•X- 

-/ 

^ 

t 

'  ro  ~ 

y 

iT 

■< 

t 

-j^- 

/ 

^ 

f£~ 

■< 

/ 

,^ 

-^"i- 

/ 

^ 

S 

/ 

m  ^  ^ 

/ 

\ 

i 

/ 

f 

/ 

.Oi 

> 

». 

\ 

.« 

» 

1 

.> 

0 

T/?/c/rn€SS  /r? mm. 
FiQ.  357. 


is  fairly  constant,  but  many  insulating  compositions  are  mere 
physical  mixtures  and  a  lack  of  uniformity  necessarily  produces  a 
great  variation  in  the  disruptive  strength. 

2.  The  presence  of  moisture,  especially  in  soUds  and  Uquids, 
decreases  the  disruptive  strength.  As  most  materials  are 
more  or  less  hygroscopic,  the  moisture  content  must  be  carefully 
determined. 

3.  The  temperature  within  ordinary  Umits  has  Uttle  effect 
upon  the  disruptive  strength,  provided  no  chemical  changes  are 
produced  in  the  material.  For  commercial  operation  the  per- 
missible rise  in  temperature  is  definitely  limited  so  as  to  prevent 
chemical  changes  in  the  material. 
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4.  The  disruptive  strength  is  not  directly  proportional  to  the 
thickness  of  the  dielectric.  Usually  the  thickness  increases 
faster  than  the  piercing  pressure.  This  is  illustrated  for  mica  in 
Fig.  357.  For  very  thin  layers  the  variation  is  generally  the 
reverse. 

5.  In  the  presence  of  mechanical  stresses  the  piercing  pressure 
is  decreased. 

6.  The  length  of  time  during  which  the  pressure  is  applied 
has  considerable  effect  upon  the  piercing  pressure.  There  seems 
to  be  something  similar  to  fatigue  or  a  shghtly  viscous  give  in 
the  material,  requiring  a  few  seconds  or  minutes  to  reach  equi- 
hbrium.  In  testing  insulation  on  conmiercial  machines  it  is 
customary  to  apply  the  pressure  for  one  minute  when  they  are 
warm,  as  this  provides  the  necessary  time  duration  and  also 
conforms  with  working  temperature  conditions. 

In  some  materials  Uke  oiled  press  boards  it  requires  several 
minutes  for  the  fatigue  to  reach  a  permanent  value  at  any 
given  voltage.  For  practical  application  of  the  factors  affecting 
the  dielectric  strength  a  number  of  empirical  formulas  have  been 
devised.  In  commercial  work  the  data  given  in  handbooks  and 
the  Standardization  Rules  of  the  A.  I.  E.  E.  are  the  main  guides 
in  determining  the  permanent  limits  for  electrical  designs. 

(A)  The  Voltage  Gradient. — The  voltage  gradients  in  the  space 
surrounding  conductors  at  a  difference  of  potential  depend 
directly  on  the  relative  density  of  the  dielectric  Unes  of  force. 
The  factors  that  determine  the  distribution  of  the  dielectric  flux 
may  be  discussed  under  four  divisions. 

1.  One  homogeneous  dielectric. 

2.  Two  or  more  insulating  materials  forming  parallel  di- 
electric circuits. 

3.  Two  or  more  insulating  materials  forming  series  dielectric 
circuits. 

4.  Combinations  of  series  and  parallel  circuits. 

1.  One  Dielectric, — In  the  space  surrounding  two  conductors, 
at  a  difference  of  potential,  the  distribution  of  the  Unes  of  force 
depends  directly  upon  the  geometric  form  or  the  dimensions  of  the 
dielectric.  In  dielectric  circuits  of  simple  form  the  flux  density 
and  voltage  gradient  may  be  readily  calculated. 

First  Exarrvple.  Lead-covered  Cable. — Given  a  single  conductor, 
lead-covered  cable  with  an  insulating  dielectric  of  one  homo- 
geneous material.    When  a  difference  of  voltage  exists  between 
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the  conductor  and  the  lead  sheath,  the  direction  of  the  stress, 
fig.  358,  and  hence  the  fiux  is  radial.  Since  all  the  lines  connect 
the  conductor  and  the  lead  sheath,  the  density  is  greatest  at 
the  surface  of  the  conductor  and  least  at  the  lead  sheath.  Con- 
centric cylinders  form  equipotential  surfaces.  From  equation 
(562),  Fig.  359,  the  voltage  required  to  pass  the  flux,  4'i  throi^h 
the  elemental  cylinder  1  cm.  loi^,  of  (dx)  thickness  and  at 
X  distance  from  the  center  is: 


4njV  dx       ISif-lO"  ^ 

=    „      ,n.  =  — dx  volts 

k2x X 10*  KX 

=  radius  of  conductor;  and 

=  radius  (inside)  of  lead  sheath. 


The  voltage  between  the  conductor  and  sheath  is,  therefore: 

'  =  -TW-^  T  =  ao^  ^""^n  ™'*«  ^"^ 

=  Ce  lines  per  cm.  length  of  cable  (578) 


2v*  log,^ 


de  ^    2i>V 
dx      KilO" 


:>^log.- 


(579) 


For  constant  voltage  applied  to  any  given  cable  the  curve 
for  equation  (579)  is  that  of  an  hyperbola  referred  to  its  asymp- 
totes.    In  Fig.  360  n  =  5,  r*  =  30  and  the  ordinates  represent 
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either  the  voltage  gradient  or  the  dielectric  flux  density,  for 
values  of  x  between  5  and  30. 

The   maximiun  voltage  gradient  is  at  the   surface  of  the 
conductor: 

0.4343e 

(680) 
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Second  Example.  Two  Parallel  Plates. — If  the  plates  are  of 
considerable  size,  the  distribution  of  the  flux,  in  the  area  be- 
tween the  plates,  is  uniform  except  at  or  near  the  edges.    Near 


Fig.  361. 


the  edges  the  density  is  greater,  and  at  points  outside,  less  than 
in  the  space  between  the  plates,  Fig.  361. 
Let  X  =  the  distance  between  the  plates. 

A  =  the  area  over  which  the  flux  is  uniformly  distributed. 
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The  elastance,  S  =  —ttts  =  (a  constant)  -r,  darafs  (581) 

kAIO*  a 

The  condensance,  C  =  -j — 1~  ™  (*  constant)  — ,  farads    (582) 

Dielectric  flux,  if/  =  -~  =  Ce  —  ^^^.  =  (a  constant)  — 
lines  (583) 

Flux  density,  ^  =  ][  =  5;^ 

=  (a  constant)  -,  lines  per  cm,*       (684) 

Voltage,  e  =      ..^^  =  (a  constant)  -j-  volts  (586) 

ds        4t7rv^  4t 

Voltage  gradient,  G^  —  j^  ==  "TTo*  ~  ^^  constant)  -j>  volts 

per  cm.  (586) 

Third  Example.  Two  Parallel  Round  Conductors  in  Air. — 
The  most  important  practical  example  is  the  transmission 
line  and  the  discussion  deals  with  the  problem  under  the  re- 
strictions of  high-tension  transmission  line  conditions.  It  is 
therefore  assumed  that: 

1.  The  diameters  of  the  two  conductors  are  equal. 

2.  The  distance  between  the  conductors  is  large  as  compared 
to  the  diameter  of  each  wire. 

Since  the  two  conductors  have  constant  diameters  and  are 
parallel  in  position,  equipotential  surfaces  must  be  cylinders  and 
hence  the  distribution  of  the  hues  of  force  is  the  same  in 
any  normal  plane.  All  phases  of  the  problem  may  therefore  be 
shown  on  a  cross-section  perpendicular  to  the  conductors.  Con- 
sider a  neutral  plane  midway  between  the  conductors  and 
perpendicular  to  the  plane  joining  their  centers,  as  indicated  by 
the  line  NN'  in  Fig.  362.  The  two  wires  are  equally  positive 
and  negative  referred  to  the  line  NN'.  When  taken  inde- 
pendently the  fields  for  each  are  radial  straight  lines.  The 
resultant  field  is  the  superposition  of  the  separate  fields,  and 
the  flux  Unes  assume  ciured  paths  as  shown  in  Fig.  363.  These 
curved  paths  are  arcs  of  circles  passing  through  the  points  A 
and  B  and  hence  have  their  centers  along  the  Une  NN'.  This 
may  be  shown  as  in  Fig.  364.    Take  any  point  P  in  a  normal 
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plane.    Let  AP  =  s  and  BP  =  u.    The  dielectric  Btreas  or  field 
intensity  at  the  point  P  due  to  the  negative  voltage  of  A   la 


along  PA  and  inversely  proportional  to  the  distance  8.    like- 
wise the  stress  due  to  the  positive  voltage  of  £  is  in  the  direction 


BP  and  inversely  proportional  to  the  distance  u.     Lay  off  the 
lines  PN  and  PH  in  Fig.  364,  so  that 


(587) 
Complete  the  parallelogram  PEKN.     Then   the  line  PK  rep- 
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resents,  in  direction  and  relative  magnitude,  the  dielectric  field 
intensity  at  the  point  P.  For  the  two  triangles,  APB  and 
PHKy  two  sides  are  proportional  and  the  included  angles  equal, 
hence  the  triangles  are  similar.  Therefore,  the  angles  ABP 
and  HPK  are  equal.  Hence  the  line  PK  must  be  tangent  to  a 
circle  passing  through  the  three  points  A,  P  and  B.  Since 
P  is  any  point  in  the  normal  plane,  the  direction  of  the 
dielectric  Unes  of  force  between  the  points  A  and  B  is  along  arcs 
of  circles  passing  through  A  and  B. 


Fia.  364. 

The  equipotential  surfaces  are  perpendicular  at  every  point 
to  the  direction  of  the  flux  lines  and  therefore  must  be  cylinders 
with  their  axes  in  the  plane  passing  through  both  conductors, 
as  indicated  by  the  equipotential  circles,  dotted  lines  in  Fig.  363. 

From  the  diagram  it  is  evident  that  the  maximum  flux  density 
and  voltage  gradient  must  be  in  the  plane  passing  through  the 
centers  of  the  two  conductors,  or  along  the  Une  XX'  in  Figs. 
363,  365.    Since  the  maximiun  values  are  of  special  importance  in 


iA/ 


/v 
FiQ.  365. 

commercial  problems,  and  in  order  to  simplify  the  expressions, 
the  discussion  will  be  limited  to  the  plane  represented  by  the 
line  XX', 

Let  d  =  the  distance  between  the  centers  of  the  conductors, 
r  =  the  radius  of  each  conductor. 
«  =  distance  of  any  point  a  from  the  center  of  conductor 

A. 
X  =  proportionality  factor  for  the  system  of  units  used. 
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^  =  totaJ|flux. 

K  =  (permittivity  of  air)  =»  1.0. 
€n  "=  voltage  to  neutral. 

At  the  point  a  the  dielectric  field  intensity  due  to  the  voltage 

difference   from  A    to  NN'  is  proportional   to  -;  and  for  the 

o 

voltage  difference  from  NN'  to  B  it  is  similarly  proportional  to 
J ,  hence: 

The  voltage  absorbed  in  any  elemental  zone,  {ds)  is: 

den  =  XKads 

The  total  voltage  from  A  to  neutral;  NN',  is  therefore: 

d 


6t 

^d  —  r 


Therefore, 


X^  log.  {—^)  (591) 


*  = T^r^:;^  (592) 


■"^m 


Voltage  gradient: 

de. 


"-w-^^ii+rh) 


c„d 


-  n  \«  ■•"  d  -  J 


{8d  -  s«)  log.  (^-jr-9 

Maximum  voltage  gradient: 


,  _       volts  per  cm.  (593) 


e  d 
{rd  -  r^)  log.  (-^— ) 
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Under  the  assumption  that  r  is  small  as  compared  to  d,  which 
is  the  case  in  transmission-llQe  problems,  the  maximum  voltage 
gradient  becomes: 

0.4343e. 


"0  = 


<595) 


FiQ.  3666. 

For  e,  the  total   voltage   between   conductors,   the   maximum 
gradient: 

„^  e  0.4a43c 

(596) 


2rIog. 


2r  logio 
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In  Fig.  366a  the  voltages  are  plotted  as  ordinates  with  the 

distances  from  the  wires  as  absciesse  in  the  plane  through  the 

wires.     The  broken  lines  in  Fig.  366&  show  the  equigradient 

lines  in  the  field  around  the  conductors. 
Fourth  Example.  Condenser  Bushings  for  Higk-tenaion  Appa- 
ratus.— By  means  of 
concentric  cylindri- 
cal layers  differing 
in  length  as  well  as 
in  diameter  it  is 
possible  to  obtain 
practically  the  same 
voltage  gradient  in 
all  parts  of  the  insu- 
lating layers.  The 
total  cylindrical  in- 
sulation is  divided 
into  several  concen- 
tric cylinders  around 
the  transformer  lead 
with  the  layers  sepa- 
rated by  metal 
sheaths  (tinfoil). 
The  cylinder  near 
the  central  conduc- 
tor is  longest  and 
the  outside  layer  in 
contact  with  the 
transformer  casing 
shortest  as  indicated 
by  a  cross-sectional 
view  in  Fig.  368. 
The  heavy  line  at  the 
outer  surface  shows 
the  metal  holder 
or  ring  by  which  the 
Fig.  367.-448,000  volt  flashover  test  on  one      condenser      bushing 

of  the  eartv  condenser  bushings.    (Wcttinghouae      Jg    attached    to    the 

Elec.  &  Mfg.  Co.) 

tranaormer  case. 
Let  the  radius  of  the  conducting  lead  be  r,  and  the  radii  of  the 

successive  tinfoil  cylinders  be  ri,  rj,rt  .    .    .    .  Let  e\,  Ci,  e»,  e*  .   . 

.    .  be  the  corresponding  voltages  between  r  —  rj,  ri  —  Tt,  Tx~^ 

Tt,ri  —  Ta  .    .    .    .as  indicated  in  Fig.  368. 
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The  potential  gradients  at  the  conductor  surface  and  at  the 
outside  surfaces  of  the  successive  tinfoil  cylinders  (that  is,  on  the 
inside  surface  of  the  insulating  cylinders)  are: 


'■log.7         riiog,-|         »■»•<«■;:; 

With  the  same  material  in  the  several 
insulation  cylinders,  the  fiux  density  and 
hence  the  dielectric  gradient  should  be 
the  same  for  the  most  desirable  distribu- 
tion of  the  flux,  hence: 

fl,  =  ffi  =  ff*  =  ff.  =  .    .   (599) 

The  numerical  value  of  the  gradient 
depends  upon  the  material  used  and  the 
assumed  factor  of  safety;  usually  about 
25  per  cent,  less  than  the  rupturing  volt- 
age. The  gradient  through  each  insu- 
lating cylinder  is  greatest  at  the  inner 
and  least  at  the  outer  surface,  as  was 
shown  under  the  first  example.  The  per- 
missible difference  must  be  assumed  for 
any  design  in  much  the  same  manner 
as  the  selection  of  a  suitable  factor  of 
safety.  This  assumed  ratio  determines 
the  approximate  thickness  of  each  insu- 
lating cylinder  since  the  density  at  the 
outer  and  inner  surfaces  necessarily  must 
be  inversely  as  the  radii.  Hence  the 
values  of  ci,  ex,  ej,  e*,  .  .  .  .  may  be 
found  from  equation  (598). 

Let  it  be  assumed  that  all  the  Sux 
between  the  transformer  lead  and  casing 
passes  through  the  insulating  cylinders 
and  hence  that  there  is  no  leakage 
through  the  surrounding  air.  The  error 
introduced  by  this  assumption  will  be  Fio.  368. 

noted  in  the  next  paragraph.  The  flux,  V".  passing  through  the 
successive  insulating  cylinders  is  constant  for  any  given  total 
voltage,  e,  and  hence  for  ci,  ci,  e,,  Ci,   .    .    .    .   since 

e  =  ei  +  e%+  €3+  e,+  .    .    .    .  ■.    .   (600) 
41  —  Ce,  and  therefore, 

Cie,  =  C-ei  =  C,e>  =  C^e,  = (601) 
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or,  the  coDdensances  of  the  several  cylinders  are  inversely  propor- 
tional to  the  corresponding  volt^es.  From  equation  (578),  the 
coDdensance  of  a  cylindrical  insulator  between  two  conductors 
as  the  above  tinfoil  layers,  is; 

C  =     '^^^*      m.f.8.  (602) 

a;*  log*-' 

I  —  the  length  in  centimeters, 
ri  =  the  outside  radius  of  insulating  cylinder. 
Ti  =  the  inside  radius  of  insulating  cylinder. 
Hence; 

log.-:     loK*r     log*-* 

By  assuming  a  value  for  the  length  of  either 
the  inner  or  the  outer  layer,  the  length  of  all 
the  other  cylinders  may  be  calculated.  The 
shaded  portion  in  Fig,  368  gives  the  shape  of 
the  bushing  as  determined  from  the  above 
equations.  It  is,  however,  more  convenient  to 
manufacture  a  form  tapering  uniformly  as 
shown  in  Fig.  367,  This  modifies  the  voltage 
distribution,  increasing  the  voltage  gradient 
near  the  casing  and  the  lead  and  proportion- 
ately decreasing  it  in  the  middle  layers. 

To  prevent  hygroscopic  action  it  has  been 
found  advantageous  to  give  the  part  of  the 
bushing  above  the  oil  a  smooth  cylindrical  form 
as  shown  in  Fig.  369. 

2,  Two  or  More  Dielectrice  in  Parallel. — I^t 
the  space  between  two  metallic  plates  be  di- 
vided into  three  equal  parts,  filled  with  rubber, 
air  and  glass  as  indicated  in  Fig.  369.     With  a 
dififerencc  of  voltage  existing  between  the  plates, 
the  density  of  the  dielectric  flux  in  the  three 
IM  000  volt  indoor  '^^I'^t'^S  materials  will  be  directly  proportionid 
conltenser  bushing,   to  their  permittivities,  OF  approximately  as  3:1:5. 
(WeshrmhoitseEUc.  gy  varying   the  impressed   voltage,   the   flux 
density  also  changes,  but  the  relative  flux  den- 
sities are  still  in  the  same  ratio.     The  volt^e  distribution  in  tiie 
space  may  be  represented  by  a  straight  line,  Fig.  370;  and  the 

de 
voltage  gradient  G  =  ^—  is  a  constant.     In  order  to  illustrate  the 
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elemental  principles  it  was  assumed  that  there  is  no  leakage,  i.e., 
the  dielectric  flux  is  confined  to  a  definite  path,  as  is  the  case 
with  electric  circuits.  Under  actual  conditions  there  are  no  sharp 
divisions  between  good  and  poor  conductors  of  dielectric  flux.  A 
good  dielectric  like  glass  has  a  permittivity  only  about  five  times 
that  of  air  or  of  a  vacuum.  Hence,  in  the  above  illustration  there 
would  be  DO  material  available  for  separating  the  rubber  and  the 
air,  or  the  glass  and  the  air.  Likewise,  the  flux  can  not  be  confined 
to  the  direct  path  between  the  two  plates  but  alao  passes  throi^b 
the  au-  on  the  sides.  In  the  discussion  of  the  condenser  bush- 
ings in  the  last  paragraph,  it  was  assumed  that  all  the  fiux 
between  the  casing  and  the  transformer  lead  passed  through 


Fio.  370. 

the  insulating  cylinders.     However,  since  the  permittivity  of 
the  solid  material  is  probably  at  best  only  four  or  five  times  as 
great  as  that  of  the  surrounding  air,  it  is  evident  that  a  con- 
siderable share  of  the  flux  leaks   around  the  solid  dielectric. 
The  flux  density  for  any 
path  is  in  all  cases  propor- 
tional to  the  permittivity 
of  the   material,   and   in- 
versely proportional  to  the 
length.     The  flux  distribu- 
tion   may  be   represented 
as  in  Fig.   371a;  and  the 
equivalent    dielectric    cir- 
cuits by  Fig.  371&. 

3.  TtDo  or  More  Dielectrics 
in  Series. — ^Let  three  equal 
thicknesses  of  rubber,  air 
and  glass  fill  the  space  be- 
tween two  parallel  metallic  Pio,  371Q. 
plates,  as  indicated  in  Fig. 
372;  and  consider  only  that  portion  having  uniform  distribution 
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of  the  field  flux.  The  dielectric  flux  passes  through  the  three 
materials  in  series  and  hence  the  flux  densities  in  the  glass,  air  and 
rubber  are  the  same.  The  voltages  required  to  force  the  flux 
through  equal  distances  of  the  three  materials  are  inversely  pro- 
portional to  the  permittivities  Thismay  be  indicated  graphically 
by  plotting  the  relation  between  volts  and  length  efflux  path  asin 
Pig.  372.  For  each  material  the  curve  is  a  straight  hne,  but  the 
elope  differs  in  the  three  cases.  The  voltage  gradients  are  there- 
fore in  the  ratio  of  J-^iK'H  or  as  5:15:3.  Hence  while  the  airoccu- 
pies  only  one-third  of  the  space  it  takes  ^^3  of  the  total  voltage. 
The  voltage  gradient  in  the  air  is  therefore  almost  twice  as  great 
aa  would  be  the  ease  if  the 
rubber  and  glass  were  re- 
moved. If  the  voltage 
gradient  is  near  the  break- 
down strength  of  air  alone 
between  the  plates,  the  in- 
sertion of  the  rubber  and 
glass  would  so  increase  the 
gradient  in  the  air  that 
corona  and  sparks  would 
appear.  For  example,  let 
the  voltage  between  the 
plates  be  20  kv.  times  the 
distance  in  cm.  apart. 
With  air  alone  as  the  dielectric  the  voltage  gradient  would  be 
20  kv.  which  is  below  the  rupturing  voltage.  After  inserting 
the  rubber  and  glass  plates  the  voltage  gradient  in  the  air  is 
39.1  kv.,  far  above  its  dielectric  strength,  and  the  air  space  is 
aglow  with  corona  and  spark  discharges. 


Fig.  3716. 


The  space  dimension  factor  affecting  the  distribution  of  the 
lines  of  force  may  to  some  extent  be  counterbalanced  by  selecting 


THE  DIELECTRIC  CIRCUIT  347 

and  arranging  ingulatin^  materials  in  the  proper  order.  Thua  in 
a  cable  having  only  one  insulating  material  the  flux  density  and 
hence  the  voltage  gradient  is  greatest  at  the  surface  of  the  con- 
ductor and  least  at  the  lead  sheath.  The  voltage  to  neutral  and 
thickness  of  insulation  are  as  shown  in  Fig.  373.^  By  arranging 
four  insulating  layers  of  permittivities  6.1, 4.7,  4.2,  and  4.0  and  of 
relative  thickness  as  shown  in  Fig.  374,  the  voltage  to  neutral 
is  almost  a  straight  line  (the  tangent  of  which  represents  the 
voltage  gradient  at  any  given  point)  and  the  total  thickness  is 
only  two-thirds  of  the  single  dielectric  without  increasing  the 
TFiRKitniiTn  of  the  voltage  gradient. 

4.  Comhination  of  Series  arid  Parallel  Circuits, — From  the 
discussion  of  the  simple  series  and  parallel  dielectric  circuits  it 
is  seen  that  the  laws  are  similar  to  those  of  the  electric  circuits. 


Fio.  373.  Kio.  374. 

In  principle,  therefore,  the  combination  of  series  and  parallel 
circuits  offers  no  difficulties,  and  the  laws  may  be  easily  formu- 
lated. The  calculation  of  the  numerical  values  for  electrical  appli- 
ances, however,  is  in  most  cases  very  difficult  because  of  the  irregu- 
lar shape  of  the  dielectric.  Electrical  conductors  are  usually 
of  simple  geometric  forms.  Wires,  bars,  ribbons,  cables,  etc., 
whose  dimensions  are  readily  determined,  form  the  bulk  of  re- 
sistance problems  in  electric  circuits.  In  the  dielectric  circuit 
the  same  simple  law  applies:  namely,  the  elastance  varies  di- 
rectly as  the  length  and  the  specific  constant  of  the  material 
<  JoNA,  "inBuiating  Material  in  High-tension  Cablcu,"  St.  Louis  Inter- 
national  Congress. 
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used  and  inversely  as  the  cross-section,  but  the  shape  of  the 
dielectric  makes  it  very  difficult  td  determine  the  dimensions. 
In  most  cases  it  is  manifestly  impossible  to  measure  either  the 
length  or  the  crossHsection  of  the  dielectric  circuit,  and  as  a 
consequence  the  exact  distribution  of  the  dielectric  flux  can  not 
be  calculated. 

Suspension  Insvlator, — As  an  example  of  a  simple  case  con- 
sider the  dielectric  circuits  in  a  suspension  insulator.    Let  the 

several  units  be  of  the  same  size  and 
type,  and  hence  the  condensances  of  the 
several  insulators  are  equal  as  indicated 
in  Fig.  375.  The  dielectric  flux  is,  how- 
ever, not  entirely  confined  to  the  path 
through  the  string  of  insulators  since 
the  condensance  between  the  metal  parts 
and  the  ground  is  comparable  with  the 
condensance  across  the  insulator. 
Hence,  the  actual  dielectric  circuit  be- 
tween the  transmission  line  and  the  sup- 
porting arm  (ground)  of  the  tower  con- 
gists  of  a  combination  of  series  and  par- 
allel condensanceS)  Ci  and  Ct  as  indicated 
in  Fig.  375.  The  total  condensance  of 
the  string  of  n  insulators  is  therefore 

not  equal  to  —  but  depends  upon  the 

number,  arrangement  and  relative  values  of  Ci  and  cs.     Let  c^ = kci. 

The  total  condensance  of  the  suspension  insulator  may  be 
found  as  follows: 

For  one  insulator: 


I 
I 

I 


y 


Line 
FiQ.  375. 


Ci  =  Ci  -h  C2  =  Ci(l  -h  fc) 


For  two  insulators: 
Ca  =  ci  -h  - 


C\  +  C%         C\ 


«  Ci  +  Ca  — 


Ci^ 


2c«  -h  ci 


(604) 


(606) 


For  three  insulators: 

Cs  =  ci  +  -^ r  =  ci  +  ci  — 


c«  +  Ci 


=■  Ci  +  Ci  — 


2c  +  ci- 


2ct  +  ci 


(606) 
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For  a  string  of  n  insulators: 
C«  =  ci  +  ci  - 


ct* 


Cl+  Cn-1 

=  ci  +  c ^^^1 (607) 

2c«  +  ci r2 


2c%  +  ci ^ 

2c%  +  Ci 


•  •  •  • 


2c»  +  ci 


The  fraction  is  continued  to  n  —  1  of  the  2c2  +  Ci  terms. 

The  voltage  distribution  is  therefore  not  uniform  but  greatest 
across  the  insulator  nearest  the  line  and  least  across  the  insulator 
next  to  the  crossarm.  Let  E  »  the  total  voltage  across  a  sus- 
pension insulator  of  n  units,  and  e\  the  voltage  across  the  first 
unit  nearest  the  line,  then: 

Voltage  across  the  second  insulator, 

€.  »  «i  -  ^^  (609) 

Voltage  across  the  third  insulator, 

«8  =  «2 j^ (olO; 

Voltage  across  the  nth  insulator, 

€•=  €»-i j^ (611) 

or 

eik 


E^ 


C;  _  J  (612) 

Ci 


Hence  if  o^i  is  the  arc-over  voltage  for  one  unit,  the  arc-over 
strength  of  the  string  of  n  units  is: 

^  =  ^J^^  (613) 

Cl     "" 

The  chief  factor  that  makes  it  difficult  to  calculate  dielectric 
flux   distribution  is  the  small  range  in  specific  condensance 
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or  permittivity  of  insulating  materials  including  the  vacuum. 
The  electric  circuits  may  be  confined  to  narrow  definite  paths 
because  of  the  enormous  difference  in  the  resistance  of  good  con- 
ductors, like  copper,  and  poor  conductors,  like  rubber,  air  or  a 
vacuum.  On  account  of  this  difference  in  range  of  specific  resist- 
ance and  of  specific  elastance  the  electric  circuit  can  be  confined 
to  the  wires  in  a  transmission  line  with  very  small  leakage;  while 
the  dielectric  circuit  embraces  all  the  space  surrounding  the  con- 
ductors. Combinations  of  several  insulating  materials  may,  to 
a  certain  extent,  modify  the  distribution  of  the  dielectric  flux, 
but  can  not  confine  it  entirely  to  any  definite  path.  Fortimately, 
the  relative  distribution  of  the  dielectric  flux  is  of  little  importance 
unless  the  voltage  gradient  at  any  point  approaches  or  exceeds 
the  dielectric  strength  of  the  material.  For  all  low-voltage 
apparatus  no  calculations  are  necessary.  For  high-voltage  sys- 
tems the  dielectric  circuit  and  the  flux  distribution  are  of  great 
importance  and  apparatus  for  continuous  operation  must  be  so 
designed  that  at  no  point  shall  the  maximum  voltage  gradient 
exceed  the  dielectric  strength  of  the  insulation. 

Problem 

1.  Given  a  transmission  line  having  suspension  insulators  with  nine  disks 
in  each  string.  E  =  150,000  volts  between  mains.  Star  connected  with 
neutral  grounded.    Let  k  =»  0.5. 

Find  the  voltage  across  each  disk. 

Plot  curve  with  the  number  of  disks  on  the  axis  of  abscissae  and  the 
voltage  across  the  disks  as  ordinates. 

2.  A  three-phase  transmission  line  of  4/0  hard  drawn  copper  wires  has 
60,000  volts  between  the  mains.  Spacing  of  wires:  six  feet,  equilateral 
triangle.     Find  the  maximum  voltage  gradient  at  surface  of  conductors. 

For  Experiments  see  page  549. 


CHAPTER  XX 

ELECTRIC  AND  DIELECTRIC  CIRCUITS  THROUGH  AIR, 

CORONA 

Under  ordinary  conditions  and  for  low  voltages,  air  is  very 
nearly  a  perfect  insulator  and  its  dielectric  properties  are  almost 
the  same  as  for  a  vacuum.  In  other  words,  the  conductivity  of 
air  is  practically  zero,  the  permittivity  unity,  and  the  energy  loss 
ejrtremely  small.  For  higher  voltages  the  air  insulation  may 
break  down,  either  partially  or  completely,  causing  important 
changes  in  the  electric  and  dielectric  circuits. 

For  illustration,  consider  two  parallel,  smooth,  bare  wires, 
spaced  as  in  a  commercial  high-tension  transmission  line,  with  dry, 
clean  air  as  the  dielectric.  Let  the  room  be  dark,  or  if  the  wires 
are  strung  in  the  open,  let  the  observations  be  taken  at  night.  If 
the  voltage  be  gradually  increased  imtil  the  gradient  near  the 
wires  reaches  30  kv.  per  cm.  {"E)  a  faint  purplish  Ught  may  be 
seen  at  or  near  the  siu^aceof  the  wires,  and  a  hissing  sound  maybe 
heard.  By  still  further  increasing  the  voltage  both  the  luminous 
glow  and  the  hissing  sound  increase  in  volume  and  intensity. 
The  phenomenon,  of  which  the  Ught  and  sound  are  indications,  is 
called  the  corona.  A  full  understanding  of  the  laws  of  the  corona 
is  of  great  importance  in  designing  long-distance  transmission 
lines,  and  all  other  high-voltage  apparatus. 

The  lowest  voltage  gradient  at  which  corona  appears,  a  fairly 
definite  value,  is  called  the  critical  visual  corona  voUage.  If 
the  wires  are  far  apart  in  comparison  to  their  diameters,  as  is  the 
case  in  transmission  lines,  the  voltage  may  be  increased  far 
beyond  the  critical  visual  corona  value  before  a  disruptive  spark 
passes  between  the  wires.  The  voltage  at  which  the  spark  breaks 
through  the  intervening  air  is  called  the  disruptive  or  spark-over 
voUagej  and  this  is  also  a  fairly  definite  value,  which  may  be  cal- 
culated from  the  dimensions  of  the  system.  As  soon  as  spark- 
over  occurs  the  corona  disappears.  If  the  impressed  voltage  is 
only  a  Uttle  above  the  disruptive  strength  of  the  air,  the  spark- 
overs  will  be  intermittent.    After  each  spark  passes,  the  corona 
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reappears  and  persists  until  the  next  spark  disrupts  the  insulating 
air.  The  corona  may  be  considered  as  a  partial,  and  the  spark- 
over  as  the  complete  breakdown  of  the  insulation;  and  although 
differing  widely  in  their  characteristics,  they  are  fundamentally 
two  stages  of  the  same  group  of  phenomena.  Since  corona 
depends  directly  upon  changes  in  the  insulation  of  the  air,  the  phe- 
nomena relate  primarily  to  the  electric  circuit  Qeakage)  between 
the  wires.  Changes  in  the  insulation,  however,  with  the  result- 
ing variations  in  the  leakage  current  modify  the  condensance 
and  therefore  the  corona  indirectly  also  affects  the  dielectric 
circuit. 

(a)  Theory. — ^Extended  discussions  of  various  physical  the- 
ories, some  of  which  are  largely  ''metaphysical  fairy  tales,"  by 
which  groups  of  phyBical  phenomena  may  be  coordinated  or 
''explained"  are  outside  the  scope  of  this  book.  The  laws  of 
energy  transmission  and  transformation  form  the  natural  foun- 
dation upon  which  the  engineer  may  safely  build.  Terms  like 
magnetic  and  dielectric  fields  or  lines  of  force,  current,  potential, 
etc.,  are  merely  pictorial  illustrations  which  enable  the  student  to 
use  the  vistuil  memory  method.  In  discussing  dielectric  phe- 
nomena in  the  preceding  chapters  the  mechanical  analogue  of 
stress  and  strain  in  an  electrically  elastic  mediiun  has  been  used 
for  the  same  purpose.  It  is  essential  that  the  student  should 
fully  realize  that  dielectric  phenomena  consist  of  energy  changes 
in  time  and  space,  and  follow  just  as  simple  laws  as  do  the 
better  known  phenomena  of  the  electric  and  magnetic  circuits. 
The  stress  and  strain  analogue  may  be  used  to  advantage  when 
stud3dng  the  corona  and  spark-over  phenomena  because  the 
attention  is  kept  focused  on  the  energy  changes  causing  the 
phenomena,  which  are  of  fundamental  importance. 

Following  the  epoch-making  experiments  on  cathode  rayB  by 
J.  J.  Thomson  (1897),  a  large  niunber  of  physicists,  chemists  and 
engineers  have  conducted  extensive  researches  on  the  electric 
conductivity  of  gases  in  general,  and  of  air  in  particular.  Thom- 
son showed  that  the  particles  moving  in  the  cathode  stream  were 
much  smaller  than  the  ordinary  atom  or  molecule;  in  fact  only 
about  Ksoo  of  the  mass  of  a  hydrogen  atom.  Moreover,  it  was 
found  that  these  corpuscles  or  electrons  invariably  carried  a 
charge  of  negative  electricity  of  about  4.7  X  10^^**  c.g.s.  electro- 
static units,  which  is  approximately  the  quantity  carried  in 
electrolysis  by  a  hydrogen  ion.     That  these  quantities  are  not 
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merely  averages  but  that  the  individual  luiits  are  of  equal  magni- 
tude has  been  shown  experimentally  by  MiUikan^  in  an  elegant 
and  convincing  manner. 

From  experimental  observations  it  is  known  that  the  conductiv- 
ity of  air  and  other  gases  is  greatly  modified  by  the  presence  of 
radioactive  substances,  by  the  action  of  the  cathode  rays  and 
ultra-violet  light,  by  electric  stress  causing  corona,  and  by 
other  factors.  According  to  the  electron  theory,  the  changes 
in  the  conductivity  of  the  air  are  due  to  similar  variations  in  the 
number  of  free  electrons,  and  the  conduction  of  the  electric 
energy  through  the  air  is  accomplished  by  the  space  movements 
of  electrons  and  ions.  Under  normal  conditions  the  electron 
is  combined  with,  or  connected  to,  an  ordinary  molecule.  The 
rapid  motion  and  frequent  collisions  of  the  molecules  in  a  gas 
often  knock  off  an  electron  carrying  a  negative  charge  and  leaving 
a  positively  charged  ion  of  practically  the  same  mass  as  the 
original  molecule.  Various  combinations  are  possible  between 
the  free  electrons,  the  positive  ions  and  the  neutral  molecules. 
An  electron  combining  with  a  positive  ion  forms  a  neutral  mole- 
cule; positive  ions  may  combine  with  neutral  molecules  forming 
larger  aggregate  masses,  etc.  It  is  evident  that  so  many  com- 
binations, and  combinations  of  combinations  are  possible,  that 
almost  any  range  of  experimental  data  may  be  accounted  for,  or 
explained  by  the  electron  theory. 

Since  it  is  always  advantageous  to  observe,  as  directly  as 
possible,  the  energy  changes  that  cause  any  physical  phenomenon, 
a  minimum  of  theoretical  scaffolding  is  desirable.  For  this 
reason  the  simple  stress  and  strain  principle  has  an  advantage 
over  the  more  elaborate  electron  theory.  The  quantitative 
relations  between  the  several  factors  that  determine  the  appear- 
ance and  extent  of  the  corona  and  spark-over  on  transmission 
lines  or  other  electrical  apparatus,  have  been  derived  from 
experimental  data  and  are  now  available  in  the  form  of  empirical 
equations.  The  researches  of  Ryan,^  Mershon,*  and  Steinmetz* 
and  especially  the  extensive  investigations  of  Peek^  and  White- 
head* are  of  great  importance  since  they  deal  with  the  problem 
from  the  engineer's  point  of  view  and  give  summaries  of  the 

» R.  A.  MiLLiKAN,  Phil.  Mag.,  Vol.  19,  p.  209,  Feb.,  1910;  Science,  Sept. 
30,  1910. 

«  Trans.  A.  I.  E.  E.,  XXVIII  to  XXXIV. 
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results  in  forms  that  may  readily  be  applied  to   engineering 
problems. 

(6)  Visual  Corona. — The  more  important  factors  that  enter 
into  the  equations  for  determining  the  visual  corona  voltage  on 
parallel  wires  are: 

1.  The  diameter  of  the  wire. 

2.  The  spacing  of  the  wires. 

3.  The  distance  from  the  wire. 

4.  The  condition  of  the  conductor  surface. 

5.  The  air  density. 

6.  The  shape  of  the  voltage  wave. 

Other  factors  like  the  conductor  material,  amount  of  current 
flowing  in  the  wire,  the  frequency  within  ordinary  commercial 
range  and  humidity  of  the  air  have  little  if  any  effect  on  the 
starting  voltage  of  visual  corona. 

Factors  1,  2  and  3. — ^The  first  three  factors  may  be  discussed 
together.  Let  the  conductors  be  wires  with  smooth  surfaces, 
like  those  used  in  transmission  lines;  the  air  temperature  and 
pressure  normal  (25®C.,  76  cm.) ;  and  the  voltage  wave  of  a  simple 
sine  form. 

From  equation  (595)  the  maximum  voltage  gradient  between 
parallel  wires  is  at  the  surface  of  the  conductor  and 

-(?  =  — ^ 


1       ^ 
r  log,  - 

r 


It  has,  however,  been  found  experimentally  that  the  corona 
appears  on  wires  of  different  sizes  for  a  constant  gradient  at  a 
distance  of  0.301  \/r  from  the  siu^ace  of  the  conductor,  and  not 
for  a  constant  gradient  at  the  surface  itself.  The  value  of  the 
voltage  gradient  at  the  distance  0.301  Vr  at  which  visual  corona 
is  produced  is  29.8  kv.-cm.  or  approximately  30  kv.-cm.  For 
sine  waves  this  is  the  maximimi  value  and  hence  the  correspond- 
ing effective  values  are  21.1  and  21.2  kv.-cm. 

Let  ,e    =  visual  corona  voltage. 

JG  =  visual  corona  gradient  (at  a  distance  0.301  Vr  from 
the  surface  of  the  conductor),  a  constant. 

»  =  r  -h  0.301  Vr. 
d  =  distance  between  centers. 
rQ  =  visual  corona  gradient  at  the  surface  of  the  wire. 
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(617) 


r  log. 


Hence, 


=  0(7  ( 1  H — ^--;;^  I  r  log,  -  kv.  to  neutral 


\/r  /  r 

For  sine  voltage  waves: 


(618) 


;E  «29 


•K-^) 


r  log,  -  kv.  to  neutral 
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^  =  21.1  (1  +  ^^\  r  log.  -  kv.  to  neutral 


(619) 


(620) 
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The  relation  between  the  surface  gradient  fi  and  the  radius  of 
the  wire  as  given  by  equation  (617)  is  shown  graphically  in  Fig. 
376.  This  curve  agrees  very  closely  with  smooth  wires  at  25°C. 
temperature  and  76  cm.  pressure.  If  it  be  assmned  that  a 
definite  amoimt  of  work  is  required  to  rupture  the  electrically 
elastic  air,  it  follows  that  a  stress  in  excess  of  the  elastic  limit  must 
exist  over  a  certain  distance  before  the  breakdown  occurs  in 
order  that  the  product  of  stress  and  strain  may  supply  the  re- 
quired energy.  Hence  the  smaller  the  wire,  the  greater  is  the 
distance,  and  therefore  the  higher  the  voltage  gradient  at  the 
surface  of  the  wire. 


V 
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Factor  4. — ^For  conductors  with  rough  surfaces  or  for  cables  the 
voltage  gradient  for  visual  corona  is  less  than  for  smooth  wires. 
A  correction  may  be  introduced  by  using  an  irregidarUy  factor 
m  as  in  equation  (621).  The  value  of  the  irregularity  factor 
varies  greatly,  and  in  general  must  be  determined  by  direct 
measurements.  Dirt,  oil  and  water  on  the  surface  of  the  con- 
ductor also  affect  the  gradient  for  visual  corona  and  the  neces- 
sary corrections  may  be  included  in  the  irregularity  factor  m. 

G  ^  jGm(l+  ^^\  kv.-cm.  (621) 

Factor  6. — Changes  in  air  density,  whether  produced  by 
changes  in  temperature  or  barometric  pressure,  affect  the  voltage 
gradient  of  visual  oorona.  Normal  conditions  are  given  by 
25°C.  temperature  and  76  cm.  pressure.  The  density  factor  for 
any  temperature,  t,  in  centigrade  degrees,  and  any  barometric 
pressure,  b,  in  centimeters  mercury  is  given  by  equation  (622). 

Including  both  the  density  and  irregularity  factors,  the  expres- 
sions for  the  surface  gradient  and  voltage  to  neutral  required  to 
produce  visual  corona  are: 

JG  =  29.8mo  /l  +  ^^\  kv.-cm.  (623) 

^  =  29.8m5  n  +  -7=)  r  log,  -  kv.  to  neutral  (624) 

For  sine  voltage  waves: 
:E  =  29.8m5  (l  +  2:^\  ^  jog.  -  kv.  to  neutral  (625) 


0.301\     ,       d 


E  =  21.1mS  1 1  +  ^L^)  r  log^  ?  kv.  to  neutral  (626) 


For  smooth  wires  m  =  1  and  for  normal  temperature  (25°C.) 
and  pressure  (76  cm.)  5  =  1. 

Factor  6. — For  peaked  voltage  waves  the  effective  voltage 
is  less  and  for  flat-topped  waves  greater  than  in  equation  (626). 
The  variation  depends  upon  the  distortion  and  no  general 
equation  has  been  derived. 

Concentric  Cylinders. — For  smooth  concentric  cylinders  the 
voltage  gradient  required  to  give  visual  corona  near  the  inside 
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cylinder  is  slightly  larger  than  for  parallel  wires  as  shown  in 
equation  (627). ^ 

/?  =  31.05  (l  +  ^^\  kv.-cm.  (627) 

Spheres. — For  spheres  of  equal  diameters  and  spaced  like  the 
parallel  wires,  far  enough  apart  to  give  corona  at  a  lower  voltage 
than  required  for  the  disruptive  spark,  the  voltage  gradient  at 
the  surface  is: 


JG  =  27.25  (l  +  ^\  kv.-cm. 


(628) 
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Fig.  377. 


(c)  Spark-over. — In  visual  corona  the  air  breaks  down  near 
the  wires  in  the  space  filled  with  the  luminous  glow.  If  the 
voltage  is  increased,  the  corona  increases  in  volume  and  intensity. 
By  increasing  the  voltage  still  further  until  the  stress  becomes 
sufficient  to  pierce  all  of  the  intervening  dielectric,  a  disruptive 
spark  passes  between  the  wires.  At  small  spacing  the  spark- 
over  may  occur  before  the  corona.  A  certain  critical  spacing, 
depending  upon  the  size  of  the  wire,  must  be  used  in  order  to 
have  a  decided  difference  in  voltage  for  visual  corona  and  spark- 
over.  This  may  be  seen  from  the  experimental  curves  shown  in 
Figs.  377  and  378.^    The  lower  curve  shows  the  voltage  required 

»  Peek,  Tra-M.  A.  I.  E.  E.,  XXXI. 
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to  produce  corona  at  the  different  spacings  while  the  upper  curve 
shows  the  corresponding  voltages  required  to  produce  spark- 
over.  Below  the  point  where  the  two  curves  intersect  the  spark- 
over  occurs  before  the  voltage  gradient  is  sufficient  to  produce 
corona.  The  corona  and  spark-over  curves  (extended)  intersect 
at  a  voltage  gradient  of  approximately  30  kv.-cm. 

The  ratio  between  the  spacing,  d,  and  the  radius  of  the  wires 

for  the  point  where  the  corona  and  spark-over  curves  intersect, 

d 
is  found  to  be  -  =  30.    Hence  if  it  is  assumed  that  the  spark- 
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Fig.  378. 


over  gradient  is  a  straight  line,  it  is  determined  by  these  two 
points.  Therefore,  the  spark-over  gradient,  /?,  under  normal 
conditions,  is: 

n         n  (^  ^  ^'^^^     ^      ^  \  u 


=  30(i  +  ?«  kv.-cm. 


(630) 


At  the  point  of  intersection  of  the  two  curves  the  ratio  -  =  30, 

r 

and  the  spark-over  gradient  equals  the  visual  corona  gradient 

in  equation  (617). 
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Corrections  for  changes  in  air  density  may  be  made  by  means 
of  the  density  factor,  S. 


-(-.vt> 


The  corresponding  spark-over  voltage, 

rf    =  ^  log.  -  =  30  i(  1  +  ^^)r  log.  -  kv.  to  neutral  (632) 
r  \         r-\/Sr/  r 


For  sine  voltage  waves, 


;E  =  305  (l  +  -~f)  r  log .  -  kv.  to  neutral       (633) 


,E  = 


wtr' 


The  effect  of  water  or  oil  on  the  surface  of  the  wires  upon 
the  spark-over  voltage  is  shown  in  Fig.  379.' 

A  simple  apparatus  for  experimental  work  on  the  corona  and 
fipark-over  between  parallel  wires  is  shown  in  Fig.  380.  Each 
wire  is  supported  by  two  insulators  having  shields  made  from 
the  sheath  of  a  lead-€overed  cable.  The  wires  must  be  kept 
taut  and  carefully  spaced.     The  voltage  gradient  is  less  on  the 

>  Pbek,  Trant.  A,  I.  R  E.,  XXXI. 
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shields  than  on  the  intervening  wires,  and  visual  corona  will  fonn 
along  the  whole  length  of  wire  between  the  shields. 


Ltad. 


The  Sphere  Spark  Gap. — The  general  solution  of  the  voltage 
gradient  between  spheres  of  any  radius,  R,  and  of  any  spacing, 
D,  leads  to  complicated  expressions  that  can  not  be  readily  ap- 
plied to  practical  problems.  The  voltaRe  gradient  is  at  a  maxi- 
mum for  the  points  of  intersection  of  the  surfaces  with  the  line 
joining  the  centers  of  the  two  spheres.  For  spheres  of  equal 
radii,  R  cm.,  and  spaced  a  distance,  D  cm.,  between  the  surfaces, 
and  with  a  difference  of  e  kilovolts  potential,  the  maximum 
volt^e  gradient  is: 

-G  =  ^  (/)  kv.-cm.  (635) 
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The  factor  (/)  is  a  function  of  R  and  D  and  for  ungrounded 
spheres  may  be  expressed  as  in  equation  (636)  J 


c"-»[l+'W(§+ ')*+«] 


(636) 


The  values  of  (f)  for  different  ratios  of  D  and  B  are  given  in 

Table  XIV. 

Tablb  X1V« 


D 

D 

R 

0) 

R 

(/) 

0.0 

1.0000 

0.8 

1.2881 

0.1 

1.0337 

0.9 

1.3268 

0.2 

1.0681 

1.0 

1.3660 

0.3 

1.1032 

1.5 

1.5687 

0.4 

1.1300 

2.0 

1.7808 

0.6 

1.1754 

3.0 

2.2^247 

0.6 

1.2124 

4.0 

2.6861 

0.7 

1.2500 

5.0 

3.1583 

With  one  sphere  grounded  different  values  must  be  used  since 
the  dielectric  field  is  not  symmetrical.  The  distance  from  the 
ground  also  afiFects  the  fiux  distribution. 


ff     2-4     4     S     /O    iZ    /4-   /6    i»  20 

Dfs^^rfcm  in  cm. 

Fig.  381. — Spark-over  curves  for  spheres  12.5  cm.  in  diameter. 

In  conmiercial  work  the  sphere  spark  gap  is  important  as  a 
convenient  instrument  for  measuring  high  voltages.  For  spheres 
of  diameters  greater  than  the  spacing,  spark-over  occurs  at  a 
lower  voltage  than  that  required  to  form  corona.    For  spacings 

»  Dean,  Qenerol  Electric  Review,  XVI,  148. 
*  Pbbk,  Qtneral  Electric  Review,  XVI,  287. 
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within  the  limits  0.5^/R  and  2R  the  voltage  gradient  is  prac- 
tically constant. 

jGf  =  27.2/1  +  ^T^)  kv.-cm.  (637) 

The  spark-over  voltage  for  different  spacings  may  be  found 
directly  from  the  curves  in  Figs.  381  and  382.     It  is  essential, 

when  using  the  sphere  spark  gap  for 
measuring  high  voltages,  that  a  high 
resistance  be  inserted  in  the  leads  to 
prevent  an  excessive  current  flowing 
across  the  arc  and  to  eliminate  abnor- 
mal voltages.  For  this  purpose  glass 
tubes  filled  with  water  are  well  adap- 
ted. The  dimensions  of  the  tubes 
and  the  quality  of  the  water  should 
be  adjusted  so  as  to  Umit  the  current 
in  the  spark-over  arc  from  )^  to  1 
amp. 

(d)  Corona  Energy  Losses. — If  the 
voltage  between  two  parallel  wires  is 
raised  beyond  the  point  required  for 
the  visual  corona  the  energy  losses 
rapidly  increase.  Under  normal  at- 
mospheric conditions  and  for  smooth 
wires  and  constant  frequency  the 
energy  loss  varies  as  the  square  of  the 

Fig.   382.—Sp  ark -over    voltage  in  excess  of  the  critical  dis- 
curves  for  spheres  25  cm.  m  . 

diameter.  ruptive  voltage. 
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Let 


Then, 


oTT  =  energy  loss  in  the  air. 
E  =  voltage  to  neutral. 
dE  =  critical  disruptive  voltage. 

aTF  oc  (£  -  ^EY 


(638) 


The  critical  disruptive  voltage  is  obtained  when  the  gradient 
at  the  surface  of  the  wire  equals  j3. 

The  values  for  dE  for  different  spacings  and  sizes  of  wire  are 
obtained  from  the  relation  between  voltage  gradient,  spacing 

and  size  of  wire  already  derived.    dE  =  JSmh  r  log,  -•    For  trans- 
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mission  lines  jG  =  21.1  (effective  values).  For  cables  between 
0.583  cm.  and  1.18  cm.  diameter  and  various  spacings  «(?  =  18.1 
kv.-cm. 

For  higher  frequencies  the  losses  increase  but  not  in  direct 
proportion.  There  seems  to  be  a  loss  proportional  to  the  fre- 
quency superimposed  upon  a  constant  loss,  and  the  relation  be- 
tween the  energy  loss  and  the  frequency  may  be  expressed  as 
in  (639). 

aW  oz  {f  +  25){E  -  dEy  (639) 

Correction  for  variations  in  air  density  and  surface  roughness 
may  be  made  by  introducing  the  density  factor,  5,  and  irregu- 
larity factor,  m,  into  the  equation  for  the  critical  disruptive 
voltage,  dE. 

aE  =  8mjGr  log.  -  (640) 

The  equation  for  the  energy  loss  above  the  critical  voltage  for 
visual  corona  as  derived  from  experimental  data  in  kilowatts 
per  kilometer,  is: 

aW  =  241  -^  (/  +  25) (£  -  d£;)n0-5  kw.Am.      (641) 

(e)  The  Alternating-current  Corona  Cycle. — Let  a  sufficiently 
high  voltage,  of  sine  wave  shape  and  of  any  commercial  frequency, 
be  impressed  on  two  parallel,  smooth  wires,  properly  spaced,  so  as 
to  give  corona  without  spark-over.  The  appearance  of  the  corona 
is  a  continuous  uniform  glow  or  luminous  brush  surroimding  the 
wires.  However,  if  observations  be  taken  through  a  stroboscope, 
it  is  found  that  the  corona  pulsates  in  synchronism  with  the  im- 
pressed voltage.  By  turning  the  stroboscope  through  360  electri- 
cal degrees  it  may  be  seen  that  the  corona  disappears  twice  each 
cycle  (that  is,  during  the  portions  of  the  cycle  when  the  instan- 
taneous voltage  is  less  than  the  required  value  to  produce  visual 
corona) ;  and  that  the  appearance  of  the  corona  for  the  positive 
and  negative  half  waves  is  decidedly  different.  Fig.  383.*  The 
luminous  brush  extending  a  distance  from  the  wires  is  generated 
by  the  positive  half  wave,  while  the  negative  half  produces  a 
bright  glow  in  close  contact  with  the  wire.  With  the  neutral 
grounded,  the  luminous  brush,  or  positive  corona,  appears  al- 
ternately on  the  two  wires,  but  with  ordinary  frequencies  the 

^  For  a  photographic  study  of  the  positive  and  negative  corona  see  Peek, 
Trans,  A.  I.  E.  E..  XXXI,  1089. 
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pulsations  overlap  so  rapidly  that  when  viewed  without  the  aid 
of  a  stroboscope  the  corona  appears  to  be  continuous. 

(f)  The  Dielectric  Circuit. — From  the  preceding  discussion  it 
is  seen  that  the  corona  primarily  affects  the  electric  circuit  (leak- 
age) between  the  conductors.    The  corona  results  from  a  partial 


(1)  Without  stroboBcope — 72,000  volts. 


(2)  Vfith  Htroboscope — 72,000  volts. 


+  {3)  Stroboscope  rotated  180°.  - 

Fia.  383. 

breakdown  of  the  insulation  with  a  resultant  leakage  current  and 
corresponding  energy  loss.  In  the  space  filled  by  the  corona  the 
resistivity  is  less  than  for  air  under  normal  conditions.  As  a 
consequence  of  this  change  in  the  resistance  of  the  layer  near  the 
conductors,  the  condensance  of  the  dielectric  circuit  is  increased. 
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Because  the  insertion  of  a  layer  of  comparatively  low  resistance, 
as  compared  to  the  normal  air,  around  the  wires,  is  in  effect  an 
increase  in  the  conductor  diameter,  and  this  increases  the  con- 
densance  of  the  dielectric  circuit.  The  specific  resistance  of  the 
corona^  while  less  than  for  normal  air  is  still  much  greater  than 
for  metallic  conductors.  The  corona,  therefore,  introduces  a 
fairly  large  resistance  into  the  dielectric  circuit  in  series  with 
the  condensance,  through  which  the  reactive  energy  flows  when 
passing  to  and  from  the  electrically  elastic  air  outside  the  corona 
zone.  For  alternating  ciurents  the  corona  and  the  resistance  of 
the  electric  circuit  (leakage)  through  the  air,  and  likewise  the 
condensance  and  series  (corona)  resistance  of  the  dielectric  cir- 
cuit, pulsate  in  synchronism  with  the  impressed  voltage,  with 
alternate  values  for  the  successive  half  waves. 

PROBLBMS 

1«  Calculate  the  required  voltage  to  neutral  to  give  visual  corona  on  two 
smooth  parallel  wires  of  No.  2  A.W.G.  copper,  for  5,  10,  15,  20,  25  and 
30  cm.  spacing  between  centers.  Bar.  =  74  cm.  Temp.  =  20**C.  Plot 
curves  with  spacing  as  abscissse  and  visual  corona  voltage  as  ordinates. 

2.  Find  the  spark-over  voltage  for  No.  2  copper  wires  spaced  as  in  prob- 
lem 1.  Plot  spark-over  voltage  curve  as  ordinates  and  distance  between 
centers  as  abscissse. 

8.  Calculate  the  voltage  gradients  at  the  surface  of  the  wire  correspond- 
ing to  the  spacings  and  size  of  wire  given  in  problem  1  with  50,000  volts  a.c, 
1- phase  between  wires.  Plot  the  voltage  gradients  as  ordinates  and  dis- 
tance between  centers  as  absciss®. 

4.  Same  as  problems  1,  2  and  3  but  with  No.  12  wire. 

6.  An  alternating-current  voltage  of  24,000  volts,  60-cycle,  is  impressed 
on  two  No.  00  A.W.G.  copper  conductors  placed  at  spacings  of  2,  4,  6,  8,  12, 
16,  20,  24,  36  and  48  in.  Find  the  maximum  surface  gradients  for  the 
several  spacings.  Plot  ciuves  with  voltage  gradients  as  ordinates  and 
spacings  as  abscissse. 

6.  Id  problem  5  let  the  wire  be  No.  16  A.W.G.  Find  the  voltage  gradients 
and  plot  curve  as  in  problem  5. 

7.  What  is  the  corona  loss  at  150,000  volts  on  10  miles  of  single-phase 
line  consisting  of  No.  0000  wire  with  lO-foot  spacing?  What  size  of  wire 
is  required  to  eliminate  the  corona  with  the  same  voltage?  Elevation 
3000  ft. 

For  Experiments  see  page  550. 


1.1 


CHAPTER  XXI 

SHORT  TRANSMISSION  LINES 

In  direct-current  systems  the  voltage  drop  on  the  transmission 
line  is  equal  to  the  product  of  the  resistance  and  the  current. 
The  voltage  at  the  generator  is  the  arithmetical  sum  of  the  vol- 
tage at  the  receiver  and  the  line  drop,  and  hence  the  voltage  at  the 
load  is  always  less  than  at  the  generator.  For  alternating  cur- 
rents the  transmission  line  problem  is  much  more  complex.  The 
magnetic  field  surrounding  each  wire  and  the  dielectric  field 
between  the  wires  as  well  as  the  ohmic  resistance  of  the  wires 
are  distributed  along  the  transmission  line,  thus  forming  an 
interwoven  network  of  series  and  parallel  circuits  over  the  whole 
length  of  the  line.  Through  this  complex  circuit,  power  is  trans- 
mitted to  a  load  that  may  vary  both  in  magnitude  and  power 
factor.  The  voltage  and  current  values  along  the  transmission 
line  depend  not  only  upon  the  magnitude  of  the  component  parts 
but  also  upon  their  time-phase  and  space-phase  relations;  and 
the  problem  of  voltage  regulation  becomes  radically  different 
from  the  simple  conditions  existing  in  direct-current  systems. 
The  voltage  at  the  load  may  be  less,  equal  to,  or  even  greater 
than  the  voltage  at  the  generator.  The  voltage  along  the  line 
may  be  greater  than  at  either  end,  and  the  conditions  may  be  so 
adjusted  as  to  automatically  keep  constant  voltage  at  three  points 
on  the  system  for  wide  variations  of  load.  The  basic  factors  in 
the  problem  are  the  resistance,  inductance  and  condensance  of 
the  transmission  line,  the  so-called  line  constants;  and  it  will  be 
necessary  to  first  derive  expressions  by  which  these  may  be  found 
quantitatively  for  any  given  line. 

(a)  Line  Resistance. — In  commercial  calculations  the  ohmic 
resistance  is  generally  used,  and  only  in  special  cases  are  correc- 
tions for  obtaining  the  effective  resistance,  introduced. 


^  R  =  resistance. 

i  I  =  length  of  wire. 

r  =  radius  of  wire. 


Po  =  resistivity  at  0°  temperatiu^. 
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Pt  =  resistivity  at  t^  temperature. 

a  =  temperature  coefficient,  usually  taken  at  0.0042  between 

0°  and  50°C.  for  an  initial  temperature  of  0**. 
pt  =  Po(l  +  at). 

The  resistance  varies  directly  as  the  length  and  inversely  as 
the  cross-section  of  the  conductor. 

fi  =  ^  (612) 

(b)  Line  Inductance. — As  the  inductance  in  a  circuit  is  a  meas- 
ure of  the  magnetic  field  produced  by  imit  current  it  depends 
upon  the  size  and  spacing  of  the  conductors  and  the  permeability 
of  the  conductors  and  the  surrounding  medium.  Let  the  con- 
ductor be  a  cylindrical  wire  in  a  single-phase  circuit.  Fig.  384. 


Fig.  384. 

X.a  =  strength  of  the  magnetic  field,  at  any  point  a  outside 

the  wire. 
JCfr  =  strength  of  the  magnetic  field,  at  any  point  b  inside 
the  wire. 

8  =  the  distance  from  a  to  the  center  of  the  wire  in  cm. 

u  =  the  distance  from  b  to  the  center  of  the  wire  in  cm. 
(Ba  =  flux  density  at  a. 
(Bb  =  flux  density  at  6. 

r  =  radius  of  the  wire  in  cm. 

d  =  distance  between  centers  of  the  conductors  in  cm. 
/*'  =  permeability  outside  the  wire. 

fi  =  permeability  inside  the  wire. 

Inside  the  conductor  with  uniform  current  density  the  m.m.f .  for 
any  cylindrical  shell  a  centimeter  in  length  and  of  u  radius  equals 

4^1 -J  and  the  reluctance  is  proportional  to  -r—' 

m.m.f.  2/u 


JCb  = 


length  of  path        r' 


(613) 
(614) 


^         ^ 
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The  number  of  lines  in  a  cylindrical  shell  du  of  radius  wnjxi 

1  cm.  long  is  d^b. 

^     m.mi.      ^  2^Iudu 

reluctance  r'  ^      ' 

As  these  lines  interlink  only  with  that  part  of  the  current  lying 
inside  of  the  corresponding  cylindrical  shell  it  is  desirable  to  find 
the  equivalent  flux,  which  multiplied  by  the  total  current 
equals  the  integral  of  the  products  of  the  separate  lines  into  their 
respective  parts  of  the  current. 

Let  0o-r  be  the  equivalent  flux  surrounding  the  whole  current. 


«. 


"'"Joxr' 


d«6  =  J 


C^2nlu^du      III 


(616) 


Fia.  385. 


Hence  the  flux  inside  the  wire  is  equivalent  to  -^  lines  interlink- 
ing the  total  current  /  in  the  wire^  and  the  equivalent  inductance 

2 

Outside  the  conductor,  Fig.  384,  at  a  distance  s  from  the  center 
of  the  wire,  and  for  1  cm.  length  of  wire, 


3Ca  — 


(B»  = 


4t7 

2x8    '' 
8 


2/ 

8 


d4>a  =  (Bods  = 


2M7d8 


(617) 

(618) 
(619) 
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Hence  total  flux  per  centimeter  length  of  conductor : 

*-*,-,  +  ♦.-, -2//log.(^^  +  ^  (621) 

l-|-2/log.(^  +  |  (622) 

The  flux  dlBtribution  for  each  wire  in  a  single-phase  line  is 
shown  diagrammatically  in  Fig.  385  and  the  total  flux  for  both 
wires  in  Fig.  386. 


1    \r 


For  copper,  aluminum  and  all  non-magnetic  materials  the  per- 
meability is  unity;  hence  for  most  transmission  lines, 

Therefore,  in  copper  or  aluminum  aerial  single-phase  transmission 
lines, 
L  —  2  \o^  { — - — J  +  0.5  in  electromagnetic  c,g.s.  units. 

-  (2  iog,(— — -l+0.5]10-*henry8percm.ofconductor(623) 

Transforming  from   the  Naperian   to  the   common  system   of 
logarithms. 
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L  =»  [4.61  log( — —  j  +  0.5]10^  henrys  per  cm.  of  conductor. 

-  3.048  [4.61  log  (^y-^  +  0.6J10-*  henrys  per  1,000  ft.  of 
conductor. 

«  [74.1  log  ( j  +  8.06]  10"'  henrys  per  mile  of  conductor 

(624) 

In  electrical  handbooks,  the  corresponding  reactances  for  25, 
60  and  100  cycles  are  given  in  tabular  form,  for  the  more  com- 
mon spacings  and  sizes  of  wire.  For  iron  wire  ii  is  not  unity 
and  the  inductance  inside  the  wire  varies  with  the  permeability. 

(c)  Line  Condensance. — ^When  a  difference  of  potential  exists 
between  two  conductors  a  stress  is  exerted  upon  the  dielectric 
between  the  conductors.    This  stress  produces  the  equivalent  of 


Fia.  387. 

a  strain  and  the  product  of  the  stress  and  strain  measures  the 
energy  stored  in  the  dielectric.  Thus  in  Fig.  387  let  A  and 
B  represent  the  two  conductors  (wires)  of  a  single-phase  trans- 
mission line.  The  voltage  appUed  to  the  line  exerts  a  stress 
and  produces  a  strain  in  the  dielectric  (air)  between  the  wires. 
With  alternating  currents  the  stress  and  the  accompanying 
strain  increase  until  the  maximum  point  of  the  wave  is  reached 
and  then  decrease  to  zero,  reverse,  reaches  a  maximum  in  the 
other  direction  and  again  decrease  to  zero.  Thus  electric 
energy  is  stored  in  the  dielectric  and  returned  to  the  electric 
circuit  twice  during  each  voltage  cycle.     The  strain  is  usually 
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represented  by  dielectric  lines  of  force  or  dielectric  flux,  its  rela- 
tive magnitude  by  the  flux  density,  and  the  total  strain  by  the 
total  number  of  lines  of  force.  The  distribution  of  the  stress 
and  strain  in  the  dielectric  circuit  follows  simple  laws  similar 
to  those  of  the  magnetic  and  electric  circuits.  In  Fig.  388,  let 
A  and  B  represent  the  two  wires  in  a  single-phase  line. 

d     =  distance  between  centers  of  the  conductors, 
r      =  radius  of  each  wire. 

8     "=  distance  of  a  point  a  from  center  of  conductor  A. 
Ka  =  dielectric  field  intensity  at  a  point  a. 
Da  —  dielectric  flux  density  at  a  point  a. 
K     «  permittivity  (specific  inductive  capacity). 
y     =  proportionality  factor. 
NN'  =  neutral  plane. 
En  =  the  voltage  to  neutral. 


Fig.  388. 


The  dielectric  stresses  are  symmetrical  with  respect  to  the 
neutral  plane,  and  the  voltage  from  the  neutral  plane  is  positive 
to  one  wire  and  negative  to  the  other. 

As  the  total  stress  in  the  dielectric  is  the  same  for  any  path 
between  the  two  conductors,  the  discussion  may  be  confined  to 
the  condition  along  the  straight  line  connecting  the  centers. 
The  flux  density  along  this  line  is  proportional  to  the  total 
dielectric  flux  between  the  wires  for  different  values  of  d  and 
r,  and  the  proportionality  factor  is  determined  by  the  system 
of  units  employed.  Since  the  dielectric  stress  varies  inversely 
as  the  distance  from  the  center  of  each  wire  and  directly  as  the 
voltage,  the  dielectric  field  intensity  at  the  point  a  is  expressed 
by  equation  (625). 


^- = ^  H-. + s 


^] 


(625) 
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The  voltage  absorbed  in  any  elemental  zone,  is  equal  to  the  prod- 
uct of  the  field  intensity  and  the  distance. 

de  =  Rods  (627) 

The  total  voltage  from  conductor  A  to  neutral  is  therefore  the 

integral  of  equation  (627)  between  the  limits  of  r  and  «* 

if 

(628) 
^  ^  B;  "  ~;        aT^  (629) 


.0^  r-f-o 


For  air  k  =«  1,  and  for  the  electrostatic  c.g.s.  system  of  units  y  = 
2. 

^  '^ /d  —   \    ^^  ^°^'   ^^  ^^^®  ^^  c.g.s.   electrostatic 

2  log.  (— ^)       units  (630) 

To  change  from  the  electrostatic  to  the  electromagnetic  system  of 
units,  equation  (630)  must  be  divided  by  the  square  of  the  veloc- 
ity of  propagation  of  an  electric  field  in  space  (equal  to  the 
velocity  of  light). 

C  =  ,  _    .    per  cm.  of  wire  in  c.g.s.  electromagnetic 

2v^  log.  {—^     units.  (ggi) 

For  circuits  in  which  r  is  small  as  compared  to  d,  the  equation 
may  be  simplified: 

""  °27To7-'  ^^'^ 

r 
V     =  3  X  10^°  cm.-sec. 
Reduced  to  farads, 


2»2  log.  -  • 

r 

For  microfarads  and  common  system  of  logarithms, 
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0.241 

C  =  — '■ -J  microfarads  per  cm.  of  wire  to  neutral. 

10*  log- 

T 

=  — -,  microfarads  per  1,000  ft.  of  wire  to  neutral. 

10«log- 

3.883 

=  — ■ -\  microfarads  per  mile  of  wire  to  neutral     (634) 

100  log; 
r 

In  electrical  handbooks  the  charging  currents  for  a  wide  range 
of  wire  sizes  and  spacings  and  for  standard  frequencies  are  given 
in  tabular  form.  It  is  generally  more  convenient  to  use  the 
charging  current  in  commercial  problems  than  derive  the  micro- 
farads by  equation  (634). 

J  =  2irfCE  =  cbE  (635) 

(d)  Velocity  of  Propagation  of  an  Electric  Field. — ^The  speed 
at  which  the  electric  field  travels  through  space  may  be  expressed 
in  terms  of  the  inductance  and  condensance  of  the  transmission 
line. 

From  equation  (620) : 

X'  =  2  log.  ( ) ,  the  inductance  outside  the  conductor  in 

air  per  cm.  of  length  of  line. 
From  equation  (631): 

C   = -7 ,  the  condensance  outside  the  conductor 

2»«  log.  (^) 

in  air  per  cm.  of  length  of  line. 
Therefore, 

CU^  ^21  or,  V  ^:^j^,  (636) 

Due  to  retardation  produced  by  the  losses  the  actual  speed  is 
somewhat  less.  Since  v,  the  velocity  of  propagation  of  an  elec- 
tro-magnetic field  (same  as  the  speed  of  light)  is  known,  it  is  pos- 
sible to  calculate  either  the  inductance  or  the  condensance  when 
the  other  is  given.  This  method  is  sometimes  used  in  commer- 
cial problems  when  it  is  difficult  to  measure  both  quantities. 

(e)  Line  Leakage. — In  addition  to  the  resistance,  inductance 
and  condensance  which,  as  already  shown,  may  be  calculated 
with  a  fair  degree  of  accuracy,  or  obtained  from  tables  in  electri- 
cal handbooks;  another  factor,  more  or  less  constant  enters  into 
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the  transmission-line  problem.  The  dielectric  between  the  con- 
ductors is  not  a  perfect  insulator  and  hence  a  current  in  phase 
with  the  voltage  leaks  through  the  dielectric  throughout  the  whole 
length  of  the  line.  As  a  result  power  is  dissipated  along  the 
transmission  line  in  proportion  to  the  product  of  the  leakage 
current  and  the  line  voltage.  The  amount  of  this  leakage  and 
consequent  power  loss  are  not  so  readily  predetermined  as  the 
resistance  and  reactance  factors.  Even  in  aerial  high-tension 
transmission  lines  the  leakage  depends  on  many  factors  that  are 
difficult  to  define,  or  whose  quantitative  values  are  either  not 
known,  or  continually  vary  within  wide  limits.  The  tempera- 
ture, humidity  and  barometric  pressure  of  the  air,  the  amount 
of  dust  in  the  air  and  the  velocity  of  the  wind,  the  condition  of 
the  insulators  and  line,  the  wave  shape  and  maximum  voltage, 
corona  and  other  factors  enter  into  the  problem  and  it  is  evident 
that  exact  calculations  are  impracticable.  Fortunately  the 
leakage  loss  in  conmiercial  lines  in  good  condition  is  relatively 
small  and  may,  in  most  cases,  be  neglected. 

(J)  Transmission-line  Constants. — The  transmission-line  con- 
sists of  a  series  circuit  having  resistance  and  inductance 
interwoven  with  parallel  circuits  having  conductance  and  sus- 
ceptance  between  the  conductors.  The  properties  of  the  trans- 
mission line  may  be  stated  in  terms  of  four  constants,  called 
the  tranamiaaion-line  constants, 

(1)  r  =  effective  resistance. 

rl  =  voltage  consumed  in  phase  with  the  current. 
rP  =  power  consumed  by  the  ohmic  resistance,  mutual 
inductance,  magnetic  hysteresis.     Series  circuit. 

(2)  X  =  effective  reactance. 

jxl  =  voltage  consumed  in  quadrature  with  the  ciurent. 
jxP  =  reactive  power  from  self   and   mutual  inductance. 
Series  circuit. 

(3)  g  =  effective  conductance. 

gE  =  current  consumed  in  phase  with  the  voltage. 
gE^  ==  power  consumed  by  leakage,  dielectric  induction,  di- 
electric hysteresis,  etc.     Parallel  circuits  between  the 
line  wires. 

(4)  h  =  effective  susceptance. 

jbE   =  current  consumed  in  quadrature  with  the  voltage. 
jbE^  =s  reactive  power  due  to  line  condensance  and  dielectric 
induction.     Parallel  circuits  between  the  line  wires. 
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These  constants  are  uniformly  distributed  over  the  whole 
length  of  the  transmission  line  and  hence  the  elemental  unit  of 
the  network  is  the  differential  length,  dl,  and  the  corresponding 
line  constants,  dry  dx,  dg  and  db.  The  complete  solution  of  the 
problem  for  transmission  lines  with  uniformly  distributed  resist- 
ance, inductance,  condensance  and  leakage  is  given  in  Chap. 
XXVII.  The  derived  equations  are  complicated  and  their  appli- 
cation to  commercial  lines  involves  long  and  tedious  calculations. 

For  short  transmission  lines  certain  assumptions  may  be  made 
that  greatly  reduce  the  labor  involved  in  making  the  calculations. 
The  results  obtained  by  short-cut  methods  are  in  most  cases 
sufficiently  close  approximations  to  the  actual  values  for  ordinary 
commercial  work. 

{g)  Equations  for  Short  Lines  under  Special  Assumptions. — 
Case  I. — When  both  line  condensance  and  line  leakage  are  omitted 
from  the  calcinations. 


Fig.  389. 

The  corresponding  circuit  and  vector  diagrams  are  shown  in 
Figs.  389  and  390.  With  the  condensance  and  leakage  omitted 
the  problem  becomes  simply  the  line  resistance  and  inductance 
in  series  with  the  receiver  load. 

Et  =  voltage  at  the  receiver  end. 

Eg  =  voltage  at  the  generator  end. 

r    ==  line  resistance. 

t^L  =  line  inductive  reactance, 
cos  Br  =  power  factor  at  receiver  end. 
cos  Bg  =  power  factor  at  generator  end. 

gr  =  conductance  of  receiver. 

6r  =  susceptance  of  receiver. 

From  the  vector  diagram  in  Fig.  390  we  have: 

Eg^  «   {Er  cos  ^r  +  r/)*  +  (JS?r  siu  Br  +  .x/)* 

Er  cos  Br  +  rl 


COS^fl  = 


Eg 


(638) 
(639) 
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Mershon's  Diagram. — For  any  given  commercial  transmiamon 
line  operating  at  coostant  frequency  tbe  impedance  is  constant 
and  hence  the  voltage  triangle,  ABD,  Fig.  390,  is  directly  pn>- 
portional  to  the  current.  The  line  regulation  is  dependent  both 
upon  the  impedance  drop  and  the  phase  relations  of  the  voltages 
or  upon  the  power  factor.  With  a  variable  power  factor  it  is 
desirable  to  have  some  conveaient  way  in  which  to  calculate  the 


Fid.  390. 


line  regulation  for  commercial  loads  of  any  power  factor.  A 
number  of  graphical  charts  have  been  proposed  and  several  are 
in  commercial  use.  Mershon's  diagram  is  convenient  and 
frequently  used.  Let  OB  in  Fig.  390  be  rotated  around  0  as 
a  center  as  shown  in  Fig.  391.  Let  the  system  operate  with  a 
coiistant  volt^e  at  the  receiver  end  and  express  the  voltages  in 
per  cent,  with  OB  the  receiver  voltage  as  100  per  cent.     Draw 


Fig.  301. 

concentric  circles  at  convenient  differences  as  5  per  cent,  in  Fig. 
391,  A  section  of  Fig.  391  drawn  to  a  larger  scale  with  circles  1 
per  cent,  apart  is  shown  in  Fig.  392.  Let  the  distance  OB 
along  the  X-axia  be  the  power-factor  scale  for  the  receiver  load. 
To  find  the  regulation  proceed  as  follows: 

Given :  The  size,  length  and  spacing  of  the  line  conductors,  the 
load  and  power  factor  at  the  receiver  end  and  the  receiver  voltage. 
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(a)  lilnd  the  resistance  and  reactance  drops  in  per  cent,  of  the 
receiver  voltage  from  the  given  data. 

(6)  Starting  on  the  X-axis  at  the  given  power  factor  follow  the 
ordinate  until  it  intereects  the  OB  circle.     From  the  point  of 


iMdKvwvr JThMb  d«>p  i"  J>wwa  of  SMJJMlTit 

Fia.  392. 

iotereection  lay  o£f  along  the  coordinate  parallel  to  the  X-axis 
the  resistance  drop  in  per  cent,  as  found  under  (a).  From  this 
point  lay  o£f  on  the  ordinate  upward  the  reactance  drop  in  per 
cent.     Follow  the  arc  of  the  circle  passing  through  the  last  point 


378  ALTERNATING  CURRENTS 

down  to  the  X-axis  and  obtain  the  per  cent,  regulation  for  the 
given  load  and  power  factor. 

An  example  will  make  the  process  plain. 

Given:  Single-phase  transmission  line,  2  miles  long,  of  No.  0 
copper  wire,  spaced  24  in.  Receiver  voltage  2,400,  receiver  load 
220  kw.  at  90  per  cent,  power  factor;  /  =  25  cycles. 

(a)  Find  line  resistance  and  reactance  drops. 

T-                .      220  X  1,000  X  100       ,„^ 
Lme  current  = 9  4.00  v  M ~  107.8  amp. 

Line  resistance  (handbook  tables,  per  mile  of  No.  0  =  0.534)  = 
2.14  ohms. 

Line  reactance  (handbook  tables,  per  mile  of  No.  0  —  0.265)  » 
1.06  ohms. 

Resistance  drop  =  0  4.00  —  "  ^'^  ^^  cent. 

-,      ^           ,            107.8X1.06       .^ 
Reactance  drop  =  oTno —  ~  ^'^  P^^  cent. 

(b)  From  the  90  per  cent,  point  on  the  X-axis,  Fig.  391,  follow 
the  ordinate  imtil  it  intersects  the  OB  circle,  at  B\  Lay  off  the 
resistance  drop  of  9.6  per  cent,  parallel  to  the  X-axis  B'l/. 
From  D'  lay  off  the  reactance  drop,  4.8  per  cent,  parallel  to  the 
y-axis  to  il'.  Follow  the  circle  passing  through  A*  to  the  X-axis 
and  the  regulation  is  found  to  be  11  per  cent,  of  the  receiver  vol- 
tage.   Expressed  in  terms  of  the  generator  voltage  the  regulation 

11 
=  1QO   I   -11  =  ^'^  per  cent. 

In  order  to  reverse  the  process  and  find  the  size  of  wire  for  a 
given  load,  power  factor  and  line  drop  one  must  solve  by  trial 
and  error.  As  commercial  wires  differ  in  diameter  by  definite 
steps  the  nearest  size  is  readily  foimd. 

Case  II. — Let  the  additional  assumption  be  made  that  (ke 
power  factor  at  the  generator  is  the  same  as  at  the  receiver  end 
of  the  line,  a  condition  that  approximately  obtains  in  short 
lines.  This  simplifies  the  equations  as  may  be  seen  from  Fig.  393. 
If  cos  6g  —  cos  ^r  is  small,  the  projection  of  vector  Eg  along  Er 
produced,  is  almost  equal  to  Eg,  or  FH  may  be  neglected  in  the 
calculations. 

Hence  (approximately) 

Eg  -  Er  ^  BF  =  I{r  cos  Br  +  ^x  sin  Br)  (640) 

This  gives  the  line  drop  per  wire  to  neutral.  Between  lines  the 
voltage  drops  for  single-phase  and  three-phase  lines  are: 
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ei^  =  21  (r  cos  Or  +  lX  sin  Br)  for  single-phase  (641) 

es^  =  \/3/(^  cos  Br  +  tX  sin  ^r)  for  three-phase        (642) 

In  order  to  facilitate  the  line-drop  calculations  graphical 
methods  are  often  used.  The  chart  in  Fig.  394  is  convenient  for 
rapidly  calculating  line  drop  under  the  conditions  assumed. 
When  using  the  chart  proceed  as  follows: 

Find  the  given  size  of  wire  on  the  positive  X-axis.  Follow  the 
ordinate  to  the  proper  power-factor  line;  from  there  move  along 
the  abscissa  to  scale  I  or  scale  II  on  the  right-hand  edge.  This 
give^  the  factor  r  cos  Br.  Similarly  in  order  to  find  x  sin  Br,  find 
the  given  size  of  wire  along  the  F-axis.  Follow  the  line  to 
the  left  until  it  intersects  the  desired  spacing  curve.    From  the 
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point  of  intersection  follow  the  ordinate  to  the  X-axis  and  obtain 
the  reactance  for  100  cycles.  Then  follow  the  arc  of  the  circle 
to  the  intersection  of  the  desired  frequency  line.  From  this 
intersection  move  horizontally  to  the  right  and  intersect  with 
the  desired  power-factor  line.  The  ordinate  passing  through 
this  intersection  gives^  on  the  upper  scale,  the  desired  value  for 
z  Hn  Orn    An  example  will  illustrate  the  use  of  the  chart: 

Three-phase  line,  distance 25  miles. 

Spacing  of  wires 30  in. 

Full  load  to  be  delivered 4,000  kw. 

Voltage  at  receiver  end 30,000  volts. 

Frequency 60  cycles. 

Power  factor  of  load 85  per  cent. 

Size  of  wire,  copper No.  0  A.W.G. 

In  the  right-hand  quadrant  follow  the  line  for  No.  0  wire  and 
find  the  intersection  with  the  85  per  cent,  power-factor  line, 
r  cos  ^r  =  0.440.  In  the  left-hand  quadrant  find  intersection  of 
No.  0  wire  and  the  30  in.  spacing  curve,  move  along  the  ordinate 
to  the  X-axis,  follow  the  circular  arc  to  the  60-cycle  line,  then 
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move  horizontally  to  the  85  per  cent,  power-factor  line,  and 
from  the  intersection  vertically  to  the  upper  scale,  x  sin  Br  "= 
0.335.  Total  drop  per  mile  of  wire  per  ampere  =  0.440  + 
0.335  =  0.775  volt. 


I  = 


4,000  X  1,000 


=  90.7  amp. 


30,000  X  \/3  X  0.85 
Total  drop  =  Vs  X  90.7  X  25  X  0.775  =  3,440  volts. 

Regulation  =  f  ^^^  000^^^")  ^^  -  ^^  =  ^l-^  P^^  ^^ent. 

Case  III. — Let  the  total  line  candensance  be  represented  by  a 
condenser  across  the  middle  of  the  line  as  indicated  in  Fig.  395. 
No  leakage. 


^AAAAr^"OOOflV 


Im 


\Ji> 


s 


Fia.  396. 

In  addition  to  the  notation  used  under  Case  /,  let, 
c&     =  line  susceptance. 

En,  =  voltage  at  middle  of  line. 

d  =  condensance  or  charging  current. 

It    =  current  at  receiver  end. 

Iq    =  current  at  generator  end. 

Beginning  at  the  receiver  end  of  the  line  we  have: 

It      =  triSr  -  A)  (643) 

/.      =   tr+iJbK-Er  [  grHhr+iJb[l+  ^'  ^ ^^"^^ ^'^  ^  ^^^]  ) 

=  Er  (  [gr+-^{rbr-  .xg,)]  +i[c6-&r+f  (r(7,+ ^,)]  )  (645/ 


'?ANSM/S\ 

p 
I 


■  Filll 
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/. 


) 
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For  Afe  ^ 


ft 
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^.=^.+^^^±Mz 


{r+j^)  (gr-jbr) 


a  —  ^m-r        2        Aff  —  ^rl  1+  2 


"^  2  "^         2         "^  4  J 

=  Er[l  +  (r+hx)  {gr-^jbr  +^^)  +  ^"^ (r+ j»«(g.-ib.)] 

(646) 


-^^^ 


Fig.  396. 


The  current  and  voltage  relations  are  shown  graphically  by  the 
vector  diagram  in  Fig.  396. 

Case  IV. — Let  the  total  candensance  of  the  line  be  represented 
by  three  condenaerSf  one-sixth  at  each  end,  and  two4hirds  at  the 
middle.  No  leakage.  The  circuit  diagram  under  the  above 
assumptions  is  shown  in  Fig.  397.  In  addition  to  the  notation 
used  in  Case  II,  we  have,  as  indicated  in  the  diagram: 


T — rA/VWVr^WRRRJV 


VWWTOOTIT 


6 


4$^i 


Fig.  397. 

Jr  ="  condensance  or  charging  current  at  receiver  end. 
elm  =  condensance  or  charging  current  at  middle  of  line. 
Jg  =  condensance  or  charging  current  at  generator  end. 

Starting  at  the  receiver  end  and  proceeding  toward  the  gen- 
erator, we  have: 

/r   =  Er{gr  "  A)  (647) 

/,  -t  +  c/.  =  /.+ic-^-=£.((g.-A+f)  (648) 
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«..£.  +  (i±/^  /..&[!  +  (^^  („  -  A  +  f )  ] 

(649) 
/,  =/.  +  ./,  =  /.+  (^)^» 

=  &r  [(/,  -  jbr  +JHJb  +  ^   (r  +  J»  (ffr  -  ]%  +  ^^)  ] 

(650) 
i.  -B,+  (^^)/,  =  £,[l  +  (r  +  j»(g,-A+^^) 

+  y  (ffr  -  j6r  +  ^-^)  (r  +  j»*]  (651) 


Ig     =   /»  +  c/tf   ~   ■* »  H"  "^   "^a 


=    ^r[(gr  -  jbr  +  jJ>)   +  ^(r  +  j.x){3gr  "  Sjbr  +  HJJb) 

-^V+J»»0/r-ibr     +^^)]  (652) 


i 


Fig.  398. 

The  current  and  voltage  relations  at  the  receiver,  generator 
and  at  the  middle  of  the  line  are  shown  graphically  by  the  vector 
diagram  in  Fig.  398. 

Cdse  V. — For  moderately  long  transmission  lines  a  closer 
approximation  to  the  actual  condition  of  imiformly  distributed 
inductance,  condensance  and  resistance  is  necessary.  The  com- 
plete solution  gives  complicated  equations  that  are  not  readily 
applied  but  which  must  be  used  for  very  long  lines,  as  shown  in 
Chap.  XXVII.  These  equations  may  be  expanded  into  rapidly 
converging  series,  and  the  first  few  terms  give  results  sufficiently 
accurate  for  commercial  purposes  for  lines  up  to  150  miles  long. 
These  approximate  equations  are  derived  in  Chap.  XXVII, 
page  493. 

In  transmission  problems  in  polyphase  circuits  it  is  most  con- 
venient to  calculate  the  line  characteristics  of  one  line  to  neutral. 
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The  solution  of  any  given  problem  is  also  made  on  the  basis  of  one 
line  to  neutral.  Thus  in  a  three-phase  circuit  by  taking  one- 
third  of  the  load  and  the  voltage  to  neutral  the  solution  is  the 
same  as  for  a  single  wire  to  neutral  in  a  single-phase  system. 

(A)  Line  Transformers. — In  the  above  discussion  the  trans- 
formers at  both  ends  of  the  transmission  line  are  not  included. 
Usually  it  is  desirable  to  calculate  the  voltage  relations  on  the  low 
side  at  both  the  generator  and  receiver  ends.  This  introduces 
both  the  step-up  and  the  step-down  transformers  between  the 
generators  and  the  receiver  distribution  system.  The  resistance, 
inductance  and  condensance  of  the  transformers  may  be  con- 
sidered as  part  of  the  line  constants,  and  a  complete  solution 
obtained  from  one  set  of  equations.  This  is  often  done  in  com- 
mercial problems.  The  resistance  and  reactance  of  the  trans- 
formers at  both  ends  of  the  line  are  added  to  the  constants  of  the 
line  proper  and  all  calculations  made  in  terms  of  the  high-tension 
circuit.  For  preliminary  calculations,  or  in  the  absence  of 
definite  information,  it  is  customary  to  assume  the  transformer 
resistance  drop  to  be  1  per  cent,  and  the  inductive  reactance  drop 
6  per  cent,  of  the  impressed  voltage.  The  actual  values  may  vary 
from  0.5  to  2.0  per  cent,  for  the  resistance  and  from  3.5  to  9.0 
per  cent,  for  the  reactance.  The  lower  limit  for  the  resistance 
and  the  higher  values  for  the  inductance  refer  to  transformers 
on  long  distance,  high-voltage  transmission  lines.  At  the  re- 
ceiver end  the  equivalent  values  for  the  step-down  transformers 
may  be  found  as  follows: 

Let  Pr  —  power  delivered  to  receiver. 

^u  =  per  cent,  reactance  drop  assumed  for  the  transformer. 

^  =  per  cent,  resistance  drop  assumed  for  the  transformer. 

Ir  =  line  current  at  receiver. 

Er  =  receiver  voltage  between  mains. 

E 
^r  =  -7=^  =  receiver  voltage  to  neutral. 

s4rt  =  ^^^^  (653) 

4.  =  ^^^  (654) 

Ir  =  —r-^ (6S5) 

V  3£r  COS  Br 
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Similar  equations  give  the  constants  for  the  transformers  at  the 
generating  station.  The  transformers  are  considered  as  con- 
nected from  line  to  neutral  in  making  the  above  calculations, 
whether  the  actual  connections  are  in  delta  or  star. 

(i)  Line  Regulation. — From  the  previous  discussion  in  this  chap- 
ter, it  is  evident  that  the  transmission-line  drop  depends  upon  the 
line  constants  and  also  upon  both  the  magnitude  and  power  factor 
of  the  load.  This  interaction  of  the  reactive  component  of  the 
receiver  circuit  with  the  impedance  of  the  line  forms  the  basis 
for  voltage  regulation  on  the  whole  transmission  system  and 
merits  careful  consideration.  For  long  transmission  lines  it  is 
necessary  to  consider  the  distribution  of  the  inductance  and  con- 
densance  on  the  line,  as  discussed  in  Chap.  XXVII,  in  determin- 
ing the  effects  of  variations  in  the  power  factor  of  the  receiver 
circuit.  For  short  lines  this  is  not  necessary,  and  the  equations 
and  computations  may  be  greatly  simplified  by  assiuning  that 
the  transmission  line  consists  merely  of  a  resistance  and  an  induc- 
tance in  series  with  the  receiver.  A  closer  approximation  for 
somewhat  longer  lines  may  be  made  by  considering  a  condenser 
equivalent  to  the  line  condensance  connected  across  the  line 
at  the  receiver  end.  This  condenser  may  be  included  in,  and 
considered  as  part  of,  the  receiver  circuit,  thus  requiring  no 
changes  in  the  equations  derived  under  the  condition  that  the 
line  condensance  is  omitted.  Let  the  discussion  be  for  a  single- 
phase  circuit.  The  same  equations  may  be  applied  to  balanced 
three-phase  circuits  by  using  either  equivalent  single^phase  valu^ 
or  solving  for  one4hird  of  the  load  with  one  Une  wire  and  voUage 
to  neutral, 

Zi    =  n  +  jxi  impedance  of  transmission  line. 
y^  =  gr  —  jbr  admittance  of  receiver  circuit. 
Eg  =  voltage  at  generator  end  of  line. 
Er  =  voltage  at  receiver  end  of  line. 
Ii  =  current  in  transmission  line. 

For  any  given  transmission  line  the  resistance  and  reactance 
are  constants  while  the  load  in  the  receiver  circuit  may  vary  both 
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in  magnitude  and  power  factor.  In  the  discussion  it  will  be 
assumed  that  the  generator  voltage,  the  line  resistance  and 
reactance  are  constants  while  the  receiver  conductance  and  sus- 
ceptance  are  variable,  as  indicated  in  Fig.  399.  It  is  necessary 
to  derive  the  equations  for  the  receiver  voltage  and  line  current 
in  terms  of  the  given  constants  and  for  any  desired  load. 

tl    =  ilrVr 

ilg^  i!r  +  tiZl  =   Br(l   +  VrZl) 
Ea  Ea 


6r^ 


h    - 


1  +  VrZl          (1  +  ngr  ±    Xdtr)  +j  {XlQt  T    T^r) 
tgVr        ^    ^>(gr  -  jbr) 

1+VrZi         (1  +  r,gr  X  Xtbr)  +i(X|fifr  ?  r,6,) 


VWWVr'WWWJOT 


-? 


(668) 
(659) 

(660) 


(661) 


For  absolute  values: 


Fig.  399. 


E. 


V(l  +  ngr  +  Xtbr)*  +    (Xjfif,  —  nbr)* 


E,Vgr*  +  M 


(662) 


(663) 


V(l  +  ngr  +  Xtbr)*  +  (xijr,  -  rj6,)» 

For  convenience  let  a  represent  the  ratio  of  the  receiver  and 
generator  voltages. 

1 


E»       V(l  +  ngr  +  XlbrY  +  {Xigr  -  fife,)* 

The  regulation  =  -^-^ — -  = 

Hir  Ct 

The  power  delivered  to  the  receiver  circuit: 

Pr  -  Er*gr  =  E,*cfgr 

Efficiency  of  transmission 

Er*gr  g, 

"  Er*gr  +  nil*     gr  +  nvr* 


(664) 


(665) 


(666) 


(667) 
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With  a  constant  voltage  at  the  generator  and  a  given  trans- 
mission line,  the  power  transmitted,  current  in  the  line,  voltage 
at  the  receiver,  efficiency  of  transmission  and  voltage  regulation 
all  depend  up>on  both  the  magnitude  and  relative  values  of  the 
conductance  and  the  susceptance  of  the  receiver  circuit.  In 
order  to  determine  the  effects  produced  by  either  variable 
it  is  convenient  to  discuss  the  problem  imder  the  following 
assumptions: 

Case     I.  gr  variable,  br  =  0. 

Case    II.  br  variable,  gr  =  0. 

Case  III.  br  variable,  gr  constant. 

Case  IV.  gr  variable,  K  constant. 

Case    V.  Maximum  efficiency  of  transmission. 

Case  VI.  Maximum  voltage  at  receiver  circuit. 

Case  I.  gr  variable^  br  =  0. — ^In  this  case  the  receiver  voltage, 
line  current,  ratio  of  voltages,  power  delivered  and  efficiency  of 
transmission  are  given  in  equations  (668)  and  (674). 

^'  =    (1  +  ngr)  +  jx,gr  ^^^ 

In  absolute  values: 

Er  =      .  ^'  (670) 

Va  +  r,gr)*  +  (x,ff,)« 

V(l  +  rtgry  +  {xigrY 
a   =      .  ^  —  (672) 

V(l  +  ngrY  +  (X,ff,)* 
Pr  =  £rV  =  £,*aV  (673) 

Efficiency  of  transmission 

1 


1    .       -  (674) 

1  +  rig. 

Case  II.  br  variable,  g,  =  0. — The  equations  are  readily  de- 
rived in  the  same  manner  as  under  Case  I.  Since  no  power  is 
delivered  to  the  receiver  circuit  the  assumed  conditions  are  seldom 
realized  in  commercial  systems. 

Case  III.  br  variable,  gr  constant. — From  equation  (666)  the 
power  delivered  to  the  receiver  circuit  is: 

Pr  =  E,*a*gr 
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For  constant  conductance,  g^  in  the  receiver,  the  p)Ower  will  be  a 

del 
maximum  when  a  is  a  maximum,  or  when  -^  equals  zero. 

Hence       xi(l  +  rigr  +  xibr)  -  ri{xigr  -  rM  =  0 

or  rr^hri  +  br  =  bi  +  6r  =  0  (675) 

n  ~r  Xr 

Hence  for  maximum  power  the  line  susceptance  must  be  equal  in 
magnitude  to  the  receiver  susceptance  but  of  opposite  sign. 
That  is,  if  the  line  has  inductive  reactance  the  receiver  must  have 
oondensive  reactance  of  an  equal  amount.  Substituting  this 
value  for  br  in  equations  (660)  to  (667)  inclusive  we  have : 

jg»  _       ^0 ^ (676) 

*■      1  +  VrZi      (n  +  jxi)  (flfr  +  gi) 

*    _     E,Vr ii,{jg,  +obi) 

■"  "  1  +  Z«yr  "  (1  +  rigr  -  xihi)  +i(nb,  +  Xigr)  ^^'^' 

H^"^^*  ^  E.^f^  (679) 


u  =  ^4 


(1  +  rigr  -  XihiY  +  (n6j  +  XigrY         '  Z,(g,  +  fli) 

"  ~  in  +  jxiiigr  +  gi) 

Maximum  power, 

P,  =  E,*a*gr  (681) 

Power  factor  at  receiver  =  cos  Br]  where 

ff,  =.  tan-»  -  =  tan-i  ^^^  (682) 

Qr  gr 

Power  factor  at  generator  =  cos  Bg]  where 

9,  =  tan-'  (1^)  (683) 

Cobb  IV.  gr  variable,  br  constant. — The  power  delivered  to  the 
receiver,  Pr  «  EgWgr,  will  be  a  maximum  when  a  Vis  maximum, 
or  when 

d(a*gr)  ^  Q 
dgr 

d{a*gr)  ^  d_r gr l  ^  q 

dgr         dff,L(l  +  rigr  +  xj6,)*  +  (a!<g,  -  r,6,)*J 

.  • .  (1  +  r,gr  +  xihr)  -  2gr(r,  +  r,g,  +  xM  =  0       (684) 
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Hence  the  conductance  for  maximum  power  in  the  receiver 
circuit  is: 

gr   =  Vgi*  +  (br  +  biy  (685) 

Substituting  this  value  in  the  equations  for  recover  voltage  and 
power  delivered  to  the  receiver  the  following  expressions  are 
obtained: 

i!r  =    ^-^^^  "  ^^^^  (686) 

y/2gr{gr  +  gi) 

\/2grigr  +  gi) 
p    ^    E.^Yi' E,^  ,ftoox 

\/2flfr(<7r  +  gi) 

If  in  the  above  expressions  the  receiver  susceptance  be  taken 
equal  to  minus  the  line  susceptance,  6r  =  —  bi,  as  derived  in 
Case  III  for  the  condition  of  maximum  power  as  a  function  of  the 
receiver  susceptance  we  have: 

&r     =    -  bi;  Qr   =   gi)  Vr   =   Vl]  Xr  =    -  Xl]  Tr  =  Tl\  Zr  =   Zl  (690) 
^1   =    y/g^Th^   =   V(7r^  +  br^   =    Yr  (691) 

Zl  =  Vn*  +  xt"  =  Vrr^  +  av*  =  «r  (692) 

With  the  inductive  reactance  in  the  line  balanced  by  an  equal 
condensive  reactance  in  the  receiver,  the  maximum  power 
delivered  becomes  the  same  as  for  direct  currents.  For,  sub- 
stituting the  values  given  in  (690)  in  equations  (688)  and  (689) : 

■P,  -  ^  (693) 

Case  V.  Maximum  Efficiency  of  Transmission. — Since  the  line 
loss  varies  as  the  square  of  the  current  and  for  any  given  load 
the  current  is  a  minimum  when  the  power  factor  is  unity,  the 
maximum  efficiency  for  any  given  load  is  obtained  when  the 
current  is  in  phase  with  the  voltage. 
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Henoe, 

COB  Bg  =  1,  or  Xr  =  —  xi  (696) 

Subetituting  in  equations  (664)  and  (666) : 

The  power  at  maximum  efficiency  will  be  a  maximum  when 
Qr  ^  giSLB  explained  under  Case  IV. 


Hence,  maximum  P,  at  maximum  efficiency  = 


Eg^ 


An 

and 

«  =  I  (698) 

Case  VI.  Mcbximum  Voltage  at  Receiver  Circuit. — The  ratio  of 
the  receiver  and  generator  voltages,  a,  contains  both  the  con- 
stants of  the  line  and  the  receiver  conductance  and  susceptance. 
For  any  given  line  and  constant  generator  voltage  the  recdver 
voltage  depends  upon  both  gr  and  br. 

Er      1 

Eq      V  (1  +  rigr  +  xihr)  *  +  (x^gr  —  n6r)* 

Hence  for  maximum  receiver  voltage, 

1  =  0  »°d   ^,  =  0  («99> 

These  conditions  are  fulffiled  when  gr  =  0,  and  br  =  —  6i.  Hence, 
for  maximum  receiver  voltage  a  condition  of  resonance  exists 
and  the  line  resistance  alone  opposes  the  flow  of  the  current. 
Substituting  in  equations  (664)  and  (666) : 

«  =  |t  =  ff  =  I?  (700) 

/.=  f  (701) 

PROBLEM 

1.  Show  that  in  a  three-phase  transmission  line  with  equilateral  spacing  of 
conductors  the  condensance  "to  neutral"  is  twice  the  condensance  between 
two  conductors.  Show  that  the  inductance  "per  wire"  is  one-half  the 
inductance  of  two  wires. 


CHAPTER  XXII 

PHASE  CONTROL  OR  REGULATION  BY  POWER  FACTOR 

The  interaction  of  the  line  reactance  and  the  receiver  sus- 
ceptance  provides  a  basis  for  voltage  regulation  in  alternating- 
current  systems  that  is  not  available  in  direct-current  systems. 
The  receiver  voltage  may  be  varied,  within  limits,  independently 
of  the  power  delivered  by  adjusting  the  receiver  susceptance 
while  the  generator  voltage  is  held  constant. 

This  method  of  voltage  control  in  a  circuit  delivering  power 
over  an  inductive  line  by  varying  the  receiver  power  factor  is 
known  as  phcLse  control  or  regulation  by  power  factor.  It  is 
used  to  a  large  extent  in  transmission  lines  supplying  power 
to  electric  railways  through  synchronous  motors  or  rotary  con- 
verters, and  is  the  accepted  standard  in  long-distance  transmis- 
sion systems.  For  short  lines  the  required  variation  in  the 
receiver  susceptance  is  supplied  by  adjusting  the  field  excita- 
tion of  the  synchronous  motors  or  rotary  converters.  The  re- 
quired variation  is  provided  automatically  by  a  series  winding  on 
the  field  coUs.  At  no  load  or  light  loads  the  fields  are  under- 
excited  and  therefore  the  current  is  lagging;  at  overload  the  com- 
pound field  winding  over-excites  the  synchronous  machine  which 
then  takes  a  leading  current  from  the  line.  The  receiver  sus- 
ceptance is  in  this  manner  automatically  adjusted  from  inductive 
at  no  load  to  condensive  at  overload  and  provides  the  means  for 
voltage  regulation.  In  some  cases  shimt-wound  converters  or 
synchronous  motors  are  used  and  the  field  excitation  is  controlled 
by  Tirrill  regulators  in  much  the  same  manner  as  was  explained 
for  voltage  regulation  of  alternators  in  Chap.  XIV. 

In  long-distance  transmission  lines  synchronous  condensers 
are  installed  at  the  receiver  end,  with  their  field  excitation  con- 
trolled by  Tirrill  regulators.  These  machines  carry  no  load  but 
automatically  supply  the  leading  or  lagging  reactive  component 
of  the  current  and  thereby  keep  the  voltage  at  the  receiver  con- 
stant, at  some  predetermined  value,  for  all  loads.  The  line 
condensance  forms  an  important  factor  in  the  calculations  as  is 

shown  in  Chap.  XXVII. 
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For  short  lines,  only  the  inductive  reactance  need  be  considered. 
In  many  systems  the  inductive  reactance  in  the  line  does  not 
give  a  sufficient  range  in  voltage  regulation  for  the  changes  in 
load.  The  additional  reactance  required  for  phase  control  is 
obtained  by  inserting  reactive  coils  in  the  Une  or  by  a  magnetic 
bridge  in  the  transformers;  methods  often  used  in  transmission 
lines  supplying  power  to  electric  railways.  Hence,  while  the 
resistance  in  the  system  is  kept  at  a  minimum,  the  reactance  is 
often  greatly  increased  by  inserting  reactive  coils  in  order  to  se- 
cure the  advantage  of  automatic  voltage  regulation  by  phase 
control. 

A  diagranmiatic  representation  of  the  complete  circuit,  omit- 
ting line  and  transformer  condensance,  in  a  system  consisting  of 
generators,  step-up  transformers,  transmission  lines,  step-down 
transformers  and  synchronous  motors  or  rotary  converters  is 
shown  in  Fig.  400 
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receiver  conductance,  from  the  direct-current  load. 

receiver  susceptance,  from  the  synchronous  motor  or 

converter,  may  be  either  inductive  or  condensive, 

and  is  obtained  by  under-  or  over-exciting  the  motor 

field. 

resistance  and  synchronous  reactance  of  synchronous 

motor  or  converter. 
=  resistance  and  reactance  of  step-down  transformers, 
f  resistance  and  reactance  of  transmission  line. 
=  resistance  and  reactance  of  step^up  transformers. 
=  reactance  of  inserted  reactive  coil. 
=  resistance  and  synchronous  reactance  of  generator. 
=  nominal  induced  voltage  in  generator,  proportional 

to  the  field  excitation. 

voltage  at  generator  terminals. 
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Er  »  voltage  at  terminals  of  synchronous  motor. 
/£m  b  nominal  induced  voltage  in  synchronous  motor,  pro- 
portional to  the  field  excitation. 

If  the  calculations  are  made  for  the  nominal  induced  voltages 
the  synchronous  impedance  of  both  the  generator  and  the  syn- 
chronous motor  must  be  included.  If  the  terminal  voltages  of 
the  generator  and  synchronous  motor  are  used  in  the  equations 
only  the  impedances  between  the  two  points  enter  into  the  calcu- 
lations. Since  the  resistance  and  reactance  in  the  line,  step-up 
and  step-down  transformers  and  reactive  coil  form  one  series 
circuit  the  notation  may  be  abbreviated. 

Let  R  =^  Trt  +  ri  +  Vgt  =  total  resistance  between   generator 
and  motor  terminals. 
X  =  Xrt  +  xi  +  Xe  +  Xgt  =  totsl  rcactauce  between  gener- 
ator and  motor  terminals. 
Z  =  R  +  jX  —  total  impedance. 

Selecting  Er  as  reference  vector: 

/     ^  grB!r  -  jbrBlr  ^  J  +  jj  (711) 

J&,  =  ^.  +  Z/  =  {Er  +  Rj  -  Xj)  +  j{Xj  +  Rj)       (712) 

E\  =  {Er  +  Rgi  -  xay  +  (x,/  +  Ray       (7i3) 

This  18  the  fundamental  equation  for  phase  control. 
From  (713): 


Er  =  VEg^-  {XJ  +  Rtiy  -  {RJ  -  XJ)  (714) 


_  ErX  -  VE^Z^  -  {ErR  +  JZ^Y 

Z» 

The  maximum  load,  or  power  component  of  current  at  which 
unity  power  factor  can  be  maintained  with  the  supply  voltage, 
Eg,  constant,  is  found  by  equating  the  quantity  under  the  radical 
to  zero. 

7  ^   EgZj-_ErR  ,7^g) 

Phase  control  is  in  most  cases  used  for  regulating  the  voltage 
so  as  to  automatically  hold  a  predetermined  ratio  between  the 
generator  and  receiver  voltages  for  all  loads.  This  ratio  may  be 
equal  to,  less  or  greater  than  unity. 
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First,  Er  ^  Eg;  second,  Er  <  Eg]  third,  Er  >  Eg. 
Let  Eg  and  Er  be  constant  and  the  load  variable. 
In  the  problem  four  current  values  are  of  special  importance. 

(a)   hlo     —  the  reactive  component  at  no  load. 

(f>)   olmax  =  the  power  component  at  maximimi  load. 

(c)  glu     =  the  power  component  at  which  the  reactive  com- 

ponent is  zero. 

(d)  gif     =  the  power  component  at  full  load. 

At  no  load  gl   =  0,  and  from  equation  (716) : 

ErX  -  VEg^Z^  -  EM^ 


hi  = 


(717) 


Z« 

For  Er  --Eg,a  ^  0;  (718) 

Er<Eg,}J<^]  hence  current  lagging  (719) 

Er>  Egyhl  >  Q\  hence  current  leading  (720) 

When  power  is  delivered  to  the  receiver  circuit  the  field 
excitation  of  the  synchronous  motors  or  converters  must  be 
increased  if  the  voltages  shaU  remain  constant. 
Hence  with  load,  gl  >  0. 

For  Er^Eg,iJ>  0,  hence  current  leading  (721) 

< 
Er  <  Eg,  frZ  ~  0,  hence  current  lagging,  in  phase  or 

leading  (722) 

Er  >Eg,J>  0,  hence  current  leading  (723) 

When  Er  is  less  than  Eg  the  current  is  lagging  at  no  load  and 
for  light  loads,  in  phase  at  some  load  depending  upon  the  ratio 
selected  and  leading  for  larger  loads.  The  average  quadrature 
component  for  a  variable  load  is  therefore  less  when  Er  <  Eg 
than  for  either  Er  =  Eg  or  Er  >  Eg.  If  the  choice  of  the  ratio 
is  made  on  the  basis  of  a  minimum  copper  loss  the  shunt  field  of 
the  synchronous  motor  or  converter  must  be  adjusted  to  give 
unity  power  factor  at  such  load  as  to  require  a  minimum  quad- 
rature component  over  the  given  range.  With  a  continually 
varying  load  the  actual  minimum  may  be  difficult  to  determine. 
Generally  the  reduction  in  efficiency  due  to  copper  losses  over 
the  possible  minimum  is  of  little  importance.     However,  these 
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losses  affect  the  temperature  rise  in  the  machines  and  thereby 
affect  the  permissible  output.  On  this  account  it  is  customary 
to  so  adjust  the  shunt  field  as  to  give  unity  power  factor  at  the 
generator  at  full  load.  The  possible  maximum  load  and  the 
no-load  reactive  current  depend  on  the  amount  of  reactance  in 
the  line;  the  larger  the  required  overload  capacity  the  larger  the 
reactance  in  the  line  and  consequently  the  larger  the  no-load 
current.  As  the  line  reactance  may  be  adjusted  by  inserting 
reactive  coils,  a  compromise  is  usually  made  in  a  more  or  less 
arbitrary  manner,  between  a  desirable  large  overload  capacity 
and  a  likewise  desirable  minimum  no-load  current.  It  is  gener- 
ally assumed  that  Jo  *»  J^gl/)  i^  which  the  factor  k  depends  on 
the  conditions  of  the  syBtem  and  may  vary  widely,  probably 
from  20  per  cent,  to  50  per  cent.  Hence,  in  problems  of  phase 
control  seven  quantities  are  involved;  Er,  Eg,  X,  ^//,  ^/«,  k/o, 
Imax]  of  these,  two  are  given  by  the  load  requirements  (-Br,  ^/), 
two  are  assumed  (^«,  hlo)  and  the  remaining  three  are  calcu- 
lated. Assuming  glu  ^  gl/f  Jo  =  kglu  and  letting  the  reactive 
component  produced  by  the  compound  field  winding  vary  as  a 
linear  function  of  the  load,  iJ  =  k(glu  —  gl),  then  by  substitut- 
ing in  equation  (713)  we  have: 
At  no  had: 

gl    =  0,  J  =  kju  (724) 

B,«  =  {Er  -  kXJuY  +  {-kRJuY  (725) 

At  full  load: 

J   =  ,U,  J  ^0  (726) 

E,^  =  {Er  +  Rahy  +  {XJuy  (727) 

From  (725)  and  (727) : 

^  {k^      -      1) 

Eg  may  be  found  by  substituting  the  value  of  X  from  (724)  in 
either  (725)  or  (727) ;  and  gimax  by  substituting  the  above  derived 
values  in  equation  (716).  Similar  equations  may  be  derived 
if  the  maximum  load  current,  gImax,  is  assumed  instead  of  the 
no-load  current,  do,  as  above. 

The  double  sign  before  the  radical  in  equation  (728)  shows 
that  two  values  for  the  reactance,  Xi  and  X^^  satisfy  the  given 
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conditions.  Hence  two  values  of  the  generator  voltage  are 
found  to  produce  the  required  constant  voltage  at  the  receiver; 
or  by  dividing  the  reactance  in  two  parts,  Xi  and  Xi  —  Xi,  three 
pK)ints  on  the  system  may  be  kept  at  constant  voltage  for  wide 
variations  in  load.  It  is  therefore  possible  to  automatically  keep 
the  voltages  constant  at  the  receiver,  En  at  the  generator  ter- 
minals, Eg,  and  also  the  nominal  induced  voltage  in  the  gener- 
ator, /Eg,  which  is  proportional  to  the  field  excitation.  Since  the 
generator  armature  has  a  resistance,  r,,  in  addition  to  the  react- 
ance, tXg,  the  equations  for  the  two  values  of  X  that  satisfy  the 
required  conditions  of  constant  voltage  at  the  receiver  and  gener- 
ator terminals  with  constant  field  excitation  of  the  generator 
are  given  by  equations  (729)  and  (730). 


Xi  = 


glu             '    glu                                   ^  glu                                     -* 

(729) 

(*«  -  1) 

^  +  VtT^*'  +  1)  -  [4  -  («  +  r,Kk* 

glu            ^  g'u                                    *~  glu 

-1)J 

^*  ~  (A*  -  1) 

(730) 
Referring  to  Fig.  461,  for  constant  Er,  Eg,  and  fEg, 

Xx  =  Xg,  +  Xt  +  Xrt  +  X,  (731) 

Xt  =  Xi  +  ,Xg  (732) 

The  value  of  ^g  may  be  adjusted  by  means  of  a  reactive  coil 
in  addition  to  the  normal  synchronous  reactance  of  the  generator. 


CHAPTER  XXIII 

COMMERCIAL  WAVE  FORMS— HARMONICS 

The  preceding  chapters  have  dealt  almost  exclusively  with 
alternating  current  and  voltage  waves  of  the  simple  harmonic 
form.  The  fundamental  relations  of  alternating-current  cir- 
cuits have  been  discussed  under  the  assumption  that  the  instan- 
taneous values  of  the  voltage  and  the  current  could  be  expressed 
by  e  ^  '^E  sin  (d  and  i  =  "I  sin  cot.  Both  in  theoretical  dis- 
cussions and  in  practical  operation  the  sine  wave  is  taken  as  the 
standard  and  any  deviation  is  termed  a  distortion.  Although 
the  sine  wave  is  the  ideal  form  sought  by  both  the  operating  and 
designing  engineer,  many  factors  in  both  the  generators  and  dis- 
tribution system  cause  distortion  in  the  current  and  voltage  wave 
shapes.  As  mentioned  in  Chap.  II  and  illustrated  by  Figs. 
18;  20  and  21  the  distortions  may  be  so  large  that  even  the 
semblance  of  a  fundamental  sine  wjave  is  lost. 

(a)  Fourier's  Series. — ^Before  attempting  an  analysis  of  the 
several  factors  that  produce  distortions  in  the  shape  of  the  voltage 
and  current  waves  it  is  desirable  to  note  two  fundamental  char- 
acteristics: 

(1)  The  waves  are  periodic,  that  is,  the  successive  cycles  are 
alike. 

(2)  The  function  is  single  valued.  At  any  point  in  the  system, 
at  any  instant,  the  voltage  or  current  has  only  one  value. 

In  1822,  long  before  alternating  currents  came  into  commercial 
use,  Fourier  published  his  researches  and  proved  that  any  single- 
valued,  periodic  function  can  be  completely  expressed  by  a  simple 
trigonometric  series  (741),  now  known  as  Fourier's  series. 


y    =  Ai  sin  X  +  A2  sin  2x  +  As  sin  3x  -|- 
+  Bi  cos  X  +  B2  cos  2x  +  Bz  cos  3x  -\ 


.    .    .    -h  An  sin  fw: 
cos  3x  -f-   .    .    .    -|-  Bn  cos  nx 

(741) 

The  same  series  is  often  written  in  another  form  as  shown  in 
equation  (742)  and  using  the  notation  applicable  to  any  distorted 
voltage  wave. 
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e  «  'El  sin  ((at  +  7i)  +  '^2  sin  (2<d  +  7«)  +  '^ssin  (3««  +  73) 
+  'JB4sin(4a>i  +  74)  +   .    .    .  'JBnSin(na>t  +  7n)   .    .    .  (742) 

The  first  term  in  (742)  is  called  the  fundamental  and  the  other 
terms  are  the  harmonics.  The  transformation  factors  between 
(742)  and  (741)  are: 

y    =  e;  X  =  wf 

'£1  =  VA,^  +  B?\  "E^  =  VAa^  +  B2«;  "E^  =  y/Az^  +  Bt\  etc. 
71  =  tan"*  "4^'  ^^2  "  tan~^  ■^;  73  =  tan~*  -r-;  etc. 

Any  voltage  or  current  wave  may  in  this  manner  be  expressed 
by  a  series  of  sine  waves  of  multiple  frequency  and  of  different 
maximum  values  and  phase  positions.  While  the  series  has  an 
infinite  number  of  terms  only  a  few  are  required  to  express  the 
elemental  characteristics  of  waves  in  commercial  power  systems. 
In  most  cases  only  a  few  of  the  harmonics  are  present  and  three 
or  four  terms  fully  express  the  distorted  voltage  or  current  wave. 

(6)  Distorted  Voltage  Waves. — In  commercial  power  syBtems 
the  alternating  voltage  is  produced  by  rotating  machinery  and 
hence  the  positive  and  negative  halves  of  the  wave  are  equal  in 
magnitude  and  similar  in  shape.  It  is  readily  seen  that  waves 
with  equal  positive  and  negative  halves  can  have  no  even  har* 
monies.     Hence  for  voltage  waves  in  power  circuity, 

e  =  'Bi  sin  (oi  +  71)  +  "Ei  sin  (3cd«  +  73) 

+  "£6sin(5wt  +  76)+  .   .   .  'B2n-isin[(2n-l)a)i  +  7a„.i](743) 

In  most  power  circuits  the  voltage  wave  consists  of  a  funda- 
mental combined  with  the  third  and  fifth  harmonics,  while 
sometimes  the  seventh  and  ninth  harmonics  are  of  importance. 
Except  in  special  cases  harmonics  above  the  eleventh  may  be 
neglected.  Thus,  in  Fig.  401,  is  shown  a  wave  consisting  of  the 
fimdamental  and  a  third  harmonic.  The  expression  for  the 
instantaneous  voltage,  equation  (744),  has  two  terms  only.  The 
coefficients  "Eg,  "Ei,  "Eg  ....  "E^n-i  are  equal  to  zero  and 
hence  all  but  the  first  two  terms  of  the  series  vanish. 

e  =  100  sin  (cat  +  2°)  +  9.7  sin  {Scat  -  27^)  (744) 

In  this  case  the  maximum  of  the  fundamental  is  greater  than 
the  actual  voltage  in  the  circuit. 
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In  Fig.  402  and  in  equation  (745)  is  shown  a  wave  consisting  of 
a  fundamental  and  the  third  and  fifth  harmonics.     The  maximum 
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Fig.  402. 


of  the  fundamental  is  considerably  less  than  the  maximum  of  the 
actual  voltage  wave. 

e  =  100  sin  («0  +  28.2  sin  (3a)<  +  180°)  +  5.4  sin  (5arf)    (745) 
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The  three  component  waves  reach  a  positive  maximum  at  the 
same  time,  producing  a  peaked  voltage  wave  whose  maximum  is 
equal  to  the  sum  of  the  three  maxima  or  133.6  per  cent,  of  the 
fimdamental.  The  waves  shown  in  Figs.  401  and  402  were  taken 
by  an  oscillograph  from  two  machines  in  the  laboratory.  The 
fundamental  and  component  waves  were  found  by  analysis  as 
will  be  explained  in  a  later  paragraph.  It  is,  however,  evident 
that  not  only  the  relative  magnitude  of  the  fundamental  and  the 
harmonics  but  also  their  phase  position  affect  the  shape  of  the 
resultant  wave.  By  keeping  the  same  magnitude  of  the  three 
component  waves  as  in  Fig.  402,  but  changing  the  phase  positions 
of  the  harmonics  by  180^  the  resulting  complex  wave  is  changed 
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into  the  form  shown  in  Fig.  403  and  the  corresponding  equation 
is  given  in  (746) 

e  =  100  sin  (id)  +  28.2  sm  (3a)0  +  6.4  sin  (6«<  +  180°)   (746) 

The  effect  of  phase  position  is  more  fully  illustrated  in  Figs. 
404  and  405.  In  Fig.  404  is  shown  a  series  of  waves  formed  by 
combining  the  same  fundamental  with  a  20  per  cent,  third  har- 
monic but  differing  by  30°  in  phase  angle.  Similar  effects  due 
to  changes  of  phase  angle  of  30°  between  a  fimdamental  and  a 
20  per  cent,  fifth  harmonic  are  shown  in  Fig.  405.  The  com- 
ponent curves  and  corresponding  equations  are  given  in  each 
case.  From  these  illustrations  it  is  apparent  that  the  combina- 
tion of  a  fundamental  with  two  or  three  harmonics  may  produce 
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Fia.  404. 
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a  very  great  variety  of  wave  forms.  Often  the  shape  of  the 
wave  makes  it  quite  evident  what  harmonics  are  present  and  an 
approximate  solution  may  be  found  by  inspection.  In  general 
a  systematic  analysis  is  required  to  determine  the  magnitude 
and  phase  relations  of  the  harmonics.  To  the  operating  engineer 
it  often  becomes  of  great  importance  to  know  just  what  harmonics 
are  present  in  the  voltage  or  current  waves.  To  gain  this  in- 
formation is  usually  the  first  step  in  determining  the  cause  of 
any  periodic  disturbance  in  the  system.  Knowing  the  relative 
magnitude  of  the  harmonics  present  and  noting  which  one  is 
specially  prominent  the  problem  of  finding  the  cause  of  the  diffi- 
culty is  simplified.  It  is  of  importance  to  distinguish  between 
higher  harmonics  of  voltage  and  higher  harmonics  of  current. 
In  general  they  are  interdependent  and  the  distorting  effects 
of  circuit  conditions  may  affect  one  or  both.  Thus,  if  a  sine 
voltage  wave  is  impressed  upon  a  transformer  the  hysteresis  of 
the  iron  core  distorts  the  current  wave;  and  conversely,  if  a 
current  of  sine  wave  form  is  passed  through  the  same  trans- 
former the  hysteresis  causes  a  distortion  of  the  voltage  wave. 

(c)  Generated  Voltage  Waves. — ^In  any  circuit  the  first  source 
of  voltage  wave  distortion  is  in  the  alternator.  With  no  current 
flowing,  that  is,  on  open  circuit,  the  instantaneous  voltage  at 
the  generator  terminals  is  directly  proportional  to  the  instan- 
taneous rate  of  cutting  lines  of  force.  A  simple  conductor  revolv- 
ing in  a  uniform  field  (Fig.  14,  Chap.  II)  at  imiform  velocity, 
generates  a  sine  voltage  wave.  Distortions  may  therefore  be 
caused  by: 

(1)  Lack  of  uniformity  or  pulsation  of  the  field; 

(2)  Variation  in  the  speed;  and 

(3)  The  distribution  of  the  armature  conductors  connected  in 
series. 

In  present-day  alternators  the  speed  is  always  so  nearly  uni- 
form that  this  possible  source  of  wave  distortion  need  not  be  con- 
sidered. 

The  slotted  armature  necessarily  affects  the  distribution  of  the 
magnetic  flux  and  produces  pulsations  in  the  field  that  in  turn 
cause  distortions  in  the  voltage  wave.  Thus,  in  Fig.  406,  is 
shown  a  voltage  wave  having  a  pronounced  twenty-fifth  harmonic 
produced  by  the  pulsations  of  the  magnetic  flux.  In  alternators 
with  few  slots  and  teeth  per  pole  the  movement  of  the  slots  across 
the  field  pole  produces  pulsations  of  the  magnetic  reluctance  of 
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the  field  circuit  and  hence  with  constant  excitation  a  pulsation  in 
the  magnetic  flux.  Therefore,  in  a  machine  haying  8  slots  per 
pole  the  magnetic  flux  pulsates  with  28  frequency. 

Assuming  that  the  pulsations  follow  a  simple  sine  law  and  have 
k"^  amplitude,  the  instantaneous  flux  interlinked  with  the  arma- 
ture coil  is: 

</»  =  **  cos  (orf)  [1  +  *  cos  (2awi  -  y)]  (747) 

The  voltage  generated  is: 

d4> 


e  s=  —  n 


dt 


(748) 


From  (747)  and  (748) : 

e  =  2ir/n**{sin  {(d)[l  +  k  cos  (2ac«)i  —  7)] 
+  2sk  cos  (fif^  sin  (2«fljr--  7) } 


(749) 


rrom 
Z4  Otn. 


h  n 


Fia.  406. 

FrcHn  trigonometry: 

2  sin  X  cos  y  =  sin  (x  +  y)  +  sin  {x  —  y 
2  cos  X  sin  2/  =  sin  (35  +  y)  —  sin  (x  —  t/ 
Hence, 

2«  —  1 

e  =  2ir/n*'*{sin  (at  +  k  — ^ —  sin  [(2s  —  l)a><  —  7] 

+  fc(— +-)sin  [(2s  +  l)a,«  -  7]} 


(750) 


(751) 


The  pulsation  of  the  magnetic  flux  due  to  the  armature  slots  is 
therefore  the  source  of  two  harmonics  in  the  voltage  wave  of  fre- 
quencies 2s  -h  1  and  2s  —  1  times  the  fundamental. 
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For  «  =  1 
k  3]fc 

6  =  27r/n''*[sin  {<d)  +  ^  sin  (w«  -  7)  +  y  ^in  (3w<  -  7)1  (752) 

For  «  =  2 

€  =  2^/71" *[sin  («0  +  ysm(3a>«  -  7)  +y  sin  (Scut  -  7)!  (753) 

Similarly  for  three  slots  the  pulsations  of  the  field  flux  intro- 
duce a  fifth  and  a  seventh  harmonic  into  the  generated  voltage. 
While  the  pulsations  of  field  flux  to  some  extent  distort  the  voltage 
wave,  the  main  factors  determining  the  wave  shape  are  the  flux 
distribution  and  the  arrangement  of  the  armature  conductors. 
A  single  conductor  or  a  bundle  of  conductors  in  a  single  slot  pro- 
duce a  voltage  wave  of  the  same  shape  as  the  flux  distribution 
curve.  However,  the  voltage  for  each  phase  of  an  alternator 
armature  is  ordinarily  made  up  of  the  vector  sum  of  the  electro- 
motive forces  of  several  conductors  in  series,  since  the  adjacent 
slots  are  displaced  by  an  angle  corresponding  to  the  slot  pitch. 
The  voltage  wave  at  the  terminals  of  the  generator  therefore 
differs  from  the  flux  distribution  curve  and  depends  upon:^ 

(1)  The  fractional  pitch  of  the  armature  winding; 

(2)  The  number  of  slots  per  pole; 

(3)  The  number  of  coils  per  slot;  and 

(4)  The  angular  span  of  the  single-phase  belt. 

(d)  Distorted  Current  Waves.    Constant  R,  L  and  C. — In 

order  to  determine  the  current  wave  shape  produced  by  any 
given  impressed  voltage  wave  the  circuit  conditions  must  be 
known.  In  many  commercial  circuits  the  so-called  circuit  con- 
stantSy  the  resistance,  inductance  and  condensance  fluctuate  or 
pulsate  in  a  more  or  less  irregular  way  during  each  cycle  of  the 
voltage  or  current  waves.  Thus  in  any  circuit  having  iron,  the 
inductance  and  hence  the  reactance  varies,  while  the  current 
changes  from  its  zero  to  its  maximum  values.  Moreover,  the 
variation  is  not  the  same  for  decreasing  as  for  increasing  values 
of  the  current.  Likewise,  the  resistance  in  the  vapor  of  an  arc 
lamp  decreases  with  increase  of  the  current.  Similarly  under 
conditions  where  corona  is  produced  at  the  crest  of  the  voltage 
wave  the  condensance  pulsates  during  the  voltage  cycle.  The 
discussion  of  current  wave  shapes  therefore  naturally  falls  into 

1  C.  A.  Adams,  Wave  Shape  of  Alternators,  A.  I.  E.  E.,  Trans.,  XXVIIl, 
1053. 
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tvfo  gTO\xp&:  first,  in  circuits  with  constant  r,  L  and  C;  second,  in 
circuits  with  r,Lor  C  pulsating  or  changing  in  magnitude  during 
each  cycle. 

In  Chap.  IV  it  was  shown  that  the  instantaneous  value  of  the 
voltage  in  a  series  circuit  was  given  by  the  differential  equation : 


di      If 

dt'^cy 


e  =  ri  +  Lj^  +  '^\idt  (754) 

If  the  voltage  is  a  sine  wave,  the  current  is  Ukewise  simple 
harmonic  and  of  the  same  frequency  but  differing  in  magnitude 
and  phase  position. 
For 

e  =  *B sin  {(d),  i  =  "I sin  (w<  —  B)) 
in  which 

"E  =  z"! 
and 

e  =  tan-^  ^^^^^^ 

r 

Since  the  voltage  equation  is  single  valued,  the  law  of  super- 
position may  be  appUed;  and  as  each  voltage  wave  produces  a 
corresponding  current  of  the  same  frequency,  it  follows  that  in 
a  complex  voUage  wave  each  harmonic  produces  its  own  current 
independent  of  the  fundamental  and  all  the  other  harmonics. 
Hence, 

e  =  ei  +  ea  +  66  +   .    .    .    +  e«n  - 1 

=  "El  sin  (cat  +  71)  +  "Ez  sin  (3<at  +  ts)  +  ''E^  sin  (5w<  +  75) 
+   .    .    .   +-B,n-isin[(2n-  l)co<  +  72n-i]  (755) 

and, 

i  =  ii  +  ii  +  ii+   .    .  +  iin-i 

"El  .    r  .  .  ,  /wL 


yF+I^^) 


8in  ["'  +  Ti-tan-'(^-^)] 
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+  .  .  . +  -p  ^sinj(2n-l)arf 

^H+[(2n-l)coL-(,^_\^J' 

+  ,_,_tan-.[(?!i^^_^__]|  (,56) 

In  order  to  abbreviate  the  notation  in  equation  (756),  let, 

e.  =  tan-(^-^)  (757) 


Then, 

i  =  "Ii  sin  (cDi  +  7i  —  Bi)  +  "h  sin  (3w<  +  73  —  <?») 
+  "'/s  sin(5w<  +  76-^B)  +  .    .    . 
+  "Jjn-i  sin  [(2n  -  !)««  +  72n-i  ~  ^2n-i]  (759) 

Comparing  the  expression  for  the  voltage  in  equation  (755) 
with  the  resulting  current  as  expressed  in  either  equation  (756) 
or  (759)  it  is  seen  that  the  current  wave  form  differs  from  the 
voltage  due  to  both  a  change  in  phase  position  and  relative  mag- 
nitude of  the  harmonic  wave.  Thus  the  phase  position  of  the 
current  for  the  third  harmonic  is  6z  behind  th^  corresponding 
third  harmonic  of  the  voltage  wave.  Similarly  the  fifth  harmonics 
differ  by  6^  while  ^3  is  not  equal  to  ^5.  The  relative  magnitude 
of  the  harmonics  in  the  current  is  not  the  same  as  for  the  voltage 
wave,  for  in  each  case  the  maximum  current  for  each  harmonic 
equals  the  maximum  voltage  divided  by  the  corresponding  im- 
pedance as  shown  in  equation  (760). 

"Jp  "IP 

It  is  readily  seen  that  the  relative  values  of  r,  L  and  C  are  of 
great  importance  in  determining  the  current  wave  form  resulting 
from  a  given  impressed  voltage  wave. 

Thus  in  a  circuit  having  resistance  only, 

"In  =  -^  and  ^n  =  0  (761) 

r 

The  current  is  in  phase  with  the  voltage  wave  and  has  the  same 
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wave  form.  This  is  illustrated  in  Fig.  407.  The  oscillogram 
shows  a  voltage  wave  e  having  a  pronounced  third  and  fifth 
harmonic.  This  voltage  was  impressed  upon  a  circuit  having 
resistance  only  and  the  curve  i  in  the  oscillogram  shows  the 
current  wave. 

In  a  circuit  having  both  resistance  and  inductance  the  current 
wave  is  different  from  the  impressed  voltage. 

/      -^^=^==-,  and  On  =  tan-^  (-~-) 


7.  = 


(762) 


The  higher  the  harmonic  the  less  current  flows  for  the  same 
impressed  voltage,  since  the  reactance  increases  with  the  fre- 


FiG.  407. 

queney.  Hence,  the  current  harmonics  are  smaller  than  those 
in  the  voltage,  and  the  current  wave  more  nearly  approaches  the 
Bine  form.  This  is  illustrated  in  Fig.  408.  The  same  voltage 
wave  e,  as  in  Fig.  407,  was  impressed  on  the  second  circuit 
having  both  resistance  and  inductance.  The  ciu'rent  wave  is 
less  peaked  and  its  maximum  value  lags  behind  the  voltage. 
The  relative  magnitudes  of  the  third  and  fifth  harmonics  of  the 
current  are  reduced  proportionately  to  the  impedance  and  hence 
are  less  than  the  corresponding  harmonics  in  the  voltage.  The 
phase  displacements  also  cause  a  reduction  in  the  peak  as  the 
maxima  of  Ae  three  component  current  waves  do  not  coincide 
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as  in  the  voltage  waves.  In  a  circuit  having  resistance  and  con- 
densance  the  effect  is  just  the  reverse,  since  an  increase  in  the 
frequency  reduces  the  reactance  and  impedance  and  therefore 
causes  a  proportionate  increase  in  the  current. 


From 
/4  Of9, 


y, 


U«Ma 


Fig.  408. 


7«  = 


'Bn 


AF+(;i^) 


==  and  %n  =  tan~^  ( 7:) 

1   \2  XmioCI 


(763) 
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Fig.  409. 


In  Fig.  409  is  shown  the  same  voltage  as  in  407  and  408 
impressed  upon  a  circuit  having  resistance  and  condensance. 

For  the  higher  harmonics  the  effect  of  inductance  or  condens- 
ance is  more  marked.     Thus,  in  Figs.  410  and  411  are  shown  the 
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voltage  wave  of  a  Bmall  generator  having  a  strong  eleventh  har- 
monic. In  the  current,  passing  through  a  circuit  having  a  con- 
stant resistance  and  inductance,  Fig.  410,  the  eleventh  harmonic 


is  practically  eliminated;  while  the  current  flowing  into  a  con- 
denser, Fig.  411,  from  the  same  generator  shows  a  very  strong 


eleventh  harmonic.  The  current  distortion  in  Rg.  410  is  only 
one-eleventh  as  large  as  for  the  voltage  wave  while  in  Fig.  411 
the  current  distortion  is  eleven  times  as  large  as  for  a  non-react- 
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ive  circuit.  By  comparing  the  voltage  waves  in  Figs.  410  and 
411  it  is  seen  that  the  lagging  and  leading  currents  produced 
different  armature  reactions  in  the  generator  and  thus  thQ  termi- 
nal voltages  were  not  quite  the  same  in  the  two  cases. 

In  Fig.  412  is  shown  the  voltage  wave  of  a  large  machine  having 
a  pronoxmced  twenty-fifth  harmonic  and  also  the  condenser 
current  wave.  The  circuit  diagrams  in  each  case  show  the 
connections  of  the  oscillograph  vibrators  in  the  circuits. 


3^  G*n. 


Fig.  412. 

(e)  Distorted  Current  Waves  in  Circuits  with  Pulsating 
Inductance,  Condensance  and  Resistance. — 1.  Pvlsaling  In- 
ductance.— ^The  main  sources  of  pulsations  in  the  inductive  react- 
ance in  a  circuit  are:  First,  the  variation  of  the  reluctance 
around  the  armatiu*e  conductors  due  to  synchronous  rotation; 
and  second,  the  variation  in  the  permeability  and  the  hysteresis 
with  the  flux  density  in  iron-clad  circuits. 

The  pulsations  of  the  generator  field  caused  by  the  relative 
position  of  the  armature  slots  are  discussed  in  the  first  part  of 
this  chapter  in  relation  to  the  distribution  of  the  field  flux  and 
hence  as  a  primary  cause  of  distortion  of  the  yoltage  wave.  The 
relative  position  of  the  field  pole  and  armature  slots  also  affects 
the  armature  reactance,  producing  pulsations  that  cause  dis- 
tortions in  the  current  wave  as  compared  to  the  impressed  vol- 
tage. It  is  evident  that  a  similar  effect  is  produced  by  a  3301- 
chronous  motor,  or  any  other  synchronous  apparatus  with 
slotted  armature,  in  the  circuit.  Since  the  cycle  of  variations  in 
magnetic  reluctance  is  completed  for  each  pole,  the  pulsations 
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of  the  inductive  reactance  complete  a  cycle  for  each  half  wave 
of  the  fundamental  frequency.  Moreover,  as  the  distortion 
cycle  is  applied  alternately  to  a  positive  and  a  negative  funda- 
mental half  wave,  the  harmonics  introduced  have  a  frequency  of 
2s  —  1  and  2«  +  1 ;  in  much  the  same  way  as  for  the  voltage  wave, 
but  differing  m  magnitude  and  phase  position.  With  a  large 
air  gap,  large  numbers  of  slots  per  pole,  proper  shaping  and  spac- 
ing of  the  armature  slots  and  by  using  fractional  pitch  in  the 
winding,  the  distortions  produced  by  pulsations  in  the  synchro- 
nous reactance  may  be  reduced  to  practically  negligible  values. 


•^W/^  r 
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Fia.  413. 

The  second  factor  producing  pulsations  of  the  inductive  react- 
ance is  present  in  all  iron-clad  circuits.  In  Chap.  XI  it  is  shown 
that  with  an  impressed  sine  voltage  wave  the  form  of  the  current 
wave  is  determined  by  the  shape  of  the  hysteresis  loop.  Fig.  133. 
Conversely,  the  hysteresis  loop  of  an  iron-clad  circuit  may  be 
found  from  the  exciting  current  produced  by  a  sine  voltage  wave. 
In  Fig.  413  is  shown  an  oscillogram  of  a  sine  voltage  wave  and 
the  corresponding  exciting  current  of  a  potential  transformer. 

B  =  110;/  =  60;  /  =  2.0;  10  kw.  transformer. 

Since  the  upper  and  lower  halves  of  the  hysteresis  curve  are 
equal,  the  cycle  of  distortion  is  complete  for  each  half  of  the 
fundamental  wave.  As  the  cycle  of  variation  is  applied  alter- 
nately to  the  positive  and  negative  halves  of  the  fundamental 
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wave  the  distortion  consists   essentially  of  the  3rd  and  5th 
harmonics.    For  this  reason  the  distortion  of  the  current  wave 


Fia.  414. 


in  Fig.  413  consists  mainly  of  a  third  harmonic  in  combination 
with  a  smaller  fifth  harmonic.  Analyzing  the  current  wave  in 
Fig.  413  the  component  fundamental,  with  the  third  and  fifth 


■fro^  osciiio^n0m 
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Fig.  415. 

harmonics  are  represented  graphically  in  Figs.  414  and  415  and 
analytically  by  equation  (764). 

i  =  100  sin  {id)  +  37.0  sin  (3a)<  +  114**)  +  10.7  sin  (5«<  +  245°) 

(764) 
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It  is  apparent  that  if  a  current  of  sine  wave  form  is  sent 
through  an  iron-clad  circuit  the  distortions  produced  by  the 
h3n3teresis  of  the  iron  will  appear  in  the  voltage  wave.  Thus, 
in  Fig.  416  is  shown  the  voltage  wave  produced  by  sine  wave 
exciting  current  passing  through  an  iron-clad  circuit  having  a 
hysteresis  loop  of  the  shape  shown  in  the  figure.  The  third  and 
fifth  harmonics  therefore  appear  in  the  voltage  wave  when  a  sine 
current  is  flowing  in  the  circuit  in  precisely  the  same  manner  and 
for  the  same  reason  as  the  distortion  of  the  current  wave  with  an 
impressed  sine  voltage  wave.  In  single-phase  constant-potential 
systems  the  distortion  produced  by  the  hysteresis  of  the  iron 


Fig.  416. 


appears  chiefly  in  the  current  wave.  Secondary  reactions  of  the 
distorted  current  wave  upon  the  generator  field  may  cause  corre- 
sponding distortions  in  the  voltage  wave,  but  the  current  wave 
is  primarily  affected  by  the  hysteresis  distortion. 

In  polyphase  circuits  the  manner  of  interlinking  the  component 
circuits,  in  a  large  measure,  determines  which  part  of  the  dis- 
tortion shall  appear  in  the  current  or  voltage.  The  delta  and 
star  connections  in  three-phase  circuits  are  of  special  importance 
in  commercial  systems.  Since  the  fundamental  waves  in  a  three- 
phase  system  are  120®  apart  the  third  harmonics  in  the  three 
phases  are  in  phase  with  each  other.  This  is  shown  in  Fig.  417. 
Hence  in  a  star  connection  the  current  can  not  have  a  third 
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harmonic  and  likewise  in  a  delta  connection  the  third  harmonic 
must  be  absent  from  the  voltage  wave.     The  same  phase  rela- 


tions exist  for  any  odd  multiple  of  the  third  harmonic.    Therefore, 
in  a  star  connection  the  third,  ninth,  fifteenth,  etc.,  harmonics 


Fig.  418. 


can  not  exist  in  the  current  wave;  and  similarly  the  third,  ninth, 
fifteenth,  etc.,  harmonics  can  not  appear  in  the  delta-connected 
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voltage  wave.  The  fifth,  seventh,  eleventh,  etc.,  harmonics, 
however,  may  exist  in  both  current  and  voltage  waves  for  both 
star  and  delta  connections. 

The  effect  of  a  star  connection  in  distributing  the  harmonics 
produced  by  the  hysteresis  of  the  transformer  iron  is  shown  in  Fig. 
418.  The  circuit  diagram  shows  the  star  connection  of  both  the 
generator  and  the  three  transformers,  and  the  locations  in  the 
circuit  of  the  three  vibrators  of  the  oscillograph.    The  second- 
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Fig.  419. 

aries  of  the  transformers  are  open  so  the  transformer  exciting 
current  only  is  flowing  in  the  circuits.  Hence  vibrator  No.  1 
gives  the  voltage  from  one  main  to  neutral;  vibrator  No.  2  the 
voltage  between  mains;  and  vibrator  No.  3  the  exciting  current 
in  one  transformer.  The  voltage  between  mains  as  impressed 
on  the  transformers  closely  approximates  a  sine  wave.  The 
exciting  current  consists  of  a  fundamental  and  a  fifth  harmonic 
as  shown  in  Fig.  419  and  by  equation  (765). 

J.  =  100  sin  (o)<  -  5°)  +  15  sin  (5w<  +  28°)  (765) 

The  third  harmonic  produced  by  the  hysteresis  distortion 
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appears  in  the  voltage  wave  to  neutral.  The  components  of  the 
voltage  to  neutral  wave  are  shown  in  Fig.  420  and  expressed  by 
equation  (766). 

»6  «  lOOmn  (w<  -  26^)  +  448in  (3arf  +  98^  (766) 

In  the  star  connection  the  third  harmonic  can  not  exist  in  the 
current  and  hence  only  the  fifth  harmonic  appears  in  the  exciting 
current  while  the  third  harmonic  appears  in  the  voltage  to  neutral 
wave.  Since  the  voltage  between  the  mains  is  the  vector  dif- 
ference of  the  voltages  of  each  pair  of  circuits  the  third  harmonics 
in  the  circuits  neutralize.    This  may  be  illustrated  graphically 


y, 
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Fig.  420. 

by  the  diagram  in  Fig.  421.  Let  the  triangle  ABC  represent 
the  balanced  voltage  between  the  mains.  If  the  voltage  to 
neutral  is  also  a  sine  wave  the  lines  OA,  OB,  OC  with  0  as  the 
center  represent  the  corresponding  circuit  voltages.  With  a 
third  harmonic  in  the  three  circuits  the  neutral  point  may  be 
represented  by  the  point  N  revolving  around  0  with  a  triple 
frequency.  The  corresponding  magnetic  flux  wave  and  hystere- 
sis cycle  are  shown  in  Fig.  422. 

If  the  neutral  of  the  generator  be  connected  to  the  neutral  point 
in  the  star-connected  transformers  then  the  point  N  in  Fig.  421 
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is  fixed  and  coincides  with  the  center  0.  Under  these  conditions 
there  can  be  no  third  harmonic  in  the  voltage  to  neutral,  but  a 
current  of  triple  frequency  flows  in  the  neutral.  In  Fig.  423  is 
shown  the  circuit  diagram  and  connections  for  the  oscillograph, 
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with  the  corresponding  oscillograms.  Vibrator  No.  1  gives  the 
voltage  to  neutral;  vibrator  No.  2  the  voltage  between  mains; 
vibrator  No.  3  the  exciting  current;  and  vibrator  No.  4  the  cur- 
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rent  in  the  neutral.  With  the  neutral  connected,  the  hysteresis 
distortion  produces  a  triple  harmonic  ciu*rent  in  the  neutral, 
which  is  the  smn  of  the  three  triple  harmonics  in  the  exciting 
currents  of  the  three  transformers. 
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As  a  third  illustration  of  the  effect  of  traDsformation  connec- 
tions on  the  wave  shapes  in  three-phase  circuits  take  the  star- 
star-delta  connection  as  shown  in  the  circuit  diagram  of  Fig.  424. 
The  star-connected  generator  is  again  connected  to  the  low-ten- 
sion side  of  the  three  star-connected  transformers,  and  the  neu- 
tral is  left  open.  The  high-voltage  sides  of  the  transformers  are 
connected  in  delta  and  without  load.     As  indicated  in  the  dia- 
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gram,  Fig.  424,  vibrator  No.  1  gives  the  voltage  to  neutral; 
vibrator  No.  2  the  voltage  between  mains;  vibrator  No,  3  the 
line  current;  and  vibrator  No.  4  the  delta  current.  The  corre- 
sponding oscillograms  show  that  the  two  voltages  have  only 
slight  distortions  while  the  fifth  harmonic  appears  in  the  line 
current.  The  third  harmonic  required  by  the  hysteresis  distor- 
tion is  supplied  by  the  current  of  triple  frequency  flowing  in  the 
secondary  delta  connection  of  the  transformers.  From  the  above 
it  is  apparent  that  while  the  hysteresis  of  the  iron  introduces  a 
third  and  a  fifth  harmonic  the  phase  connections  largely  deter- 
mine whether  the  distortion  shall  appear  in  the  current  or  vol- 
tage waves.' 

2.  Pidsaling  Condensance. — Within  ordinary  voltages  the  prop- 
erties of  the  generally  used  dielectrics  remain  fairly  constant  and 
do  not  show  any  marked  variation  of  the  condensance  of  the  cit- 

'A.  I.  E.  E.,  Proc.,  XXXIII,  763,  771,  785,  791,  1153. 
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CTiit.  Leaky  condensers,  polarization  cells  and  possibly  dielectric 
hysteresis  cause  a  distortion  similar  to  that  of  magnetic  hysteresis. 
The  magnitude  of  such  distortion  is,  however,  comparatively 
small  and  of  Uttle  commercial  importance.  With  higher  voltages, 
particularly  imder  conditions  producing  the  corona  or  brush  dis- 
charge, air  as  a  dielectric  undergoes  periodic  changes  that  cause 
important  pulsations  in  the  condensive  reactance  as  well  as 
marked  variations  in  the  insulating  properties  of  the  material 
surrounding  the  conductor.  The  dielectric  strength  of  air  and 
the  law  of  the  corona  are  discussed  in  Chaps.  XIX  and  XX. 


K^l5 
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Fig.  424. 


It  was  explained  how  the  corona  appeared  only  during  that  part 
of  the  voltage  cycle  when  the  instantaneous  voltage  exceeded 
the  critical  valve.  It  was  also  noted  that  the  positive  and  nega- 
tive halves  of  the  voltage  wave  do  not  produce  similar  corona 
effects.  Since  the  extent  of  the  corona  is  affected  by  such  factors 
as  the  shape,  size  and  distance  apart  of  the  conductors,  the  tem- 
perature, barometric  pressxure  and  moisture  of  the  atmosphere, 
etc.,  it  is  evident  that  the  effects  upon  a  commercial  system 
operating  \mder  varjring  conditions  may  be  difficult  to  determine. 
However,  the  presence  of  the  corona  increases  the  condensance 
and  leakage  loss  of  the  system  and  hence  causes  a  pulsation  in  the 
condensive  reactance.     As  the  variation  is  not  the  same  for  sue- 
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cessive  half  waves  this  pulsation  may  introduce  even  harmonics 
into  the  circuit. 

In  the  same  manner  as  magnetic  hysteresis  produces  distortion 
primarily  in  the  exciting  current  of  iron-clad  circuits,  so  the  pulsa- 
tions of  the  condensive  reactance  primarily  introduce  pulsations 
in  the  charging  current  of  the  circuit.  If  the  condensance  or 
charging  current  is  of  sufficient  relative  magnitude,  secondary 
effects  may  cause  distortions  in  the  voltage  wave.  Moreover, 
the  connections  of  the  circuits  in  pol3rphase  systems  may  shift 
the  distortion  in  much  the  same  manner  as  was  explained  for 
pulsations  of  inductive  reactance. 

3.  Pvhaiing  Resistance, — ^As  a  rule  the  pulsations  in  reactance 
are  accompanied  by  similar  pulsations  in  the  resistance.     This  is 
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indicated  by  the  hysteretic  angle  of  advance  in  iron-clad  circuits 
having  a  pulsation  of  inductive  reactance;  and  similarly  in  the 
dielectric  by  pulsations  in  the  leakage  current  coincident  with 
the  appearance  of  the  corona. 

Rapid  changes  in  the  temperature  of  a  conductor,  as  for  ex- 
ample, in  an  incandescent  lamp  filament,  cause  corresponding 
changes  in  the  resi  stance.  Thus  in  Fig.  425  are  shown  oscillograms 
of  the  sine  voltage  wave  impressed  upon  the  terminals  of  a 
tungsten  incandescent  lamp,  and  the  current  waves  flowing  in 
the  lamp.  Vibrator  No.  1  gives  the  voltage  wave  and  vibrator 
No.  2  the  current  in  the  lamp.  The  distortion  consists  mainly 
of  a  third  harmonic.     While  periodic  changes  in  temperature 
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introduce  pulsations  in  the  resistance  of  solid  conductors,  the 
distortion  of  the  wave  shapes  is  small  under  commercial  condi- 
tions and  as  a  consequence  of  little  importance. 

The  most  important  example  of  a  synchronously  pulsating  re- 
sistance is  the  alternating-current  arc.  In  a  gaseous  conductor 
the  resistance  decreases  with  an  increase  of  current,  being  high 
for  small  currents  and  low  for  large  currents.  The  gaseous  con- 
ductor between  the  carbons  or  metallic  electrodes  of  an  arc  lamp 
has  a  rapidly  varjdng  resistance,  pulsating  at  double  the  fre- 
quency of  the  current.  Assuming  that  the  current  flowing  in  the 
arc  is  a  sine  wave,  and  that  the  fluctuations  of  the  resistance 
vary  inversely  with  the  current,  the  circuit  relations  may  be  ex- 
pressed as  in  equations  (761)  to  (769). 

t  =  "I  sin  (wO  =  V2I  sin  (cat)  (767) 

r  =  ro(l  +  fc  cos  2(d)  (768) 

e  ^  ri  =  V^Iro  sin  (coO(l  +  k  cos  2cd) 

=  V2roj[(l  -  I)  sin  («0  +  |  sin  3(co0]  (769) 

The  distortion  of  the  voltage  wave  therefore  consists,  under 
the  given  assumption,  of  a  third  harmonic  in  phase  with  the  fun- 
damental when  passing  zero  value,  and  hence  180"^  out  of  phase  at 
the  maximum  value  of  the  fundamental.  This  is  illustrated  in 
Fig.  426  for  the  following  values  of  current  and  resistance: 

t  =  10  sin  (cot)  (770) 

r  =  4(1  +  0.6  cos  2coO  (771) 

e  =  28(sin  co«  +  0.43  sin  S<d)  (772) 

With  a  sine  wave  of  current  the  voltage  wave  becomes  double- 
p)eaked,  having  an  abrupt  rise  near  the  zero  value  of  the  current. 
Conversely,  if  a  sine  wave  of  voltage  is  impressed  across  the 
terminals  of  the  arc  the  resulting  current  wave  in  the  arc  is 
peaked  at  the  maximum  points  and  flat  near  the  zero  values  of 
the  voltage.  While  the  assumption  of  a  variation  in  the  resist- 
ance inversely  proportional  to  the  current  illustrates  the  main 
feature  of  the  phenomenon,  the  relations  in  the  actual  arc  are 
much  more  complex.  Many  factors  affecting  the  resistance 
variation  are  diflicult  to  determine.  The  material  used  in  the 
electrodes  radically  modifies  the  resistance  variation.     A  cored 
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or  impregnated  set  of  carbons  gives  an  entirely  different  law  of 
resistance  variation  than  would  apply  to  hard  carbons  or  for 
carbides;  similarly  different  metals  or  electrodes  radically  change 
the  resistance  of  the  arc.  The  temperature  of  the  surrounding 
space,  the  vaporization  point  of  the  materials  in  the  electrodes, 
the  size  and  shape  of  the  electrodes,  enclosed  or  open  condi- 
tion of  the  arc,  length  of  the  arc,  current  density,  frequency  and 
wave  shape  of  the  current  or  of  the  impressed  voltage  and  other 
factors  affect  the  resistance  and  may  produce  an  infinite  variety 
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of  resistance  fluctuations.  In  all  this  diversity  of  electric  arc 
phenomena  the  double-peaked  nature  of  voltage  wave  is  the 
most  important.  This  characteristic  is  so  marked  that  if  in  an 
investigation  of  an  electric  circuit  by  the  oscillograph  such  wave 
shapes  are  found,  the  existence  of  an  arc  or  arcing  ground  may 
be  suspected.  It  is  of  special  importance  in  high-tension  sys- 
tems since  any  arc  or  arcing  ground  is  a  roost  fruitful  source  for 
high-frequency  oscillations  producing  dangerous  voltages. 

(/)  Analysis  of  Wave  Forms. — First  Method. — ^A  number  of 
equally  spaced  ordinates  are  measured  on  the  half  wave  to  be 
analyzed.  The  number  of  ordinates  used  must  be  one  greater 
than  the  highest  harmonic.  Thus,  if  the  eleventh  harmonic 
is  the  highest,  twelve  equally  spaced  ordinates  are  selected  while 
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if  the  seventeenth  harmonic  is  the  highest,  eighteen  equally 
spaced  ordinates  must  be  measured.  These  measured  values 
are  tabulated  and  a  series  of  operations  performed  as  prescribed 
in  the  corresponding  chart'  for  the  number  of  ordinates  measured. 
In  this  way  the  numerical  values  of  the  sine  and  cosine  coeffi- 
cients are  derived  for  the  fundamental  and  each  of  the  harmonica. 
Having  the  values  of  the  sine  and  cosine  coefficients,  the  numeiv 
ical  values  may  be  substituted  in  the  equation.  As  this  deter- 
mines both  the  magnitude  and  phase  position  of  the  several 
component  waves  the  curves  may  be  plotted.  The  method  is, 
however,  laborious  and  requires  painstaking  care. 

Secojui  Method. — Several  mechanical  devices  have  been  invented 
for  analyzing  complex  waves,  that  operate  in  a  more  or  less 
satisfactory  manner.    The  Harmonic  Analyzer  by  Dr.  0.  Mader 


Fia.  427. 

is  an  excellent  example  of  a  simple  mechanical  contrivance  by 
which  the  complex  waves  may  be  rapidly  analyzed.  The  in- 
strument ia  shown  in  Fig.  427  in  connection  with  an  ordinary 
planimeter  for  obtaining  quantitative  values.  It  maybe  noted 
that  the  values  of  the  sine  and  cosine  coefficients  are  taken 
separately  for  each  of  the  component  waves.  After  the  limits  of 
the  carriage  movement  have  been  adjusted  to  the  size  of  wave 
to  be  analyzed  the  process  is  as  follows:  Select  the  proper  cog 
wheel  for  the  fundamental.  Place  the  podium  of  the  planimeter 
in  the  small  hole  marked  8  on  the  cog  wheel.  Move  the  point 
P  to  the  left  end  of  the  wave,  adjust  the  cog  wheel  to  the  zero 
position,  and  read  the  planimeter.  Next  let  the  point  P  trace 
the  complete  wave  and  return  to  the  starting  point  along  the 
X-axis  as  indicated  by  the  arrows  in  Fig.  427.  Again  read  the 
<  U.  S.  Bureau  of  StandArda,  £uU.  203,  Bedell  and  Pierce,  "Direct  and 
Alternating-current  Manual,"  p.  331. 
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planimeter.  The  difiference  of  the  two  planimeter  readings  gives 
directly  the  sine  component  of  the  coefficient  for  the  fundamental 
wave. 

To  obtain  the  cosine  component  merely  move  the  podium  of 
the  planimeter  to  the  small  hole  marked  c  on  the  cog  wheel; 
read  the  planimeter;  move  the  point  P  through  the  complete 
cycle  as  before;  again  read  the  planimeter.  The  difference  in  the 
two  planimeter  readings  gives  directly  the  cosine  component  of 
the  fundamental. 

For  any  of  the  harmonics  select  the  proper  cog  wheel  and  take 
similar  readings  for  the  sine  and  cosine  components.  The 
adjustments  can  be  made  quickly  and  the  readings  taken  rapidly. 
With  care  the  errors  wiU  be  less  than  5  per  cent.,  which  is  about 
the  accuracy  that  can  be  obtained  by  the  first  method. 

{g)  Effective  Values  of  Currents  and  Voltages  of  Distorted 
Wave  Shapes. — Since  the  effective  value  of  voltage  or  current 
represents  the  square  root  of  the  mean  square  of  the  instan- 
taneous values,  and  since  the  successive  cycles  are  alike,  the 
effective  values  may  be  expressed  by  (773). 


E 


="\2ir3- 


eH{(d) 


and 


-Wt 


•d(<d) 


(773) 


From  equations  (743)  and  (759) : 

e  =  "El  sin  (we  +  71)  +  "Ez  sin  (?(at  +  73) 

+  "Es  sin  {5<j)t  +  75)  +  etc. 

i  =  "I I  sin  {<at  +  71  ~  Bi)  +  "h  sin  (3co(  +  7»  —  ^») 

+  "1 6  sin  {5<at  +  75  —  ^b)  +  etc. 

From  calculus,  for  any  positive  integral  values  of  m  and  n: 
cos  mx  sin  nxdx  =  0 


(774) 


(775) 


—  » 


+  x 


cos  mx  cos  nxdx  = 


—   T 


+  r 


sin  mx  sin  nxdx  = 


-* » 


0  when  m  ^  n 
2ir  when  m  =  n  =  0 
T  when  m  =  n  >  0 

0  when  m  $  n 

0  when  m  =  n  =  0 

IT  when  m  =  n  >  0 


(776) 
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and  it  is  evident  that  in  the  integration  of  e^dt  and  i^dtj  all  terms 
except  those  that  contain  a  sine  squared  are  equal  to  zero 
Hence, 

E  =  'y/^J^J^M)^  ViCEi^  +  "E,^  +  "E,^  .   .   .  etc. 

=  Ve?'+E?~+E?  +   .    .    .  etc.  (777) 

and 

I   =  yj^^iy^iv^t)^  VWh^  +  "W  +  "It")  +   .    .    .  etc. 

=  ViTT/TTT?  +   .    .    .  etc.  (778) 

Graphical  Method. — The  effective  value  of  a  complex  voltage 
or  current  wave  may  be  f oimd  graphically  without  the  necessity 
of  analyzing  the  curve  into  the  component  harmonics.  The  half- 
wave  cycle  is  plotted  in  polar  coordinates  and  the  area  of  the 
curve  obtained  by  means  of  a  planimeter.  Draw  a  circle  having 
the  same  area.  Then  the  diameter  of  this  circle  is  equal  to  the 
maximum  value  of  the  equivalent  sine  wave.  The  effective 
value  is  therefore  -\/2fi,  where  R  is  the  radius  of  the  circle. 
Fairly  accurate  results  may  be  obtained  even  without  the  aid 
of  a  planimeter,  as  a  circle  of  approximately  the  same  area  can 
readily  be  drawn  over  the  polar-wave  diagram. 

(h)  Form  Factor,  Curve  Factor,  Peak  Factor,  Harmonic 
Factor  and  Distortion  Factor  for  Complex  Waves. — Form  Fac- 
tor.— ^The  form  factor  is  the  ratio  between  the  effective  and  aver* 
age  values.  The  average  value  may  be  found  by  plotting  the 
wave  in  rectangular  coordinates,  obtaining  the  area  by  means  of 
a  planimeter  and  dividing  the  area  by  the  base,  thus  obtaining 
an  average  ordinate.    For  sine  waves  the  form  factor  =  1.11. 

Curve  Factor. — The  curve  factor  is  the  ratio  between  the  effec- 
tive values  of  the  complex  wave  and  of  the  fundamental. 

Curve  factor  =  #  =  V^.^  4-^,^  +  ^.^  +  ■  __,  ^,,,^ 

Peak  Factor. — ^The  peak  or  crest  factor  is  the  ratio  between  the 
maximum  and  the  effective  values. 

Peak  factor  =  -7-         "^  =     (780) 

This  ratio  is  of  importance  in  the  study  of  corona,  insulation 
tests,  etc. 
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Harmonic  Factor, — The  harmonic  factor  is  the  ratio  of  the 

effective  value  of  all  the  harmonics  to  the  effective  value  of  the 

fundamental. 

y/Ez^  +  Ei^  +  E-t^  + 
Harmonic  factor  = j^^ '- —      (781) 

Distortion  Factor. — The  distortion  factor  is  the  ratio  of  the 
effective  value  oi  the  first  derivative  of  the  wave,  with  respect 
to  time,  to  the  effective  value  of  the  first  derivative  of  the 
equivalent  sine  wave.  If  a  condenser  is  connected  across  the 
terminals  of  a  circuit  having  a  complex  voltage  wave  the  current 
flowing,  /,  is  greater  than  for  a  simple  sine  wave  of  effective 
value  equal  to  the  equivalent  effective  value  of  the  complex 
wave.  The  true  reactance  of  the  condenser  at  the  frequency  of 
the  fundamental  is: 

cXi  =  f-'  (782) 

ii 

The  apparent  reactance  for  the  complex  wave  is: 

VE^'  +  Ez''+E,'+   .    .    . 

Distortion  factor  =  —  (784) 

(i)  Power  in  Circuits  with  Distorted  Current  and  Voltage 
Waves.  Equivalent  Sine  Wave.  Power  Factor. — The  power 
delivered  in  a  circuit  is: 

P  =  ^J  eidt  (785} 

Substituting  the  values  of  e  and  i  from  (774)  and  (775)  and 
integrating  the  product,  all  terms  vanish  except  those  containing 
a  sine  squared,  in  the  same  manner  as  for  the  effective  values  of 
voltage  and  current. 

P  =  J("Bi"/i  cos  e  1+  ^Bs'/s  cos  Bz  +  "EfTh  cos  ^5  +  ... ) 
=  EJi  cos  ^1  +  EsJg  cos  ^3  +  EJf,  cos  ^5  +  .  .  .  (786) 
=  Pi  +  Pa  +  ft  +  etc.   .    .    . 

It  is  important  to  note  that  as  regards  the  power  all  the  har- 
monics are  independent  of  each  other.  The  current  of  any  har- 
monic is  wattless  with  respect  to  the  pressures  of  all  other  har- 
monics. Each  harmonic  has  its  own  power  factor  and  each 
foUows  independently  the  same  laws  as  already  explained  for 
simple  sine  waves.  The  total  power  is  the  summation  of  the 
powers  of  the  several  harmonics.     Hence  each  harmonic  may  be 
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treated  by  itself  and  the  effects  calculated  separately  by  the  laws 
and  graphic  constructions  already  deduced.  In  conunercial 
work  the  wave  shape  is  seldom  known  with  any  close  degree  of 
exactness.  The  analysis  of  waves  is  a  tedious  process  and  the 
power  and  power  factor  are  usually  determined  by  the  wattmeter, 
voltmeter  and  ammeter  readings.  It  is  generally  assumed  that 
the  actual  conditions  may  be  represented  by  an  equimlent  sine 
wave  of  current  and  voltage  and  that  the  power  factor  is  the  ratio 
of  the  watts  to  the  volt-amperes. 

P  ^  EI  cose  ^  rP  (787) 

In  equation  (787)  r  is  the  effective  resistance,  /  the  equivalent 
sine  current  wave  and  cos  6  the  measured  power  factor. 

From  (777),  (778)  and  (789)  and  considering  the  effective 
resistance  constant  for  all  frequencies: 

cos  6  =  r=-  ^  r     ,  -  (788) 

-'+(-^-;fe)'  -'+(^-^-3^)'  -'+(^-^--6^)' ;;^ 

Ex^  cos^  ^1  +  Ez^  cos^  ^3  +  E^^  cos^  ^s  +   .  7~7  .^^^. 


4 


-4 


Ei^  +  Ez^  +  E,^+   .    .    . 

It  should  be  noted  that  while  the  resistance  is  constant  for 
all  frequencies  (in  all  cases  to  which  the  above  equations  apply) 
the  reactance  is  affected  by  the  frequency,  and  hence  the  relative 
value  of  the  reactances  for  the  several  frequencies  depends  upon 
whether  the  circuit  is  inductive  or  condensive.  If  Xn  be  the 
reactance  for  the  nth  harmonic,  its  value  is  given  in  equation 
(791)  in  terms  of  the  fundamental  frequency  and  the  inductance 
and  condensance  of  the  circuit. 

1  eXl 

Xn  =  no)L  -  —y^  =  n,xi  -  —  (791) 

nwC  n 


Hence, 


Xz  =  3iXi r^;  X6  =  5^X1 ^;  etc.  (792) 

tan  fl,  =  y  =  -  -  -  ^:^^  (793) 

Vr*  +  Xn*  ^»  ^* 
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(j)  Resonance  in  Circuits  with  Distorted  Current  and  Voltage 

Waves.— Since  any  complex  wave  may  be  separated  into  a  series 
of  sine  waves  of  multiple  frequency,  and  each  harmonic  acts  inde- 
pendently, the  effect  of  a  distorted  voltage  wave  is  equivalent  to 
the  resultant  of  the  component  sine  waves.  While  the  induct- 
ance and  condensance  are  constant,  the  inductive  and  condensive 
reactances  are  different  for  the  several  harmonics.  For  reso- 
nance the  inductive  and  condensive  reactances  or  susceptances 
must  be  equal.  Hence  resonance  can  occur  only  for  one  fre- 
quency.   This  is  illustrated  in  Fig.  428.    A  voltage  wave  repre- 


/^    JO    jj-  ^o    ^fS"    SO    rs   60     «<r   yc    rr   #« 

Fig.  428. 


sented  by  equation  (795)  was  impressed  on  one  end  of  an  artificial 
transmission  line  with  the  ammeter  and  voltmeters  connected  as 
shown  in  the  circuit  diagram. 

e  =  100  sin  (coO  -  28.2  sin  (ScoQ  -f  6.4  sm  (6«0       (795) 

By  varying  the  frequency  of  the  impressed  voltage  and  reading 
the  charging  current  at  the  generator  end  and  the  voltage  at  the 
receiver  end  the  data  for  the  two  curves  were  obtained.  The 
natural  period  of  the  line  was  223  cycles.  Note  the  increase  in 
cl  and  Er  when  /  =  44.5  and  for  /  =  74.  Also  that  44.5  X  5  = 
222.5;  and  74  X  3  =  222.     That  is  for  /  =  44,5,  the  ckcuit  was 
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in  resonance  with  the  fifth  harmonic  and  for/  »  74,  resonance  was 
produced  by  the  third  harmonic.  The  increase  is  approximately 
proi>ortional  to  the  relative  magnitude  of  the  two  harmonics  in 
the  impressed  voltage  wave. 

It  should  also  be  noted  that  for  some  frequencies  the  current 
may  be  leading  for  one  harmonic  and  lagging  for  another.  Thus 
for  frequencies  giving  resonance  for  the  third  harmonic, 

a:,  =  3coL  -  ^  =  S.Xi  -  y  =  0  (796) 

At  this  frequency  the  fundamental  has  a  leading  current,  since 

1 


Xi  =  coZ/  — 


co< 


must   be   negative  and  therefore  condensive;  while  the  fifth, 
seventh,  etc.,  harmonics  must  have  lagging  currents  since 

Zi  =  5i;ti  — ^]  Xt  =  7  L^i  — =-;  etc. 

are  positive  and  therefore  inductive. 

(k)  The  Standard  Wave  Form. — In  small  plants  operating  at 
low  potential  the  current  and  voltage  wave  forms  are  of  minor 
importance.  As  this  was  the  general  condition  in  the  early  de- 
velopment of  the  electrical  industry  little  attention  was  given  to 
wave  forms.  The  vast  extension  of  electrical  distribution  sys- 
tems, the  development  of  enormous  central  stations  and  the  neces- 
sity of  operating  long-distance  transmission  lines  at  high  poten- 
tials demand  very  careful  attention  to  all  factors  that  may  pro- 
duce wave  distortion. 

Two  requirements  may  be  considered  as  fundamental  for  the 
wave  form  in  constant-potential  systems: 

(1)  In  parallel  operation  the  waves  generated  should  be  equal 
at  all  instants  so  as  to  avoid  cross-currents. 

(2)  The  differentials  and  integrals  of  the  curve  should  have 
the  same  shape  as  the  generated  wave. 

For  alternating  currents,  generated  by  rotating  machinery, 
both  requirements  are  met  by  the  simple  sine  wave.  Consider 
the  two  voltage  waves  in  Fig.  429,  an  oscillogram  taken  from  two 
small  generators  (35  and  60  kv.a.)  operating  in  parallel  in  an 
isolated  plant.  Machine  No.  1,  ei,  gives  almost  a  simple  sine 
wave  while  in  machine  No.  2,  ej,  both  the  third  and  fifth  harmon- 
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ics  are  present.  It  is  evident  that  for  all  instants  during  which 
the  two  waves  are  not  equal  the  difference  in  the  voltages  cause 
cross-currents  to  flow  through  the  two  armatures.     The  addi- 


FiG.  429. 


Fig.  430. 


tional  RP  losses  reduce  the  efficiency  and  also  raise  the  tempera- 
ture above  the  value  which  would  obtain  for  the  same  load  if 
the  machines  operated  independently.  Since  the  permissible 
output,  or  rating,  of  well-designed  electrical  machines  is  based 
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on  the  temperature  rise,  the  crosscurrents  reduce  both  the  rating 
and  the  efficiency  of  the  alternator*  In  Fig.  430  is  shown  an 
oscillogram  of  two  larger  units  (500  and  1,500  kv.a.)  operating 
in  parallel  on  the  same  busbars.  Machine  No.  1,  ei,  has  a 
marked  eleventh,  and  machine  No.  2,  62,  has  a  strong  twenty- 
fifth  harmonic,  and  instantaneous  values  of  the  two  waves  differ 
at  most  points. 

In  the  induction  motor  the  harmonics  are  likewise  imdesirable. 
In  a  rotating  field  the  fundamental  alone  produces  the  useful 
torque,  while  the  harmonics  increase  the  losses  and  may  cause 
undesirable  stresses  on  the  dielectric. 

As  already  explained  the  harmonics  may  produce  entirely  dif- 
ferent effects  from  the  fundamental  while  passing  through  an 
extensive  distribution  system.  For  instance,  resonance  condi- 
tions for  one  harmonic  in  some  section 

of  the  system  may  greatly  magnify  the    ■— Tf-j'AA^MAWr^ 
distortion    and    cause   excessive   pres-         1  ^^^m 

sures  or  abnormally  large  currents. 

The  basis  for  the  second  requirement 
is  found  in  the  fundamental   law   of  Fig.  431. 

magnetic  and  dielectric  induction,    as 

may  be  readily  seen  from  equations  (799)  and  (800).  In  a 
simple  series  circuit  Fig.  431,  the  instantaneous  voltage  is: 

^  di       S  *^^ 

e  =  n+L^  +  -=^      (799) 


I 


r  For  a  simple  parallel  circuit,  as  in  Fig. 
432,  the  instantaneous  current  is: 


^edt 


e  .    y^'  .    ^de 


Fig.  432.  *"==;  + ^  +  ^  d«        ^^^^ 

Letting  i  =  "/  sin  {o)t)  for  equation  (799),  and  similarly  e  = 
"E  sin  (wO  for  equation  (800),  the  total  voltage  and  current 
waves  are  of  the  same  simple  sine  form,  of  the  same  frequency 
and  are  merely  displaced  in  time-phase  position.  For  any  other 
wave  form  there  is  distortion  so  that  the  total  voltage  wave  in 
(799)  is  not  of  the  same  shape  as  the  current;  nor  is  the  total 
current  wave  in  (800)  like  the  impressed  voltage. 

The  chief  unavoidable  factor  producing  distortion  in  the  wave 
forms  is  the  variable  permeability  of  iron.     The  effect  is,  of 
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course,  greatest  in  iron-clad  circuits.  Many  other  causes,  which 
offer  a  constant  menace  to  satisfactory  operation,  are  often  pres- 
ent in  commercial  systems  due  to  faulty  design  or  construction. 
The  generated  voltage  wave  should  approximate  very  closely  the 
standard  sinusoidal  form,  and  the  S3rstem  should  be  so  con- 
structed as  to  eliminate  as  completely  as  possible  all  sources  of 
wave  distortion. 

PROBLEMS 

1.  A  generator  having  an  efifective  inductance  of  0.01  henry  and  a  resist- 
ance of  0.1  ohm  is  connected  to  a  series  circuit  consisting  of  a  10  m.f.  con- 
denser, a  0.1  henry  inductance  and  a  10  ohm  resistance.  The  generated 
wave  of  the  generator  is  represented  by 

Co  =  100  sin  u;«  -[-  20  sm  (Zwt  +  30**)  +  10  sin  (5wl  +  15**) 
The  frequency  is  60  cycles  per  second  for  the  ftmdamental.     Plot  waves  of 
current  and  voltage  across  the  inductance  in  rectangular  coordinates. 

2.  What  are  the  effective  voltages  across  each  unit  in  the  series  circuit? 
What  is  the  effective  current?  What  is  the  average  power?  What  is  the 
relation  between  the  cosine  of  the  angle  of  phase  difference  between  funda- 
mental current  and  terminal  voltage  and  the  average  power  divided  by  the 
effective  volt-amperes? 

8-  In  Fig.  432  let       Co  =  100  sin  «?<  -f  30  sin  (5wt  -f  15") 

r  a=  10  ohms 

L  =  0.1  henry 

C  =  100  m.f. 

/  =  60  cycles 
(a)  Find  Eo,  Jt  Jy  r/,  and  /o. 
(6)  Write  the  equation  for  io. 
(c)  Plot  curves  in  rectangular  coordination  for  e  and  i. 

For  Experiments  see  page  551. 


CHAPTER  XXIV 

PROTECTIVE  APPLIANCES 

In  all  electric  plants  safety  devices  are  installed  for  protection 
against  abnormal  conditions.  Even  under  normal  operating 
conditions  the  stresses  may  vary  greatly  under  changes  of  load, 
and  especially  while  starting  or  stopping  machines,  may  reach 
several  times  the  average  values.  The  extent  of  this  variation 
may  be  calculated  and  the  maximiun  stresses  must  be  provided 
for  in  the  design  of  the  apparatus.  Auxiliary  apparatus,  like  start- 
ing autotransformers,  are  used  to  lower  the  impressed  voltage; 
and  circuit-breakers  and  fuses  are  inserted  to  protect  against 
excessive  currents.  Speed  control  is  centered  in  the  governor  of 
the  prime  mover.  Any  changes  in  the  load  must  be  balanced 
by  a  similar  change  in  the  amount  of  energy  supplied  by  the 
prime  mover.  The  action  of  the  governor  can  not,  however,  be 
instantaneous  and  there  will  always  be  a  certain  lag  in  the  adjust- 
ment of  the  energy  delivered  by  the  generator  to  the  amount 
received  by  the  load.  Hence  after  a  decrease  in  load  the  gen- 
erators and  motors  receive  more  energy  than  is  delivered;  and 
conversely,  for  an  increase  in  the  load  the  amount  delivered  is 
greater  than  that  received.  The  difference  must  be  stored  in  or 
taken  from  the  system  and  causes  changes  chiefly  in  the  kinetic 
energy  of  the  rotating  machinery.  Any  change  in  the  load  must, 
therefore,  be  counteracted  by  rapid  and  effective  action  of  the 
governor  of  the  prime  mover  in  order  to  obtain,  as  nearly  as  pos- 
sible, the  constant  speed  required  for  constant  frequency. 

Abnormal  conditions  are,  of  course,  transient  phenomena, 
and  an  extended  discussion  does  not  come  within  the  scope  of 
this  book.  However,  a  brief  statement  of  two  important  groups 
of  dangerous  disturbances  will  be  given  in  order  that  one  may 
more  readily  understand  the  limitations  imposed  on  operating 
conditions  for  alternating-current  systems. 

(a)  Lightning. 

(6)  Short-circuits  and  arcing  grounds. 

(a)  Lightning. — ^Lightning  is  a  complex  phenomenon  and  for 
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many  of  its  manifestations  no  satisfactory  explanations  have  been 
found.    Several  factors,  however,  have  been  determined  with 
sufficient  accuracy,  so  that  apparatus  can  be  constructed  that 
effectively  protect  electric  systems  against  damage  from  lightn- 
ing disturbances,  except  in  extreme  cases.     The  thunder-cloud, 
the  earth  and  the  intervening  air  form  a  gigantic  dielectric  circuit, 
or  condenser.    The  voltage  difference  between  the  earth  and  the 
cloud  becomes  very  great,  often  reaching  millions  of  volts  before 
a  disruptive  spark,  or  lightning  stroke,  suddenly  relieves  the  die- 
lectric stress.    The  discharge  is  oscillatory  with  frequencies  in 
the  hundreds  of  thousands  of  cycles  per  second.    The  time 
duration  of  the  stroke  is  extremely  short,  a  small  fraction  of  a 
second,  while  the  current,  and  especially  the  power  are  very  great, 
in  some  cases  probably  millions  of  kilowatts.    The  amount  of 
energy  released  from  the  dielectric  circuit,  and  suddenly  trans- 
formed into  light,  heat,  sound,  mechanical  work  and  chemical 
reactions,  varies  widely,  and  may  be  only  a  few  kilowatt-hours. 
It  is  the  extremely  rapid  rate  of  transformation  in  the  stroke  that 
makes  the  lightning  phenomena  so  destructive,  although  in  most 
cases  the  total  amount  of  energy  involved  may  be  comparatively 
small.     The  sudden  break  in  the  stress  on  the  electrically  elastic 
air  at  any  one  point  necessitates  a  readjustment  of  the  energy 
stored  dielectrically  under  the  whole  cloud.    This,  although  a 
secondary  effect,  may  produce  violent  disturbances,  that  may 
cause  damage  at  a  considerable  distance  from  the  actual  stroke. 
This  readjustment  may  cause  damage  far  away  from  the  light- 
ning discharge,  particularly  in  long-distance  transmission  lines, 
as  the  metallic  conductors,  insulated  from  the  ground,  provide 
special  rapid-transit  routes  for  equalizing  the  energy  distribution. 
The  lightning  cycle  may  be  described  as  consisting  of  three  stages: 

First — A  gradual  increase  in  the  difference  in  voltage  between 
the  earth  and  the  thunder-cloud  with  a  corresponding  increase 
in  the  stress  on  the  electrically  elastic  air,  and  in  the  amount  of 
dielectrically  stored  energy. 

Second. — ^When  at  any  time  and  place  the  spark-over  gradient 
is  reached,  a  lightning  stroke  follows.  A  large  portion  of  the 
dielectrically  stored  energy  in  a  limited  space  near  the  point  of 
discharge  is  transformed,  at  an  extremely  rapid  rate,  into  light, 
heat,  sound,  mechanical  work  and  chemical  reactions. 

Third. — A  rapid  readjustment  of  the  energy  distribution  in 
all  parts  of  the  complex  dielectric  system.     The  rate  of  readjust- 
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ment  is  greatest  nearest  the  point  of  discharge,  and  directly  after 
or  during  the  discharge. 

The  cycle  then  repeats:  a  gradual  increase  of  the  stress  until 
the  spark-over  gradient  is  reached;  a  sudden  release  of  the 
stress  with  energy  transformation;  and  a  rapid  readjustment  of 
the  energy  distribution  in  the  dielectric  system.  In  addition 
to  the  lightning  discharges  the  continuous  change  in  shape  of  the 
cloud  and  its  motion  relative  to  the  earth  produce  a  correspond- 
ing change  in  the  dielectric  circuit.  This  necessitates  a  continu- 
ous change  in  the  energy  distribution  whether  or  not  the  voltage 
gradient  be  sufficient  to  produce  a  spark  discharge.  The  rate  of 
change  in  the  form  and  in  space  position  of  the  cloud  is  relatively 
slow,  and  hence  the  corresponding  energy  changes  seldom  cause 
any  violent  distm-bances.  The  conductivity  of  the  cloud,  a 
variable  factor,  while  greater  than  that  of  the  intervening  air, 
is  much  less  than  for  metallic  conductors.  For  clouds  covering 
wide  areas,  only  the  energy  stored  in  a  limited  space  near  the  place 
of  discharge  is  released  by  any  one  lightning  stroke.  So  many 
variables,  as  the  shape  of  the  cloud,  its  distance  from  the  earth, 
the  contour  of  the  earth's  surface,  the  conductivity  of  the  space 
filled  by  the  cloud,  the  condition  of  the  air  between  the  cloud  and 
the  earth,  variations  and  changes  in  the  temperature,  humidity, 
wind,  precipitation,  and  similar  factors  make  general  quantitative 
calculations  impossible.  Hence,  although  the  nature  of  lightning 
phenomena  are  in  general,  known,  the  several  factors  that  enter 
into  the  problem  may  vary  widely,  and  the  local  conditions  of 
individual  transmission  lines  may  so  modify  any  specific  case, 
that  no  definite  predictions  can  be  made.  In  general,  lightning 
and  other  atmospheric  causes  produce  disturbances  of  very  high 
frequency  and  high  voltage,  and  may  be  of  any  degree  of  inten- 
sity according  to  the  proximity  of  the  discharge  to  the  circuit 
in  question. 

(6)  Shortrdrcuits.  Arcing  Grounds. — ^Frequently  the  internal 
disturbances  produce  a  breakdown  of  the  insulation  followed 
by  a  short-circuit,  or  an  arcing  ground.  Other  causes,  such  as 
the  sudden  operation  of  switches  or  circuit-breakers,  or  the  occur- 
rence of  resonance  may  also  produce  disastrous  results.  Usually 
the  disturbances  from  internal  causes  are  of  low  voltage  and  low 
frequency  but  often  of  very  large  current.  On  constant-potential 
systems  the  generators  and  prime  movers  automatically  tend  to 
hold  the  voltage  at  the  normal  value,  and  hence  under  short- 
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circuit  or  arcing  ground  conditions  enormous  currents  may  flow. 
With  the  entire  power  of  the  station  forcing  energy  into  the  break, 
the  results  may  be  very  destructive.  Intermittent  arcing  grounds 
are  especially  dangerous  because  they  impose  a  succession  of 
severe  strains  on  the  apparatus.  The  arc  may  start  oscillations 
of  almost  any  frequency,  and  it  is  therefore  extremely  dangerous 
since  it  may  cause  resonance  or  destructive  surges  in  almost 
any  system. 

Protective  Apparatus. — Whether  the  source  of  the  disturb- 
ance be  from  external  or  internal  causes,  or  a  combination  of  both, 
the  dangerous  abnormal  conditions  consist  of  high  voltages, 
excessively  large  currents  or  high  frequencies.  Since  these 
factors  all  refer  to  a  transient  flow  of  energy  the  abnormal  con- 
dition may  be  transferred  from  one  factor  to  another  in  passing 
through  parts  of  the  electric  apparatus.  Thus  a  high-frequency 
current  passing  through  an  inductive  reactance,  as  a  transformer 
winding,  generates  in  the  first  few  turns  an  abnormally  high 
voltage  that  may  puncture  the  insulation.  Although  most  of 
the  dangerous  disturbances  are  caused  by  external  forces,  as 
lightning  and  wind  storms,  and  first  affect  the  transmission 
line,  the  protective  appliances  are  installed  primarily  to  shield 
the  station  apparatus.  One  of  three  fundamental  ideas  underlies 
all  protective  installations: 

(a)  To  provide  a  low-resistance  path  to  ground  by  which  the 
energy  in  the  transient  may  be  removed  from  the  sjrstem; 

(5)  To  automatically  open  the  circuit  and  thus  cut  off  the 
portion  of  the  system  having  trouble;  or 

(c)  To  limit,  the  energy  flow  between  sections  of  the  S3rstem, 
until  the  short-circuited  portion  may  be  isolated. 

A.  Arresters. — The  first  type  deals  chiefly  with  high-voltage 
and  high-frequency  disturbances,  and  in  general  may  be  classified 
as  arresters.  While  a  great  variety  of  appliances  have  been  tried 
only  a  few  types  are  in  general  use:  namely, 

(a)  Special  ground  wire. 

(6)  Horn-gap  arresters. 

(c)  Reactors. 

(d)  Non-arcing  metal  arresters. 

(e)  Electrolytic  iarresters. 

(a)  Special  Ground  Wire. — Long-distance  transmission  lines 
are  often  provided  with  an  extra  wire  or  stranded  cable  support.ed 
on  the  tops  of  the  poles  above  the  regular  transmission  wires. 
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This  conductor  is  grounded  at  frequent  intervals,  preferably  at 
every  pole.  The  ground  is  thereby  brought  above  the  trans- 
mission line  and  hence  the  dielectric  stress  in  the  air,  due  to 
lightning  and  other  atmospheric  disturbances,  near  the  trans- 
mission wires  and  insulators  is  greatly  reduced.  Since  the  ground 
wire  is  parallel  to  the  transmission  wires  it  also  dampens  any 
impulses  or  surges  that  travel  along  the  line,  thus  aiding  the 
station  arresters.  Although  the  ground  wire  is  on  top  of  the 
transmission  line,  its  chief  service  is  to  prevent  external  disturb- 
ances from  reaching  the  station  apparatus,  the  protection  of  the 
transmission  line  itself  being  of  secondary  importance. 

(b)  Horn-gap  Arresters. — Two  curved  wires,  bending  away  from 
each  other,  as  shown  in  Fig.  433,  form  the  horn-gap  arrester.  One 
side  is  connected  to  the  line  wire,  and 
the  other  to  ground,  usually  in  series 
with  a  resistance  or  an  electrolytic  ar- 
rester. If  the  voltage  gradient  exceeds 
the  spark-over  value,  a  discharge  oc- 
curs across  the  narrowest  part  of  the 
gap  and  an  arc  is  formed.  The  path 
of  the  current  through  the  lower  por- 
tion of  the  horn-shaped  wires  and  the 
bridging  arc  is  in  the  shape  of  an  in- 
verted U,  and  the  magnetic  field  on  the 
inside  of  this  curve  forces  the  arc  up- 
ward, thereby  increasing  its  length, 
mitil  the  arc  breaks.  The  heat  liber- 
ated by  the  arc  produces  air  currents  that,  to  some  extent,  aid 
the  magnetic  forces  in  breaking  the  arc.  The  cycle  repeats  un- 
til the  voltage  gradient  in  the  gap  is  less  than  the  spark-overvalue. 

Since  the  arc  resistance  is  very  low,  if  one  side  of  the  gap  is 
connected  directly  to  ground,  the  discharge  becomes  a  short- 
circuit.  The  simple  horn  gap  is  therefore  not  used  alone  except 
in  special  cases  for  protection  against  such  violent  disturbances 
that  even  a  short-circuit  is  preferable.  At  places  of  special  dan- 
ger on  long  transmission  Unes,  as  where  the  line  crosses  a 
range  of  hills,  the  simple  horn-gap  arrester  is  sometimes  in- 
stalled to  guard  the  system  against  direct  strokes  of  lightning. 
For  this  service  the  horns  are  spaced  further  apart  than  at  the 
station  and  therefore  the  arrester  operates  only  for  disturbances 
of  exceptional  violence.     The  horn  gap  is  widely  used  in  connec- 
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tion  with  a  resietance  and  in  combination  with  reactors  and 
electrolytic  arreatera  to  give  the  desired  protection. 

(c)  Reactors. — Electrically,  reactors  are  merely  low  induct- 
ances that  may  be  connected  in  series  with  the  transmission- 
line  wires  where  they  enter  the  station.  Mechanically  the 
reactors  consist  of  a  few  turns  of  wire  arranged  in  a  spiral  or 
helical  form  with  sufficient  spacing  to  withstand  high  voltages. 
The  chief  fimction  of  the  reactor  is  to  prevent  any  high-fre- 
quency disturbance  on  the  line  from  entering  the  station.  Since 
the  reactance  of  the  reactor  is  directly  proportional  to  the  fre- 
quency, any  high-frequency  current  from  the  line  produces  hi^ 


Fia.  434.— Hourglass  type  of  reactor  arrester.     (Gen.  Bite.  Co.) 


voltages  across  the  reactor.  An  arr^ter  is  usually  coimected  be- 
tween the  ground  and  a  point  on  the  line  just  outside  the  reactor. 
The  high  voltage  produced  by  the  high-frequency  current  in 
the  reactor  operates  the  arrester  and  the  transient  eaer^  is 
shunted  to  ground. 

The  energy  content  of  these  transients  is  in  most  cases  small 
but  may  be  sufficient  to  produce  a  puncture  in  the  insulation. 
In  the  air-insulated  reactor  the  rupture  ia  automatically  re- 
paired, but  in  the  solid  insulation  of  the  transformer  windings 
the  breakdown  persists  and  the  normal  busbar  voltage  may  be 
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sufficient  to  enlarge  the  rupture  and  produce  a  ahortr-circuit  and 
burngut.  If  no  reactors  are  installed  it  is  customary  to  provide 
specially  heavy  insulation  on  the  terminal  turns  of  the  trans- 
former as  a  protection  against  the  high  voltages  induced  by  the 
transient  high-frequency  currents.  In  systems  having  long- 
distance transmission  lines  reactors  must  be  used  in  combina- 
tion with  extra  heavy  insulation  on  the  terminal  turns  of  the 
transformers. 


Three  types  of  commercial  reactors  are  shown  in  Figs.  434, 
435  and  436.  In  some  designs  the  inductances  of  the  three  types 
are  in  the  ratio  of  1 :5":50.  Where  still  larger  inductances  are 
required,  as  in  mountainous  districts  having  severe  thunder 
storms,  the  arresters,  of  the  pancake  type  are  enclosed  in  iron 
tanks  and  submerged  in  oil.  Pancake  types  are  at  the  present 
time  not  used  on  systems  above  25,000  volts. 

Reactors  do  not  dissipate  the  energy  in  the  high-frequency 
disturbance  but  merely  reflect  the  transient  back  on  the  trans- 
mission line.  Unless  a  path  to  ground  or  some  means  of  dissipat- 
ing the  energy  in  the  transient  is  provided,  the  disturbance 
b  transmitted  to  other  parts  of  the  system,  and  may  break 
through  the  insulation  at  some  other  point  or  surge  to  and  fro 
in  the  line  untO  dissipated  by  the  rP  losses.     In  order  to  remove 
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the  energy  in  the  high-frequency  disturbance  from  the  system  a 
path  to  ground  is  generally  provided  through*  a  Hghtning  arrester. 
The  reactors,  therefore,  are  merely  magneto-induction  bufieis 
that  reflect  the  high-frequency  disturbance  back  on  the  line. 
When  the  transient  is  reflected  the  voltage  rises,  and,  if  high 
enough,  the  lightning  arrester,  connected  to  the  line  close  to  the 
reactor,  operates  and  removes  the  energy  of  the  transient  from 
the  system. 


■-.  &  Mfg.  Co.) 

id)  Non-ardng  Mdal  Arresters. — When  a  discharge  occurs 
between  copper  electrodes,  a  vapor  stream  of  low  resistance 
bridges  the  gap.  The  high  resistance  of  the  air  gap  is  thus 
changed  into  a  fairly  good  conductor.  Similar  results  follow 
if  the  electrodes  are  made  of  other  metals.  But  if  certain  alloys 
of  zinc  are  used  as  terminals,  the  vapor  formed  by  spark-over  has 
a  rectifying  property  which  tends  to  prevent  the  ciurent  from 
flowii^  in  the  reverse  direction  during  the  next  half  cyclft 
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This  property  of  the  -so-called  non-arcing  metal  tends  to  limit 
an  altemating-cuin-ent  arc  to  one-half  cycle.  The  non-arcing 
jnetal  arrester  consists  essentially  of  a  series  of  knurled  cylinders 
of  a  non-arcing  alloy  separated  by  snmll  air  gaps.  In  general 
the  series  of  air  gaps  is  combined  with  resistances  in  order  to 
extend  the  voltage  range  of  the  arrester.  On  the  basis  of  these 
combinations  the  non-arcing  metal  arresters  may  be  divided 
into  four  groups: 

1.  A  series  of  gaps  between  non-arcing  metal  cylinders,  Fig.  437. 


FlO,  437. — Non-arcing  metal  cylinders.     Lightning  arrester. 

2.  Series  of  gaps  as  in  (1)  connected  in  series  with  a  resistance, 
Fig.  438. 

3.  Two  series  of  gaps  as  in  (1)  connected  in  series,  with  one  of 
the  sets  shunted  by  a  resistance. 

4.  Combination  of  groups  (2)  and  (3). 

Group  (1)  is  the  simplest  in  design,  but  can  be  used  only  on 
small,  low-voltage  plants,  upper  limit  500  kw.  and  2,600  volts. 
For  higher  voltage  the  rectifying  property  of  the  alloy  used  is 
not  sufficient  to  break  the  arc  if  once  formed.  In  group  (2)  the 
series  resistance  limits  the  current,  and  thereby  aids  the  gaps  in 
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breakii^  the  circuit.  This  type  may  be  used  on  plants  of  any 
capacity,  and  for  a  wide  ran^e  in  voltage,  usually  up  to  22,000 
volts.  It  may  be  used  to  advantage  on  higher  voltages  and  has 
given  satisfactory  service  on  33,000  volts.  The  series  resiatance 
must  be  increased  with  the  voltage  and  this  limits  the  initial 
discharge.  For  higher  voltages  the  protection  given  by  the 
arrester  is  reduced  as  the  apparatus  does  not  give  a  free  path  to 
ground  for  heavy  discharges. 


Fia.  438. — Kun-arcing  cylinders  in  series  with  resistance. 

In  group  (3)  the  advantages  of  group  (I)  are  extended  to  higher 
voltages  and  larger  stations.  A  free  path  to  ground  is  pronded 
for  the  initial  discharge  when  the  voltage  is  high  enough  to  arc 
across  both  sets  of  series  gaps.  The  resistance  forms  a  bypath 
and  thereby  the  voltage  across  the  shunted  gaps  is  reduced  until 
the  arc  goes  out.  The  resistance  then  reduces  the  power  current 
following  the  discharge  until  the  arc  is  broken  in  the  series  gaps. 

Group  (4)  is  the  complete  form  of  the  non-arcing  metal  arrester 
and  is  known  as  the  multigap  or  low-equivalent  type.    It  to^i' 


PROTECTIVE  APPLIANCES 


443 


be  used  in  stations  of  any  capacity  and  for  a  wide  voltage  range. 
While  this  type  is  still  used  extensively  it  has  been  largely  super- 
seded by  the  electroljrtic  arrester  on  high-voltage  systems. 
One  difficulty  in  using  the  multigap  arrester  on  high  voltages  is 
the  unequal  distribution  of  the  voltage  in  the  several  gaps  in  series. 
The  gap  nearest  the  Une  will  have  the  largest  and  the  gap  nearest 
the  ground  the  least  voltage  on  account  of  the  combination  of 
parallel  and  series  dielectric  circuits  between  the  metal  cylinders 
themselves  and  to  ground.  The  combination  of  series  and 
parallel  dielectric  circuits  is  similar  to  that  explained  in  detail 
for  string  insulators  in  Chap.  XX.  The  conditions  are  so  vari- 
able^ quantitatively,  in  different  installations,  due  to  the  dimen- 
sions of  the  dielectric  circuits  to  ground,  that  it  is  customary  to 
provide  an  adjustable  spark  gap  in  addition  to  the  series  of  non- 
arcing  metal  gaps,  by  which  the  spark-over  voltage  of  the  arrester 
may  be  adjusted  to  suit  the  conditions  of  each  installation. 

(e)  Electrolytic  Arresiers. — The  elemental  unit  in  the  electroly- 
tic arrester  is  a  cone-shaped  aluminum  tray  immersed  in  an  elec- 
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Pig.  439. — Volt-ampere  characteristic  curve  for  direct  currents. 


trolyte  and  so  placed  that  the  ciu-rent  flowing  in  the  electrolyte 
passed  through  the  tray.  The  current  passing  through  the 
aluminum  forms  a  thin  surface  layer  of  aluminum  hydroxide 
having  a  very  high  resistance.  For  higher  impressed  voltages 
the  hydroxide  film  becomes  thicker  and  the  resistance  increases 
up  to  a  critical  voltage.  For  pressures  above  the  critical  voltage 
the  hydroxide  film  breaks  down  and  the  high  resistance  is  then 
removed  from  the  circuit.  While  the  range  between  partial  and 
complete  breakdown  of  the  hydroxide  layer  is  small  the  critical 
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voltage  is  a  fairly  definite  value,  as  shown  by  the  sharp  bend  in 
the  curves  in  Figs.  439  and  440.  It  is  affected  by  the  electroljrte 
used,  the  wave  shape  and  other  factors.  If  the  current  passes 
through  several  trays  in  series,  the  total  resistance  and  likewise 
the  total  breakdown  voltage  is  increased  in  proportion  to  the 
number  of  trays.  Arresters  designed  for  service  on  high-voltage 
systems,  therefore,  have  a  sufficient  number  of  trays  arranged  in 
series  so  that  the  voltage  per  tray  is  less  than  the  critical  voltage. 
For  alternating  currents  it  is  customary  to  let  the  normal  operat- 
ing voltage  be  300  volts  or  less  per  tray.  Hence,  for  a  system 
having  44,000  volts  to  neutral  the  electrolytic  arrester  should 
have  at  least  150  trays. 
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Fig.  440. — ^Volt-ampere  charactersitic  curves  for  alternating  ctirrents. 


The  shape  and  arrangement  of  the  aluminum  trays,  the  space 
filled  by  the  electrolyte,  the  oil  insulation  and  terminal  leads 
are  shown  in  Figs.  441  and  442.  The  oil  insulates  the  trajrs, 
conducts  away  the  heat  and  prevents  evaporation  of  the  elec- 
trolyte. It  also  prevents  the  electrolyte  from  splashing  out  of 
the  tray  during  discharges.  The  shape  of  the  tray  is  usually 
conical  or  a  double  cone  for  large  sizes,  but  always  so  designed 
that  gas  bubbles  formed  during  the  discharge  may  escape.  To 
provide  a  path  of  sufficiently  low  resistance  so  as  to  afford  the 
required  freedom  of  discharge  when  the  high-voltage  disturbance 
disrupts  the  hydroxide  films,  the  cross-sectional  active  tray  areA 
is  from  90  to  100  sq.  in. 

With  the  arrester  connected  to  the  line  a  small  current  flows 
below  the  critical  voltage  as  indicated  by  the  curves  in  Fig& 
439  and  440.  For  direct  currents  this  is  strictly  a  leakage  cur- 
rent.    For  alternating  currents  the  susceptanoe  formed  by  the 
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alumiiium  trays  takee  a  chai^ng  current  in  addition  to  the 
leakage  through  the  resistance  of  the  hydroxide  films.     The 
leakage  current  wastes  energy  which,  if  flowing  continuously, 
heats  the  electrolyte  to  a  tempera- 
ture that  may  impair  the  effective- 
ness of  the  arrester.    To  eliminate 
both  the  enei^  loss  and  iindesirable 
rise  in  temperature  a  horn  gap  is 
installed  between  the  electrolytic  ar- 
rester and  the  line  as  shown  in  Fig. 
443a. 

The  formation  of  a  uniform  and 
continuous  hydroxide  film  requires 
great  care  and,  moreover,  the  hy- 
droxide film,  once  formed,  is  slowly 
dissolved  by  the  electrolyte.  To 
keep  the  film  in  good  condition  it 
is,  therefore,  necessary  to  send  at 
intervals,  a  current  through  the  ar- 
rester for  a  few  seconds.  This  is 
called  charging  the  arrester,  and  is 
accomplished  by  short-circuiting  the 
horn  gap  through  a  resistance.  One 
type  of  short-circuiting  device  is 
shown  in  Fig.  4436.  For  commercial 
systems  it  is  customary  to  charge 
the  arresters  once  every  twenty-four 
hours.  Under  ordinary  operating 
conditions  the  horn  gaps  prevent  any 
current  from  flowing  through  the 
electrolytic  arresters.  The  spacing 
of  the  horn  gaps  is  adjusted  so  that 
any  dangerous  high-voltage  distur- 
bance on  the  hne  jumps  across  the 
gap.     The  arc  thus  formed  has  low 

resistance  and  the  high  voltage  im-        P'°-  if  ^■~'i'»'"'""'S  *™y* 
",      .        "  removed  from  tank.    {Wesliitg- 

pressed  on  the  electrolytic  arrester     house  Elec.  A  Mfo-  Co.) 
disrupts  the  hydroxide  films,   thus 

forming  a  low-resistance  path  to  ground  through  which  the 
energy  of  the  transient  is  conducted  to  ground.  When  the  tran- 
sient voltf^^  drops  below  the  critical  voltage,  the  aluminum 
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Fio.  442. — CrosB-section  o£  an  aluminum  arrester.     (Oeneral  BUctrie  Co.) 


Fio.  443a. — Hom-gap  and  electrolytic  arrcstcra.     Non-grounded  Bysl«m, 
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hydroxide  films  are  formed  and  the  high  resistance  thus  auto- 
matically inserted  cuts  down  the  ciurent  until  the  arc  in  the 
horn  gap  breaks. 

For  low-voltage,  high-frequency  disturbances  coming  from  the 
Une,  the  reactors  reflect  the  wave  causing  the  voltage  to  rise 
lutil  an  arc  breaks  across  the  horn  gap,  and  to  disrupt  the  hy- 
droxide resistance  films  in  the  electrolytic  arrester.  A  low-resist- 
ance path  is  thus  formed,  through  which  the  enei^  of  the 
transient  passes  to  ground. 

The  combination  of  reactors,  horn  gaps  and  electrolytic 
arresters  effectively  protects  the  plant  for  practically  all  types  of 


PlO.  4436. — Horn-gap  Bhort-cireuited  while  charKinR  electrolytic  arrester. 

high-voltage  and  high-frequency  disturbances  coming  from  the 
transmission  line  and  is  in  general  use  on  all  loi^-distance  trans- 
mission systems.  For  grounded  systems  three  arresters  are  con- 
nected to  a  neutral  point.  For  ungrounded  systenw  the  three 
arresters  are  also  connected  to  a  neutral  point,  and  in  addition 
a  fourth  arrester  is  placed  between  the  neutral  point  and  ground 
as  shown  in  Fig.  443a. 

The  electrolyte  generally  used  is  a  solution  of  ammonium- 
tetra-borate  for  installations  where  the  temperature  does  not 
fall  below  S^C.  Below  this  temperature  this  solution  freezes. 
In  colder  climates  a  mixture  of  ammonium-tetra-borate  and  am- 
monium-tartarate  is  often  used.     As  the  tartarates  dissolve  the 
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hydroxide  film  faster  than  the  borates  it  is  not  desirable  to  use 
the  mixture  except  under  low  tem[>erature  conditions. 

(/)  Oxide  Film  Arrester. — The  arrester  consists  of  a  set  of 
oxide  film  cells  connected  in  series  in  a  manner  similar  to  the 
aluminum  disks  in  the  electrolytic  arrester.  The  cells  are 
disk-shaped,  about  7>^  in.  in  diameter  and  %  in.  thick.  Each 
cell  is  made  of  two  circular  sherardized  steel  plates  crimped  firmly 
to  the  edges  of  an  annular  piece  of  porcelain.  A  powder,  lead 
peroxide,  which  has  very  low  resistance,  compactly  fills  the  space 
between  the  metal  plates.  The  inside  of  the  metal  plates  is 
covered  with  a  varnish  film  which  is  an  insulator.     The  number 


Fia.  444a.— Oxide  film  arrester— indoor  service — three-phase — 15,000  to 
25,000  volts.    Type  OF,  form  B.     (Genenl  Elect.  Co.) 

of  cells  used  in  an  arrester  is  such  that  the  voltage  per  cell  is 
approximately  300  volts. 

When  a.  lightning  voltage  sparks  over  the  gaps  it  is  impressed 
on  the  cells  and  breaks  down  the  insulating  coating  on  the  mefal 
plates.  The  breakdown  occurs  in  the  form  of  a  small  puncture 
of  the  film  coating.  The  metal  plates  arc  not  punctured.  As 
soon  as  the  film  gives  way,  a  discharge  current  flows  through  the 
cells  to  ground,  thus  relieving  the  lightning  pressure.  The 
flow  of  current  through  the  cells  immediately  causes  a  chemical 
change,  by  heat,  in  the  lead  peroxide  at  the  point  of  puncture. 
The  le.id  peroxide  is  changed  to  red  lead  and  Hfhai^  which  have 
a  very  high  resistance.     Thus,  following  the  lightning  discharge,  a 
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very  high  restatance  amounting  practically  to  insulation  is  auto- 
matically cut  into  the  discharge  path.  This  cuts  off  the  flow 
of  generator  current  that  would  otherwise  follow  the  lightning 
discharge,  and  the  arcs  in  the  gaps  die  out.  If  the  potential 
should  atill,  or  again,  be  sufficiently  high  to  break  down  the 
gape,  the  operation  is  repeated  at  some  other  point  on  the  surface 
of  the  varnished  plates. 

At  each  discharge  through  the  stack  a  minute  area  of  the 
varnish  film  is  thus  replaced  by  a  red  lead  or  litharge  film,  which 


has  a  slightly  higher  insulating  value.  With  continued  service 
this  action  takes  place  over  the  active  area  of  the  plate  so  that 
the  varnish  film  is  more  or  less  replaced  by  the  litharge  or  red 
lead  film  and  this  in  turn  will  act  as  the  active  film  and  be  broken 
down  by  excess  potentials  with  consequent  sealing  up  action  with 
a  higher  insulating  value  of  film.  Thus  the  film  gradually 
thickens  and  becomes  of  higher  breakdown  voltage  with  resultant 
decrease  in  the  protective  value  of  the  arrester.  It  is  evident 
that  the  effective  life  of  the  cell,  while  not  unlimited,  is  much 
longer  than  represented  by  the  original  active  area  of  the  plates. 
All   arresters   are   equipped  with   sphere   gaps   (Fig.  444a). 
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The  1000-7500-volt  arresters  actually  have  horn  gape  but  the 
curvature  and  size  of  the  homs  are  such,  with  respect  to  the 
gap,  that  the  effect  is  the  same  as  if  sphere  gape  were  used.  The 
sphere  gaps  give  the  highest  obtainable  speed  of  discharge  from 
the  most  dangerous  kind  of  lightning  disturbances — impulses 
of  steep  wave  front. 

For  the  outdoor  arresters  (Fig.  4446)  the  sphere  gape  are 
covered  so  that  the  gap  setting,  not  being  affected  by  rain,  can 
be  made  the  same  as  for  the  indoor  arresters. 


E^o.  445. — Inverse  ttme'elemeat,  overload  reli^. 
B.  Relays. — Aside  from  protection  to  life,  continuity  of  service 
is  of  paramount  importance  in  the  operation  of  all  electric  s>'s- 
tems.  The  larger  the  system  the  more  important  is  the  necessity 
for  continuous  service.  Likewise,  the  larger  the  system  the  more 
frequent  will  be  the  occurrence  of  short-circuits  that  may  cause 
shut-down.  The  enormous  increase  in  the  size  of  central  ela- 
tions  during  the  pa.st  few  years  has  in  a  measure  been  due  to  the 
successful  operation  of  selective  apparatus  that  automatically 
cut  out  any  part  of  the  system  in  which  a  short-cireuit  develops, 
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thus  permitting  the  greater  portion  of  the  plant  to  operate  with- 
out interruption.  This  automatic,  selective  action  is  obtained 
by  means  of  some  form  of  relay,  which  may  be  defined  as  an 
auxiliary  device,  that  operates  and  transmits  its  action  to  another 
independent  piece  of  apparatus  on  the  occurrence  of  some 
predetermined  condition  in  the  electric  circuit.  Mechanically  a 
relay  consists:  first,  of  a  coil,  or  coils,  connected  to  the  circuit  it 
controls;  second,  a  movable  part  whose  motion  is  determined  by 
the  current  in  the  coils;  and,  third,  a  contact  device  operated  by 
the  movable  part,  controlling  the  circuit  that  operates  a  switch 
or  circuit-breaker  The  relay  must  operate  only  for  such  dis- 
turbances for  which  it  has  been  designed  and  only  when  the 
disturbances  are  in  the  part  of  the  system  under  its  control. 
Relays  of  great  variety  are  in  commercial  use,  and  may  be  classi- 
fied in  several  ways.  The  nature  of  the  disturbance  is  a  funda- 
mental factor  and  may  be  used  as  a  basis  for  classification;  also, 
whether  the  switch  or  circuit-breaker  controlled  by  the  relay 
opens  or  closes  the  circuit.  However,  the  most  important  factor 
in  the  service  desired  from  the  relay  is  the  time  elapsing  between 
the  occurrence  of  the  disturbance  and  the  operation  of  the  con- 
tact device.  Only  the  essential  features  determining  the  time 
elements  of  relays  designed  for  protection  of  excessive  currents 
or  reversal  of  power  due  to  short-circuits  on  the  system  will  be 
mentioned. 

(a)  Instantaneous  relays. 

(6)  Definite  time  relays. 

(c)  Inverse  time-limit  relays. 

(d)  Reverse  power  relays. 

The  nature  of  the  disturbance  and  the  general  plan  of  the 
system  determines  which  type  should  be  installed  at  various 
places  in  the  system.  These  factors  are  referred  to  only  inciden- 
tally in  explaining  the  characteristics  of  the  relay  mechanisms. 

(a)  Instantaneous  Relays, — This  is  the  simplest  form  and  con- 
sists of  a  solenoid  with  a  plunger  acting  on  a  trip  mechanism. 
For  currents  in  excess  of  a  predetermined  maximum  or  below  a 
fixed  minimum  the  relay  operates  as  nearly  instantaneously  as 
the  inertia  of  the  moving  parts  permits. 

(b)  Definite  Time  Relays. — In  most  cases  the  disturbances  do 
not  cause  a  complete  breakdown,  and  the  excessive  flow  of  current 
is  of  short  duration  causing  no  damage  to  the  apparatus.      The 
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continuity  of  service  may  be  improved  by  using  a  relay  so  con- 
structed that  a  definite  time  must  elapse  from  the  occurrence  of 
the  disturbance  to  the  operation  of  the  contact  devices.  While  a 
number  of  devices  have  been  used  to  give  the  desired  time  lag 
only  three  types  are  in  general  use. 

(1)  Clock  mechanism. 

(2)  Leather  bellows. 

(3)  Magnetic  induction. 

If  two  types  of  apparatus  for  the  same  service  give  satisfactory 
results  the  higher-priced  machine  will  be  forced  from  the  market. 
On  account  of  the  relatively  high  cost  of  the  clock  type  of  relay 
its  use  is  limited  to  special  cases,  since  satisfactory  services  may 
be  secured  in  most  cases  from  the  bellows  and  induction  types. 
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Fia.  446. — Characteristic  time  curves  of  an  inverse  time  limit 

bellows-type  relay. 

The  defim'te  time  limit  is  secured,  in  the  second  type,  by  means 
of  leather  bellows  filled  with  air,  under  normal  operating  condi- 
tions. When  the  increased  current  operates  the  relay  a  spring 
is  released  which  then  presses  against  the  bellows  forcing  the  air 
out  through  a  needle  valve.  The  size  of  the  opening  in  the  needle 
valve  and  the  pressure  exerted  by  the  spring  may  be  adjust^ 
so  that  it  takes  a  predetermined  length  of  time  to  empty  the 
bellows.  The  third  type  is  built  on  the  same  principle  as  an  in- 
duction wattmeter.  The  rotating  field  produces  the  torque, 
and  the  drag  is  obtained  by  means  of  an  aluminum  disk  moving 
between  the  poles  of  permanent  magnets.  A  small  transformer 
(compensator)  is  inserted  between  the  series  transformer  and  the 
relay.  The  core  of  this  transformer  is  of  such  cross-section  that 
the  saturation  point  is  reached  at  full-load  current.     Hence,  for 
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overloads  the  current  in  the  relay  does  not  increase  as  fast  as  in 
the  mains  and  the  torque  may  be  adjusted  so  that  a  definite  time 
elapses  before  the  relay  operates. 

(c)  Inverse  Time-limit  Relays, — In  the  inverse  time-limit  relay 
of  the  bellows  type,  the  core  acts  directly  on  the  bellows;  thufi 
a  pressure,  proportional  to  the  overload,  forces  the  air  through  th^ 
needle  valve.     The  time  for  compressing  the  bellows  is,  therefore 


Se/ecf/vi  T/mg  Limtt-  /ftUYf 


^UifSf»h'0ff9' 


FlQ.  447. 


inversely  proportional  to  the  overload.  Characteristic  curves  are 
shown  in  Fig.  446. 

The  location  of  the  relays  in  the  system  depends  on  many  fac- 
tors. In  general,  inverse  time-limit  relays  are  placed  nearest  the 
generators,  while  definite  time-limit  relays  control  the  substation 
feeders. 

The  time  setting  depends  on  the  characteristics  of  the  gener- 
ators and  the  position  in  the  system.  Among  the  factors  that 
must  be  known,  the  more  important  are: 

(1)  The  instantaneous  short-circuit  current. 

(2)  The  sustained  short-circuit  current. 

(3)  The  safe  circuit-opening  capacity  of  the  circuit-breakers. 

(4)  The  time  characteristics  of  the  relays  and  the  circuit- 
breakers. 

(5)  The  position  in  the  system. 
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If  several  relays  are  in  series  on  a  system,  as  in  Fig.  447,  the  one 
farthest  from  the  generator  must  operate  in  the  shortest  time, 
with  each  relay  in  the  series  toward  the  generator  requiring 
longer  time  than  the  one  preceding  it. 

The  characteristics  of  both  the  definite  time  and  the  inverse 
time-limit  relays  are  sometimes  combined  in  one  apparatus  for 
use  in  special  cases. 
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(d)  Reverse  Power  Relays, — If  power  is  tranflmitted  from  a 
generating  station  to  a  substation  over  two  lines  connected  to  the 
same  busbars  Fig.  448,  a  short-circuit,  as  at  ^  on  the  line  A^ 
will  cause  power  to  flow  not  only  from  the  generator  on  line  A, 
but  also  on  line  B  through  the  substation  and  back  on  line  A  to 
X.  The  excessive  current  should  operate  the  relays  and  open  the 
circuit  of  the  line  A  at  the  generator.     In  order  to  oontinue  the 
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Fia.  449. 
service  it  is  also  necessary  that  the  line  A  be  disconnected  at  the 
substation.  This  is  accomplished  by  means  of  reverse  power 
relays.  One  form  in  common  use  is  based  on  the  dynamometer 
principle.  The  stationary  coils  are  connected  to  series  current 
transformers  and  the  movable  element  to  potential  transformers 
connected  to  the  busses.  While  the  energy  flows  in  the  desired 
direction  the  contact  lever  operated  by  the  shaft  canying  the 
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movable  coil  is  held  against  a  dead  stop  by  a  spring.     When  the 

direction  of  energy  flow  reverses,  the  movable  coil  tends  to  turn 

in  the  opposite  direction  and  throws  the  contact  lever  against  a 

contact  completing  the  tripping  circuit  for  the  oil  switch.     It  is 

evident  that  this  apparatus  is  not  affected  by  overloads  and 

that  it  operates  only  on  the  reversal  of  the  direction  of  the  energy 

flow. 
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For  the  protection  of  generators  or  transfonuers  against  shorts 
circuits  inside  the  machine  or  for  a  short  between  the  machine 
and  the  busbars  a  reverse-power  relay,  based  on  the  differential 
principle,  is  used.  The  connections  are  shown  in  Figs.  449  and 
450.  Series  transformers  are  connected  in  opposition  as  shown  in 
the  diagrams.  If  a  short-circuit  occurs  between  the  two  series 
transformers  connected  to  the  relay  the  flow  of  current  in  one  is 
reversed  and  thus  the  sum  of  the  two  currents  produces  a  heavy 
magnetomotive  force  that  operates  the  relay.  Various  connec- 
tions are  used  for  special  cases  to  give  the  desired  action,  but 


Fio.  461. — 119  kv.a.,  three-phase,  160  cycles,  current  limiting  reactor.  200 
amperes,  3  per  cent.aod  11,400  volt  lines.    (Wesiiiiglw-uiie  Elccl.  &  Mfg.  Co.) 

fundamentally  the  reverse-power  relays  arc  based  either  on  the 
dynamometric  or  the  differential  principles. 

C.  Power-limitiag  Reactances. — In  large  central  stations 
apparatus  are  installed  that  will  automatically  limit  the  amount 
of  power  that  can  be  developed  under  short-circuit  conditions 
in  order  to  save  the  machines  from  self-destruction. 

Aa  explained  in  Chap.  XIY  and  illustrated  by  Fig.  258  the 
instantaneous  short-circuit  current  is  several  times  the  value  of 
the  sustained  short-circuit.     Since  the  magnetic  forces  vary  as 
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the  square  of  the  current,  the  mechanical  forces  due  to  the  in- 
stantaneous short-circuit  current  may  tear  the  alternator  or  the 
transfoimer  windings  apart  and  wreck  the  station. 

Another  factor  that  must  be  considered  is  the  maximum  current 
for  which  the  circuit-breaking  switches  can  safely  operate.  Un- 
der excessive  currents  the  switch  would  be  destroyed.  A  third 
factor  is  the  necessity  for  limiting  the  amount  of  energy  that  can 
be  transmitted  from  the  station  to  the  short-circuit.  In  stations 
of  100,000  kw.  capacity  or  more  the  amount  of  power  that  could 
be  concentrated  in  a  short-circuit  is  enormous,  probably  several 
million  kilowatts. 

To  protect  the  alternators,  transformers  and  switches  against 
excessive  short-circuit  currents  and  to  limit  the  power  that  cao  be 
delivered  by  the  station,  power-limiting  reactances  are  placed  in 
the  generator  leads. 

I,    ^     I 
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Fig.  462. 

A  typical  set  for  a  three-phase  generator  is  shown  in  Fig.  461. 

The  core  is  of  concrete,  and  the  winding  consists  of  bare 
stranded  copper  cable  held  in  place  by  wooden  supports  bolted 
to  the  core. 

In  addition  to  the  protection  given  to  the  station  machineiy, 
power  limiting  reactances  are  also  used  to  enable  the  large  central 
station  to  give  continuity  of  service.  The  busbars  in  the  station 
are  sectionalized  and  reactances  are  placed  between  the  several 
sections,  as  illustrated  for  a  typical  case  in  Fig.  462.  These 
reactances  limit  the  power  that  flows  between  the  sections  so 
that  if  a  short-circuit  occurs  on  one  section,  only  the  circuit- 
breakers  for  that  section  shall  operate.  The  generators  in  the 
other  sections  carry  an  overload  until  the  operator  isolates  the 
section  on  which  the  short-circuit  occurred.  With  25  per  cent, 
reactance  between  the  sections  neither  the  drop  in  voltage  nor 
the  phase  displacement  is  large  enough  to  cause  synchronous 
motors  or  converters  to  drop  their  load.  Similar  reactances  are 
sometimes  placed  in  the  feeders  and  in  the  tie  lines  between  the 
stations. 


CHAPTER    XXV 

POLYPHASE  SYSTEMS 

Any  polyphase  system  may  be  analyzed  by  separating  the  net- 
work into  its  elemental  branches  or  phases.  The  voltage  gener- 
ated in  any  one  phase  causes  currents  to  flow  in  the  network  that 
may  be  calculated  independently  of  the  voltages  in  the  other 
phases.  The  current  flowing  at  any  point  and  at  any  instant  in 
an  interconnected  system  is  the  vector  sum  or  the  resultant  of 
the  currents  produced  by  all  the  voltages  in  the  several  phases. 
Ohm's  and  Kirchoff's  laws  apply  to  the  complicated  network  in 
the  same  manner  as  for  simple  series  or  parallel  circuits.  In 
order  to  emphasize  certain  characteristics  of  commercial  systems 
under  operating  conditions  it  is  customary  to  make  the  following 
classifications: 

(a)  Symmetrical  and  unsymmetrical  systems 

(6)  Independent  and  interlinked  systems. 

(c)  Balanced  and  unbalanced  systems. 

(d)  Systems  having  grounded  or  floating  neutral. 

(a)  Symmetrical  and  Unsymmetrical  Systems. — ^If  a  polyr 
phase  system  is  composed  of  n  phases  having  voltages  of  equal 
magnitude  and  dUBFering  in  time  phase  successively  by  l/r?th  of 
a  cycle  the  system  is  symmetrical;  but  if  either  the  magnitude  or 
the  time-phase  displacement  of  the  voltages,  or  both,  differ,  the 
system  is  unsymmetrical. 

For  symmetrical  systems : 

ei  =  "E  sin  ((d) 

e^  ^  "E  sin  ud j 

68  =  "E  sin  led  —  2  — ) 

■  ■••••••••>•••••••••••••••••••'* 

en  =  'E  sin  [cot  -  (n  -  1)  ^]  (820) 
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For  n  =  1,  the  single-phase,  two-wire  system. 

ei  =  "E  sin  {(at)  (821) 

For  n  =  2,  the  single-phase,  three-wire  (Edison)  system. 

€i  =  "E  sin  {<d)  and 

6t  =  "E  sin  (arf  -  180**)  (822) 

For  n  =  3,  the  three-phase,  three-wire  system. 

ei  =  "B  sin  {(d) 

€2  =  "E  sin  {(d  -  120°)  and 

68  =  "E  sin  (arf  -  240*^)  (823) 

For  n  =  4,  the  four-phase,  or  quarter-phase  four-wire  system. 

ei  =  "E  sin  (wO 

62  =^JS:sin(a)«  -  90°) 

68  =''Esin  {(d  -  180°)  and 

eA^''Emii{<d  -  270°)  (824) 

Similarly  for  n  =  6  and  n  =  12,  we  have  the  six-phase  and 
twelve-phase  systems. 

Unsymmetrical  Systems. — The  two-phase  system,  the  three- 
phase  open  delta  or  V  connection  and  the  inverted  three-phase 
or  monocyclic  connection  are  the  more  common  unsymmetrical 
systems. 

(6)  Independent  and  Interlinked  Systems. — Each  phase  of  an 
?i-phase  system  may  be  arranged  so  as  to  form  a  closed  circuit, 
the  whole  system,  therefore,  consisting  of  n  independent  single- 
phase  systems.  The  two  phases  of  a  four-wire  two-phase 
system  are  often  operated  as  two  independent  single-phase  cir- 
cuits. In  most  cases  the  several  phases  of  commercial  polyphase 
systems  are  interconnected,  forming  networks  or  interlinked  sys- 
tems through  which  the  currents  flow.  In  practice  the  phases 
are  either  star-connected  or  ring-connected,  or  the  network  con- 
sists of  a  combination  of  star  and  ring  connections. 

In  a  star-connected  system  the  starting  points  of  all  the  phases 
are  connected  together,  forming  the  so-called  neutral  point. 
This  common  point  is  either  connected  to  earth  or  to  another 
neutral  point  in  the  same  system.    It  is  customary  to  consider 
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the  neutral  point  as  having  zero  potential.  The  voltage  Cn 
from  the  neutral  to  the  line  wire  is  the  phase  or  circuit  voltage. 
For  any  phase^  q,  of  an  n-phase  system, 

en  =  "En  sin  [cd  -  {q  -  1)  ^]  (825) 

Between  the  terminals  of  any  two  adjacent  phases  is  the  line 
voltage,  Cm,  or  voltage  between  the  mains.  For  any  two  adja- 
cent phases,  as  q  and  q  +  I, 

em  =  "En  sin  [co<  -  .{q  -  1)  "^J  -  "Ksin  (a  -  Q^) 

=  2" En  sin  ^  jcos  [u>t  -  (2(z  -  1)^]  )  (826) 

En.  =  2En  sin  -  (827) 

n 

In  any  star-connected  system  the  voltage  between  the  mains 
is  the  vector  difference  of  the  voltages  between  the  two  adjacent 
circuits,  and  the  current  is  the  same  as  for  the  corresponding 
phase  circuit. 

In  a  ring-connected  system  the  starting  point  of  one  phase  is 
connected  to  the  ending  point  of  the  next  preceding  phase.  The 
sum  of  the  voltages  generated  at  any  instant  in  the  several  phases 
connected  in  series  should  be  zero,  otherwise  the  resultant  voltage 
causes  currents  to  circulate  in  the  ring  connection.  In  sym- 
metrical polyphase  systems  having  simple  harmonic  voltage 
waves  the  simi  of  the  voltages  for  all  the  phases  is  at  all  instants 
equal  to  zero  and  therefore  either  the  ring  or  the  star  connections 
may  be  used.  The  voltage  between  successive  mains  is  the  same 
as  the  voltage  in  the  corresponding  circuit.  The  current  in  the 
mains  is  the  vector  difference  of  the  currents  in  the  adjoining 
phases.  For  the  main  between  the  two  adjacent  phases  q  and 
q  +  I  the  current  is, 

in.  =  "I  sin  ^a  -  (g  -  1)  -^J  -  "I  sin  (w<  -  q-~) 

=  2"!  sin  ^  cos  [««  -  (2g  -  1)  ^] 

In.   =  2/  sin  I  (828) 

The  interlinked  systems  of  commercial  importance  are  de- 
scribed in  Chaps.  XII  and  XVI. 


»■  -^ 
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(c)  Balanced  and  Unbalanced  Systems. — ^Any  polyphase  eys- 
tem  that  develops  a  constant  flow  of  energy  is  balanced,  and  any 
system  in  which  the  power  varies  or  pulsates  during  each  voltage 
or  current  cycle  is  unbalanced. 

In  single-phase  circuits, 

e  ^"E  sin  (wO 

i  =  *7sin(a,<  -  0) 

p  =  EI[cos  6  -  cos  {2o)t  -  d)]  (829) 

The  power  pulsates  with  double  the  frequency  of  the  voltage 
or  current,  and  the  system  is  unbalanced. 

In  two-phase  circuits  having  the  voltages,  currents  and  power 
factors  of  the  two  circuits  alike,  the  power, 

p  =  Pi  +  P2  =  2EI  cos  Of  a  constant  (830) 

Under  these  conditions  the  two-phase  system  is  balanced  al- 
though unsymmetrical.  However,  if  the  voltage,  current  or 
power  factor  of  phase  A  is  not  equal  to  the  corresponding  factor 
in  phase  B  the  flow  of  energy  pulsates  and  the  system  is  un- 
balanced. 

In  the  three-phase  system,  either  for  delta  or  star  connections, 
with  the  currents,  voltages  and  power  factors  in  the  three  phases 
of  like  value  the  power  is  constant  and  the  systems  are  balanced. 

p  ^  Pi  +  P2  +  Pz  =  y/ZEI  cos  e  (831) 

However,  if  the  voltages,  the  currents  or  the  power  factors 
of  the  three  phases  diflfer,  the  power  pulsates  and  the  system  is 
unbalanced;  similarly  for  six-phase  and  twelve-phase  or  any 
symmetrical  n-phase  system.  If  the  voltages,  currents  and  power 
factors  are  alike  for  the  several  phases,  the  power  is  constant 
throughout  the  complete  voltage  cycle  and  the  systems  are 
balanced.  For  satisfactory  operation  the  balanced  condition 
is  the  most  desirable.  In  commercial  systems  this  is  an  ideal 
which  is  seldom  attained. 

The  chief  disadvantages  resulting  from  unbalanced  load  con- 
ditions are:  (a)  poor  voltage  regulation,  (6)  unequal  voltage 
stresses  in  the  several  phases,  and  (c)  unequal  heating  in  the  cir- 
cuits. The  more  common  cause  for  unbalanced  load  conditions 
is  the  operation  of  essentially  single-phase  load,  as  incandescent 
lamps  or  single-phase  motors,  on  polyphase  systems. 
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With  sufficient  data  given,  the  values  of  the  currents  and  vol- 
tages in  the  several  phases  and  their  time-phase  relations'  may  be 
found  by  the  application  of  Ohm's  and  Kirchoff's  laws.  This 
may  be  illustrated  by  the  solution  of  a  few  problems. 

Problem  1. — Given  a  three-phase  system,  star-connected, 
floating  neutral  and  having  a  non-reactive  unbalanced  load. 
Circuit  diagram  as  in  Fig.  453.  Ea-^  =  Eb^a  =  Ed-b  =  220  volts; 
ta  =  3;  r^  =  4;  ri>  =  5  ohms. 

Find  (a)  Ea,  Ebj  En. 
(6)  I  A,  Ib,  Id. 

(c)  Ba^a',  Ob^b',   Od^;  time-phase  angles  between  Ea  and 
I  A,  etc. 

(d)  Oa-d^a]  Ob-a^b;  Od^BiD,  time-phase  angles  between  Ea-d 
and  Ia,  etc. 


FiQ.  453. 


Fig.  454. 


(e)  The  total  kilowatts. 

(/)  Draw  to  scale  the  vector  diagram  for  the  currents  and 
voltages. 

Let  the  voltages  between  the  mains  be  represented  by  the  sides 
of  an  equilateral  triangle,  Fig.  454.  Since  the  common  point 
O  is  not  grounded  and  the  resistances  in  the  three  circuits  are 
unequal,  the  voltages  from  the  mains  to  the  common  neutral 
point  must  be  unequal.  The  vector  difference  of  the  voltages 
in  any  two  circuits  must  be  equal  to  the  voltage  between  the 
corresponding  pair  of  mains.  Hence,  by  assuming  some  point 
JV  in  the  diagram  as  the  neutral  position  and  drawing  the  vec- 
tors NAj  NB  and  ND  we  have  a  graphical  representation  of  the 
voltages  in  the  circuits  and  in  the  mains.    The  actual  position 

1  Three-phase  power  factor,  by  Austin  Burt,  Trans.  A.  I.  E.  E.,  XXVII, 
p.  801. 
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of  the  point  N  may  be  found  by  the  application  of  Kirchoff's 
laws.  Though  N  draw  rectangular  coordinates  with  the  JC-axis 
parallel  to  the  line  DA.  Denote  the  coordinates  of  the  point 
A  by  A;  and  h.  The  following  equations  may  then  be  derived 
directly  from  the  diagram: 

E^=k-  jh  (832) 

Eb  =  (jk-  110)  +  i(190.5  -  h)  (833) 

Ed'''  -  (220  -k)  -  jh  (834) 

I A  =  ^^  (835) 

/.  =  (fc  -  110)  +^i(190-5  -  h)  (33^^ 

7.  =  fcA^Wi?  (837) 

o 

From  Kirchoff's  laws  the  real  and  quadrature  components 
may  be  separately  equated  to  zero. 

|^t^_n0^i^_„  ,838) 

^  +  1554^  +  ^-0  m 

Hence  *  =  91.3  and  h  =  60.8. 
(a)  Ea  =  110.0  volts. 

Eb  =  131.0  volts. 

Ed  =  142.2  volts. 
(6)  Ia  =  36.7  amp. 

Ib  =  32.8  amp. 

Id  =  28.5  amp. 

(c)  Oa  —  Bb  ="  Bd  —  0  OT  the  power  factor  is  unity. 

(d)  The  time-phase  angles  between  the  currents  and  the 
corresponding  voltages  between  the  mains  may  be  found  directly 
from  the  above  equations. 

The  time-phase  angle  of  the  current  in  line  A  and  the  voltage 
between  the  mains  A  and  D, 

^A-i>..i  =  tan-i|  =  33°40'. 
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The  time-phase  angle  of  the  current  in  Une  B  and  the  voltage 
between  the  mains  B  and  A, 


_,  -  110  +  fc 


The  time-phase  angle  of  the  current  in  line  D  and  the  voltage 
between  the  mains  D  and  B, 

e^sj>  =  60°  -  tan-'  _  ^Q^^  ^  =  34'  40'. 

(e)  The  total  power  =  EaIa  +  EbZh  +  EcJd  =  12.35  kw.  (843) 
(J)  The  vector  diagram  drawn  to  scale  is  shown  in  Fig.  455. 


Fio.  456. 

Problem  2. — Given  a  three-phase  system  having  an  inductive 
load,  star-connected  and  with  floating  neutral,  Fig.  456. 

Ea^  =  Eb-a  =  Ed-b=  440  volts;  Za  =  2  +  j4;  e,  =  3  +  j2; 
to  =  1  +  i3;  /  =  60  cyoies. 
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Find   (a)  Eaj  Eb,  Ed. 
[6)   7a,  Isi  Id- 

,C)     ^A,Af   ^B,B}   ^D,D* 

jl)    Ba~^,A7   Bb-A,B)  fc-B^- 

^e)  The  total  kilowatts. 
[/)   The  total  reactive  power. 

[g)  Draw   to   scale   the   voltage   and    current   vector 
diagram. 
Following  the  same  method  as  explained  in  problem  1,  draw  the 
equilateral  triangle  ABD,  similar  to  Fig.  454;  assume  a  neutral 
point,  N,  as  before,  for  the  origin  and  let  k  and  A  be  the  coordi- 
nates of  the  point  A.    The  complex  equations  are: 


EA  =  k-  jh 

(840) 

Eb  =  {k-  220)  +  j(381  - 

-h) 

(841) 

Ed  =  {k-  440)  -  jh 

(842) 

k-jh 
^       2+i4 

(843) 

(A;-220)+j(381 - 
^*"                3+;2 

-h) 

(844) 

{k  -  440)  -  jh 

(SAH^ 

l+j3  ^^^' 

Equating  to  zero  the  real  and  quadrature  components  of  the 
currents  passing  through  the  common  point,  we  have : 

k  -  1.52A  -  83.7  =  0  (846) 

jh  +  jl.52k  -  i590  =  0  (847) 

Hence  A;  =  296  and  A  =  140. 

(a)  Ea  =  328  volts. 
Eb  =  253  volts. 
£i,  =  201  volts. 

(b)  I A  =  73.3  amp. 
1b  =  70.3  amp. 
Id  =  63.3  amp. 

(c)  Ba.a  =  tan-i  \  =  63^  25'. 


Qb.b  =  tan-i  3  =  33°  40', 
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(d)  Ba-i^.a  =  63''25'  +  tan-' j:  =  88"  45'. 
ea-A.B  =  33"  40'  +  tan-' 

e  =  71°  35'  +  60°  -tan  - 


k  ' 

-220 
'  381  -  A  '' 


Fio.  467. 

(e)  The  total  power  =  ExIa  cob  9a,a  +  EbJb  cos  Ob.b 
+  Edo  cos  e^j,  =  29.9  kw. 

(/)  The  total  reactive  power  =  E^Ia  sin  Oa.a 
+  EbIb  ain  9B,fl  +  EdU  sin  flnj*  =  44.0  kv.a. 

(g)  The  vector  diagram  is  drawn  to  scale  in  Fig.  457. 

Problem  3. — Given  the  same  data  aa  in  problem  2,  except  that 
the  neutral  is  grounded  with  the  voltage  in  each  circuit  to  ground 

440     , 
=  ;^  volts. 

In  the  vector  diagram  the  point  N  is  therefore  hxed  at  the 
center  of  the  equilateral  triangle. 
Find    (o)  I  A,  Jb,  Id. 

(fc)     Sa.A,   9b.B,   0DJ7- 

(c)  Oa-D.Ai    Ob—A.B,   Od-BJ)- 

(d)  The  total  power,  in  kilowatts. 

(e)  The  total  reactive  power. 
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(/)  Draw  to  scale  the  vector  diagram  for  the  currents 
and  voltages.  The  voltage  in  each  circuit  is  known, 
hence : 

254 
"  2+ji 


Wl^ 


=  56.8  amp. 


254 
^*  =  3+j2  =  ™-^  *™P- 

Id  =  .    ,    o  =  80.4  amp. 


\5 


Fw.  458. 

W     K.A  - 

63°  25'. 

»...- 

33°  40'. 

flD.O  " 

71°  35'. 

W  9^-».^  - 

93°  25'. 

Cfl-J.B  = 

63"  40'. 

fiB-j,j>  =  lOl"  35'. 

(d)  Total  power  =  27.7  kw. 

(e)  The  reactive  power  =  42.2  kv.a 
(/)  The  vector  diagram  in  Fig.  458. 

Problem  1. — Given  a  three-phase  circuit,  star-connected, 
floating  neutral,  similar  to  Fig.  456. 

E:,.D  =  120  volts;  Eg^  =  115  volts;  ffp_s  =  118  voll* 
Za  =  2+j4;zb  =  Z;zd  =  2+j3;/=  60  cycles. 
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Find   (a)  Ea,  Eb,  Ed. 

(6)    I  A)  Ib,  Id' 

(c)     OA,At    Bb,B}   ^DJ>' 

(d)  6a-b,a,  Ob^a,bj  ^d-bj>. 

(e)  The  total  kilowatts. 

(/)   The  total  reactive  power. 

(g)  Draw  to  scale  the  vector  diagram  for  the  voltages 
and  currents. 
From  Fig.  469  the  complex  equations  are: 

EA  =  k-  jh  (848) 

Eb^  -  (57.5  -  fc)  +  i(99.8  -  h)  (849) 


Ez)  =  -  (120  -  fc)  -  jh 


(850) 


FiQ.  459. 


^^"2+i4 

-  (57.5  -  fe)  +  j(99.8  -  ft) 
Ib  -  3 


(851) 
(852) 


^  -(120-fe)^i/i  (g53) 

^^  2+i3  ^ 

Equating  real  and  quadrature  components  to  zero,  we  have: 

h  -  0.733fc  -  64.5  =  0  (854) 

jk  +  jlMh  - J141.4  =  0  (855) 

Hence  k  ==  91.3;  h  =  37.0. 

(a)  Ea  =  98.6  volts. 
Eb  =  71.5  volts. 
Ed  =  46.8  volts. 
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(6)     I A  =  22.05  amp. 
Ib  =  23.8  amp. 
Id  =  13.0  amp. 

(c)  Sa^a  =  63°  25';  Bb^b  =  0^  fo^  =  56°  20'. 

(d)  ^^^M  =  82°  47';  (?b-^.b  =  58°  12';  dz>_B.D  =  63°  8'. 

(e)  The  total  power  =  3.00  kw. 


Fig.  460. 

(J)  The  total  reactive  power  =  2.45  kv.a. 

(g)  The  corresponding  vector  diagram  is  shown  in  Fig.  460. 

Problem  6. — Given  a  three-phase  delta-connected  system  as 
in  Fig.  461. 

Ea  ==  Eb  =  Ed  =  120  volts;  /  =  25  cycles. 
Za  —  3  +  j4;  Zb  —  4  +  j2;  Zd  =  S  ohms. 


Fig.  461, 
Find   (a)  J^,  /u,  Id. 

(o)    Ia^D)  Ib—a,  Id-B' 

(C)      6 A, A)   Bb,B)   Od,D» 

\d)     Ba^A-Dj   Ob^B^Aj   Bd,D'-B' 

(e)   The  total  kilowatts. 
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(J)   The  total  reactive  power. 

(flf)  Draw  the  vector  diagram. 
Since  the  three  voltages  are  equal  the  three  circuit  currents 
may  be  solved  directly. 

(o)  I A  =  24.0  amp.;  Is  =»  26.9  amp.;  Id  —  40.0  amp. 

(b)  The  currents  in  the  mains  may  be  found  graphically  fnpm 
the  vector  diagram  or  by  applying  the  law  of  cosines. 

Ia~-d  =  37.6  amp.;  /^-^  =  49.0  amp.;  Ij^^  =  64.0  amp. 

(c)  Ba^a  =  63°  10';  eB.B  =  26°  34';  Bdj,  =  0\ 

(d)  Oa^a^d  =  -  24°  30';  ^^.b-^  =  IV  10';  B^m^  =  -  13°  10' 

(e)  The  total  power  =  9.0  kw. 

(/)  The  total  reactive  power  =  3.6  kv.a. 

(g)  The  vector  diagram  is  drawn  to  scale  in  Fig.  462. 


Fig.  462. 


Problem  6. — Same  circuit  and  data  as  in  problem  2  except  that  the  fre- 
quency of  the  impressed  voltage  =  25  cycles. 

Problem  7. — Same  circuit  and  data  as  in  problem  4  except  that  the  fre- 
quency of  the  impressed  voltage  »  40  cycles. 

Problem  8. — Same  circuit  and  data  as  in  problem  5  except  that  the  fre- 
quency of  the  impressed  voltage  =  50  cycles. 

Problem  9. — ^A  three-phase  delta-connected  distribution  system  has  the 
following  load : 

(a)  Three-phase  induction  motor,  50  kw.,  85  per  cent,  power  factor. 

(b)  Incandescent  lamp  load  of  30  kw.  on  phase  A,  22  kw.  on  phase  B, 
and  20  kw.  on  phase  D. 

(c)  Single-phase  motor  on  phase  D,  4  kw.,  80  per  cent,  power  factor. 
The  line  voltage  is  2,200  volts.     Find  the  line  currents. 

(d)  Grounded  and  Floating  Neutral. — While  many  factors 
enter  into  the  problem  of  whether  a  high- voltage  system  should  be 
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grounded  or  kept  isolated,  the  main  argument  lies  in  the  relative 
value  of  continuity  of  service  as  against  an  increased  risk  of  dam- 
age to  the  apparatus.  In  any  transmission  system  the  apparatus 
operating  on  the  lowest  factor  of  safety  needs  most  attention. 
Until  the  advent  of  the  suspension  insulator,  line  insulation  was 
the  weakest  part  of  the  system  and  on  high-voltage  transmission 
lines  special  care  had  to  be  taken  in  order  that  no  excessive  vol- 
tages should  be  impressed  on  the  insulators.  A  partial  protection 
is  gained  by  groimding  the  neutral  as  then  only  the  fixed  Y 
voltage  (58  per  cent,  of  the  line  voltage)  can  come  on  the  line 
insulators;  a  groimd  on  any  of  the  lines  produces  a  short-circuit 
and  hence  causes  a  shutdown.  If  the  neutral  is  floating,  t.e.,  the 
line  isolated,  a  ground  on  one  of  the  lines  does  not  produce  a 
short-circuit,  but  shifts  the  neutral  point  to  the  grounded  wire 
and  therefore  increases  the  stress  across  the  insulators  on  the 
other  two  lines  to  full  line  voltage.  If  the  factor  of  safety  for 
the  insulators  is  small,  the  increased  stress  may  cause  a  break- 
down with  interruption  of  service.  By  means  of  the  suspension 
type  of  insulator,  sufficient  insulation  can  be  provided  to  give 
an  ample  factor  of  safety  for  the  full  line  voltage. 

Continuity  of  service  is  of  very  great  importance  in  practically 
all  electric  service  systems.  Because  an  isolated  system  can 
operate  with  one  line  grounded  while  a  system  having  the  neutral 
grounded  would  be  short-circuited  and  forced  to  shut  down  if  one 
of  the  lines  became  groimded,  it  is  generally  assumed  that  more 
nearly  continuous  service  is  possible  with  the  system  isolated. 
However,  if  the  increased  stresses  on  the  line  insulators  cause 
further  breakdown,  the  reverse  might  be  true.  Many  oth^ 
factors  like  the  location  and  number  of  power  stations  in  a  sys- 
tem, the  number  of  parallel  trunk  lines,  the  possible  mechanical 
and  electrical  stresses  incident  to  short-circuit  conditions,  the 
importance  of  providing  continuous  service  must  also  be  taken 
into  consideration.  With  a  single  power  plant  supplying  energy 
over  a  single  line,  the  isolated  system  is  clearly  desirable. 
With  several  power  plants  and  several  transmission  lines  forming 
a  network,  continuity  may  be  secured  even  if  one  or  more  of  the 
lines  or  plants  are  out  of  service.  In  the  isolated  system  the 
single  ground  must  be  located  and  promptly  removed  as  a  second 
ground  would  cause  a  short-circuit.  The  location  of  grounds, 
particularly  if  of  a  partial  or  intermittent  nature,  is  sometimes 
a  difficult  problem  and  as  a  consequence  repairs  must  often  be 
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delayed.  Under  such  conditions  the  isolated  system  is  virtually 
grounded  and  also  the  insulation  to  ground  is  subjected  to  full 
line  voltage  on  two  of  the  lines. 

The  chief  advantage  gained  by  having  the  neutral  grounded  is 
that  the  voltage  to  ground  can  not  exceed  the  normal  Y  voltage 
of  the  system.  In  isolated  systems  having  unbalanced  loads  the 
neutral  shifts  in  position  with  changes  in  the  load.  In  high- 
voltage  lines  the  condensance  of  the  system  helps  to  keep  the 
neutral  fixed  except  if  a  ground  develops  on  one  of  the  lines. 
Short-circuit  stresses  become  increasingly  dangerous  as  the 
amount  of  power  involved  increases.  In  order  to  reduce  the 
sudden  flow  of  energy  when  a  short-circuit  occurs,  the  system  is 
sometimes  groimded  through  a  resistance.  While  the  short-cir- 
cuit shock  may  be  reduced  by  this  device,  two  objections  should 
be  noted.  First,  it  is  very  difficult  to  install  and  maintain  a 
reliable  grounding  resistance.  Second,  the  voltages  between  the 
lines  and  ground  would  rise  above  the  normal  Y  voltage  until  the 
circuit-breakers  operate.  As  explained  in  Chap.  XXIV  power- 
limiting  reactances  are  installed  in  large  systems  in  order  to  keep 
the  effects  of  short-circuits  within  permissible  limits. 

The  question  of  whether  the  neutral  should  be  groimded  or 
floating  is  independent  of  the  use  of  star  or  delta  transformer  con- 
nections. However,  isolated  systems  are  generally  delta-con- 
nected and  the  grounded  neutral  systems  star-connected.  A 
ground  on  a  delta-connected  system  may  be  obtained  by  using 
a  special  groimding  device  or  by  letting  one  set  of  transformers 
be  star-connected.  The  neutral  should  be  groimded  at  one  place 
only.  If  connected  at  two  or  more  places,  currents  will  flow 
through  the  groimd  even  under  normal  operating  conditions. 
These  ground  currents  may  cause  serious  interference  with  the 
telephone  service. 

(e)  Transmission-line  Efficiency. — Omitting  the  transformers 
and  taking  only  the  transmission  line  into  consideration  the  effi- 
ciency of  transmission  depends  practically  on  the  RP  losses  and 
the  power  delivered.  For  properly  designed  lines  operating  under 
normal  conditions  both  the  leakage  and  the  corona  losses  are 
negligible.  In  order  to  make  a  comparison  of  the  several  systems 
it  is  necessary  to  first  assume  a  basis.  The  power  delivered  is  the 
product  of  the  ciurent,  voltage  and  power  factor,  while  the  losses 
vary  as  the  product  of  the  resistance  and  the  square  of  the  cur- 
rent.   As  the  power  factor  affects  all  systems  alike  it  may,  for 
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convenience,  be  taken  as  unity.  Assuming  the  power  delivered 
to  be  of  the  same  magnitude  in  all  cases,  the  comparison  of  line 
efficiencies  may  be  made  either  by  the  losses  for  the  same  amount 
of  copper  or  as  to  the  copper  required  for  the  same  losses  under 
specified  voltage  conditions.  As  the  voltage  and  the  insulation 
are  directly  related,  the  assumptions  on  which  the  comparison 
should  be  made  must  be  different  in  low-tension  distribution  sys- 
tems from  that  which  would  be  desirable  for  long-distance  trans- 
mission lines.  Likewise,  the  stresses  on  the  insulation  in  a  high- 
voltage  system  differ  depending  upon  whether  the  neutral  is 
floating  or  grounded.  For  application  to  commercial  systems 
the  comparison  should  be  made  under  three  voltage  conditions. 

1.  The  systems  to  have  the  same  minimum  effective  voltage 
per  circuit. 

2.  The  systems  to  have  the  same  maximum  effective  voltAge 
between  any  conductor  and  groimd. 

3.  The  systems  to  have  the  same  maximum  effective  voltage 
between  any  two  conductors  in  each  system. 

In  distribution  networks  ample  insulation  can  be  provided  and 
hence  the  voltage  per  terminal  circuit  should  be  the  basis  for 
comparison.  In  high-tension  distribution  lines  with  grounded 
neutral  the  maximum  voltage  impressed  on  the  insulators,  or  the 
voltage  from  conductor  to  ground  should  be  the  same  in  the 
several  systems.  In  cables  the  voltage  between  conductors 
is  the  desirable  basis  for  comparison. 

1.  Low-potential  Distribution  Networks,  Lighting  Circuits, 
Etc. — (a)  Single-^hase,  two-wire  system. 

Let  r  =  the  resistance  per  wire  and  i  =  the  current. 

Power  loss  =  2n'. 

Copper  required  (two  wires)  =  100  per  cent. 

(6)  Single-phase^  thrte-wire  system.  Neutral  of  same  cross- 
section  as  either  oiUside  wire. 

Current  in  outside  wire  =  o* 

Copper  required  =  37.5  per  cent. 

(c)  Single-pha^e,  three-wire  system.  Neutral  of  half  the  cross- 
section  of  one  oiUside  wire. 

. 

Current  in  outside  wire  =  ^^ 

Copper  required  =  31.25  per  cent. 

(d)  Single-phase,  three-wire  system.  Neutral  of  zero  cross- 
section. 
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Current  in  outside  wire  =  «' 

Copper  required  =  25  per  cent. 

(c)  Single-phase,  five-wire  system.  All  wires  of  the  same  cross- 
section. 

• 

Current  in  outside  wire  =  t* 

4 

Copper  required  =  15.67  per  cent. 

(J)  Single-phase,  five-vnre  system.    Each  of  the  ithside  wires  to 

have  half  the  cross-section  of  one  of  the  outside  wires. 

"J 

Current  in  outside  wire  =  -7- 

4 

Copper  required  =  10.93  per  cent. 

(g)  QvutrteT-phase,  four-wire  system.  A II  wires  of  the  same  cross- 
section.  Equivalent  to  two  single-phase,  two-wire  systems. 
Same  as  (a). 

Copper  required  =  100  per  cent. 

(A)  Quarter-phase,  three-wire  system.     The  third  wire  is  the 

common  return  for  the  two  phases.    Its  cross-section  is  \/2  times 

that  of  either  of  the  oiUside  wires  so  a^  to  have  the  same  current 

density  in  the  three  wires. 

The  resistance  of  one  of  the  outside  wires  =  ti. 

"J 
Current  in  each  of  the  outside  wires  =  ^ 

• 

Current  in  the  middle  wire  =  —7=' 

\/2 

Power  loss  in  the  middle  wire  =  — :^f  "-7=  I  =  tt-f^' 

y/2\y/2j        2\/2 

Total  loss  in  the  three  wires  =  2ri  j  +  ^~7h  =^i^'*( -^ — )* 

Equating  the  total  loss  to  that  of  the  single-phase,  two-wire 
system  in  (a)  __ 

..•.(i+^).2n^ 

and  solving  for  ri,  we  have: 

_        8 

2  +  -v/  2 
Hence  each  outside  wire  must  have  a  cross-section  of 
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and  the  middle  wire times  that  of  the  equivalent 

o 

single-phase  wires. 

2(2  +  V2)   .  2  +  2V 2 

8                     8 
Copper  required  = =  72.9  per  cent. 

(t)  Qv^rter^hase,  six-wire  system.  AU  wires  of  equal  cross- 
section. 

Equivalent  to  two  circuits  of  (6). 

Copper  required  =  37.5  per  cent. 

0)  QiMrter-^hase,  five-wire  system.  The  fifth  wire  to  be  used  as 
neutral  for  both  phases.    AU  wires  of  the  same  cross-section. 

Equivalent  to  two  circuits  of  (c). 

Copper  required  =  31.25  per  cent. 

(fc)  Three-phase,  three-wire  system.  AU  wires  of  the  same  cross- 
section. 

Let  ri  =  resistance  for  each  wire. 

Current  in  each  main  =  — -=• 

V3 

r\i^ 
Loss  in  each  main  =  —^ ;  total  loss  =  rit*  =  2n*. 

The  crossH3ection  is  inversely  as  the  resistance,  and  ri  =  2r. 

Copper  required  =  3  -^  =  75  per  cent. 

(Z)  Three-phase,  four-wire  system.  The  load  star-connected. 
AU  wires  of  same  cross-section.  VoUage  from  main  to  neutral 
equal  to  the  voUagt  between  lines  in  (a).  VoUage  between  mains 
is  \/3  times  voUage  to  neutral.  For  balanced  load  no  current 
flows  in  the  neutral. 


Current  in  mains  =  «• 


i*    .   .  , ,       rit« 


Loss  in  each  wire  —  ^i  "q  ;  total  loss  -«-  =  2ri*,  and  hence 

Copper  required  «      i      =  33.3  per  cent. 

(m)  Three-phase,  four-wire  system.  Same  as  in  (J)  except 
that  the  neutral  has  only  half  the  cross-section  of  one  of  the  mairis. 

Copper  required  =  29.16  per  cent. 

2.  High-voltage  Circuits.  Transmission  Lines  with  Grounded 
Neutral. — The  maximum  voltage  from  the  line  to  ground  is  the 
basis  of  comparison. 
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On  this  basis  the  Edison  three-wire  and  five-wire  S3rstems  give 
no  advantage  over  the  two-wire  system.  Whether  the  ground 
connection  is  used  merely  for  maintaining  a  constant  potential 
difference  between  the  ground  and  the  line  conductors,  or  as  a 
return  circuit  carrying  current,  all  grounded  systems  are  equiva- 
lent to  a  single-phase,  two-wire  system  with  grounded  neutral, 
or  to  a  single-phase  circuit  having  one  wire  and  ground  return. 

3.  High-voltage  Circuits.  Isolated  Transmission  Lines,  Cables, 
Etc. — The  maximum  voltage  between  any  two  conductors  is 
taken  as  the  basis  of  comparison.  On  this  basis  the  Edison  three- 
wire  and  five-wire  systems  offer  no  advantage  over  the  single- 
phase,  two-wire  system. 

(o)  QuarteT'phase,  four-wire  system.  All  wires  of  the  same  cross- 
section.  The  system  is  equivalent  to  two  single-phase  circuits  in 
time  quadrature. 

Copper  required  =  100  per  cent. 

(b)  Qxuirter^hase,  three-wire  system.  The  cross-section  of  the 
middle  wire  is  \/2  timss  that  of  either  outside  wire. 

« 

Current  in  outside  wire  = 


V2 
Current  in  middle  wire  =  i. 


rii^ rif* 


Power  loss  in  outside  wire  =  — ;  in  middle  wire  =  —7^' 

Total  loss  in  the  three  wires  =  2("^)+  --;=  =  riiH ^^)' 

2(2  +  V2)       V2(2  +  V2y 

4                          4 
Copper  required  = =  146.7  per 

cent. 

(c)  Three-ptiasef  three-wire  system.    All  wires  of  the  same  cross- 
section. 

• 

Current  in  each  wire  =  "-7^- 

V3 


Total  loss 


-<-kh 


3(1) 
Copper  required  =  —^  =  75  per  cent. 

For  the  same  efficiency  of  transmission  the  three-phase  line 
requires  less  copper  and  for  this  reason  is  most  desirable  for  long- 
distance transmission  lines. 


CHAPTER  XXVI 

CERTAIN  FORMS  OF  NOTATION 

TOPOGRAPHIC  METHOD.    ROOTS  OF  MINUS  ONE  AS  OPERA- 
TORS.   HYPERBOLIC  SINES  AND  COSINES 

It  is  often  desirable  to  show  in  a  single  diagram  the  simul* 
taneous  time-phase  relations  of  the  currents  and  voltages  at 
several  points  in  an  alternating-current  system.  It  is  espeeiaUy 
advantageous  to  show  both  the  time-phase  and  space-phase  rela- 
tions when  discussing  the  electrical  phenomena  of  long-distance 
transmission  lines.  Since  the  form  of  representation  is  some- 
what like  a  topographic  map  it  has  been  called  the  topographic 
method. 

(a)  Topographic  Method. — ^For  illustrative  purposes,  consider 
a  single-phase  circuit  having  resistances,  inductances,  condensers 
and  leakage  conductances  as  shown  in  Fig.  463.  Let  the  follow- 
ing quantities  be  given,  using  the  notation  indicated  in  the  figure: 

Ea;  fi,  r2,  Ti,  Vi]  j,Xif  ^X2,  lXz,  v^a]  eXi,  cX2,  cflJa,  ea?4;  iQu  iQif  iQti  i9i' 


^T"VNA/WlPt    f  iVWI^nP  r    f 'iVWWVV'^ 


Fio.  463. 


Starting  at  the  4th  staiion,  the  point  farthest  from  the  gen- 
erator, we  have: 

I A  =       f\._  and  ^4  =  tan-i  £5  (gse) 


J — : —  and  ^4  =  tan~^  ^^ 

Ta  +  JiOJi  U 


Draw  Ea  along  the  X-axis  as  reference  vector.  Fig.  464,  and 
lay  off  the  current,  I  a,  lagging  ^°4. 

The  components  of  £4,  r4J4  and  ,.a:4L4,  are  drawn  in  phase  and 
in  quadrature,  respectively,  with  /4. 
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The  charging  current,  cIa  =  — ,  is  drawn  in  quadrature  with  Ea, 

cXa 

and  the  leakage  current,  1/4  ==  iQaEaj  in  phase  with  Ea> 

/.  =  /4  +  ./4  +  ih  (857) 

At  the  3d  siation: 

Add  to  the  vector  Ea  the  voltage  drop,  r^It  in  phase  and  ^Xs/a 
in  quadrature  with  Iz. 

^,  =  ^4  +  uU  +  .xJz  (858) 

Ez 
The  charging  current,  elz  «=  — ,  and  is  drawn  in  quadrature 

cXz 


Fig.  464. 

with  Ez]  the  leakage  current,  Jz  =  iQzEz  is  drawn  in  phase  with 
Ez. 

/«  =  /a  +  c/.  +  Jz  (859) 

A<  ^/i«  2(f  ataiian: 

To  the  vector  £3  add  the  voltage  drops  r%l2  and  tP^^Ii  in  phase 
and  in  quadrature,  respectively,  with  /2. 

E2-=  Ez  +  rtU  +  .X2/2  (860) 

The  charging  current,  ct%,  is  in  time  quadrature  and  the  leakage 
current,  //j,  in  time  phase  with  E2, 

/i  =  /2  +  cU  +  iti  (861) 

A^  ^A6  lat  station: 

To  the  vector  E%  add  the  voltage  drops  riJi  and  ^xi/i  in  phase 
and  in  quadrature,  respectively,  with  I\. 

Ei^  E2  +  rJi  +  ,x,/i  (862) 
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Ex. 


The  charging  current,  e/i  =  — ,  is  drawn  in  quadrature  with  Ei; 
the  leakage  current  Ji  =  iQiEi  drawn  in  phase  with  Ei. 

h  =  h  +  Ji  +  jA  (863) 

Eq  =  El, 

From  the  diagram  the  magnitude  and  time-phase  positions  of 
cmrents  and  voltages  may  be  found  directly  for  all  the  points 
plotted.  For  example,  the  time-phase  relation  of  Et  with  respect 
to  Eof  El,  Ei,  Ea  or  to  any  of  the  currents  may  be  obtained,  by 
measuring  the  corresponding  angles  on  the  diagram.  In  trans- 
mission lines  the  resistance,  inductance,  condensance  and  leakage 


Fig.  465. 

are  uniformly  distributed  along  the  length  of  the  line,  and,  there- 
fore, the  relative  time-phase  position  of  the  current  and  voltage 
shifts  continuously  along  the  line.  A  typical  perspective  topo- 
graphic diagram  for  a  long  line  is  shown  in  Fig.  465. 

The  time-phase  relation  of  the  cm-rent  and  voltage  is  given 
at  any  point  on  the  line  by  the  corresponding  vectors  at  the  given 
position  on  the  line  OA. 

(&)  Roots  of  Minus  One  as  Operators. — In  the  preceding 
chapters  the  operator  j  =  V— 1  has  been  used  as  a  coefficient 
to  indicate  a  quadrature  relation  or  a  rotation  of  90^.  In  the 
technical  papers  dealing  with  electrical  phenomena  the  roots  of 
minus  one  are  frequently  used  as  operators  indicating  time  and 
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space-phase  displacements,  or  a  rotation  of  similar  vectors.  The 
operator  j  is  used  both  as  coefficient  and  exponent  and  an 
understanding  of  the  physical  concepts  involved  is  necessary. 

That  the  operator  j  indicates  a  rotation  of  90®  was  shown  in 
Chap.  III. 

Using  the  customary  notation,  and  for  a  simple  series  circuit, 


E  ^  ri  +  jxi 

=  zt  cos  6  +  jzi  sin  0 

=  zt  cos  ((at)  +  jzl  sin  ((at) 

=  z/[cos  ((at)  +  j  sin  ((at)] 

t  =  iVr'^  +  x^  =^  zi 

=  zi Vcos^  ((at)  +  sin^  ((at)  =  zl 


(864) 


(865) 


Other  roots  of  the  factor  ( —  1)  may  also  be  used  as  operators 
indicating  vector  rotation. 


Let 


u  =  ^  — 1,  or  M*  +  1  =  0 


(866) 


Fig.  466. 


The  three  roots  of  the  equation  are: 


1*2   =    —1 


:V3 


t*8  =  i  -  JVaV-i  =  i  -i 


.  vs 


(867) 
(868) 
(869) 


Letting  j  indicate  a  rotation  of  90°,  as  before,  the  three 
roots  may  be  shown  graphically  as  in  Fig.  466,  in  which  the  first 
root  indicates  a  rotation  of  60**,  the  second  180**,  and  the  third 
300**.  However,  by  the  successive  application  of  the  first  root 
the  vector  will  rotate  in  60°  steps  in  the  positive  (counter-clock- 
wise) direction. 
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60°  (870) 


«*-(*  +  i^)*=  -  (§-  i^)=  -  «.  -  120»       (871) 


«••=(*  +  3^)'"  -  1  =  t*»  =  180°  (872) 

«*  =  (i  +  i ^)*=  -  (i  +  i ^)  =  -  «i  =  240»        (873) 
«»=(§  +  i^)*=  (i  -  3^)  =  «.  =  300»  (874) 

«•  =  (*  +  3  ^)'  =  1  =  360-  (875) 

In  a  similar  manner  it  may  be  shown  that  \/— 1  indicates  a 
rotation  45°;  i/—!  a  rotation  of  36°;  and  in  general  v''^  indi- 

•  IT 

cates  a  rotation  in  the  positive  direction  of  -- 

The  negative  sign  combined  with  these  operators  indicates  a 
rotation  of  like  amount  in  the  negative  direction.    Thus: 


-  </3i  =  -60° 

-  V^  =   "l  (876) 

From  Fig.  466  it  is  evident  that  the  operator  (considered  as  a 
vector  of  unit  length)  may  be  expressed  in  terms  of  j  and  the 
sine  and  cosine  functions  of  the  angle  of  rotation. 

—  1  ss  ^'s  ss  cos  T  +  J  sin  T 

2 

V  -  1  =  j3  =  COS  -  +  J  sm  g, 

2 

—  1  =  7'*  =  COS  — h  J  sm  - 

or  in  general, 

-  1  =  j«  =  cos  (2m  +  1)t  +  j  sin  (2m  +  1)t 

n/ — =■        .-  (2m  +  l)ir    ,    .    .      (2m  +  l)7r     /q^tn 

V  —  1  =  ?»*==  cos  -^ ! — ^—  +  J  sm  -^ —     [oln 

n  n 

Where  m  may  be  any  positive  or  negative  whole  number,  and 
n  may  be  any  positive  or  negative  number,  integral  or  frac- 
tional, constant  or  variable. 
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IT 

For  given  values  let  -  =  ^. 


V  I 2$ 

^ -1  =jV  =  cos^+jsin^  (878) 


IT 

As  a  function  of  time  let  —  =  at 

n 


^  —  1  =  J  »  =  cos  («0  +  i  sin  (ci>0 


(879) 


Similarly  for  —  =  —  wi: 


2«( 


:^  -1  =  j    IT   =  cos  (a>0  -  i  sin  (coO  (880) 

The  jTTodtiCt  0/  two  operators  indicates  a  rotation  equal  to  the 
sum  of  the  separate  rotations. 
Let 

Q  =  cos  a  +  j  sin  a, 
and 

V  =  cos  b  +  j  sin  b, 

QV  =  (cos  a  +  j  sin  a)(cos  b  +  j  sin  6) 

=  cos  a  cos  6  —  sin  a  sin  b  +  j  (sin  a  cos  6  +  cos  a  sin  6) 
==  cos  (a  +  6)  +  j  sin  (a  +  b)  (881) 

The  quotient  of  two  operators  indicates  a  rotation  equal  to  the 
difference  of  the  separate  rotations. 

0  _  cos  a+j  sin  a 
V  ""  cos  b  +  j  sin  6 

_  cos  o  cos  6  +  sin  g  sin  b  +j  (sin  a  cos  b  —  cos  a  sin  b) 

""  cos^  6  +  sin*  b 

=  cos  (a  -  6)  +  j  sin  (a  -  6)  (882) 

When  0=7, 

(cos  a  +  i  sin  a)*  =  cos  2a  +  j  sin  2a 

Stating  De  Moivre's  theorem  for  n  factors, 

(cos  a+j  sin  a)'»  =  cos  na  +  j  sin  ?ia  (883) 

The  exponential  form  is  often  a  more  convenient  notation  for 
expressing  rotation  of  vectors  than  the  trigonometric.     By  ex- 
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panding  sin  u,  cos  u  and  e"  into  series  of  the  powers  of  u  the 
relation  between  the  two  forms  of  notation  is  readily  seen. 


tt   .  «*      «*      tt^ 

"°"  =T[3  +  I6~i7  + 


(-1)' 


u 


2i»+l 


2n  +  l 


+  etc. 


(884) 


C08tt  =  l"|2  +  r4~|6  + 


u 


w 


u* 


=  i+rT  +  r^  +  rQ  + 


w 


(-l)-r^  +  etc.      (886) 


+  ^  +  etc.      (886) 


Substituting  ju  for  Uy 


u 


Therefore, 


^2  u* 

2-^r3 


W*  tt*         tt'  >         tt*    . 

+  n  -  •  •  +  (i)*|-^  +  etc.     (887) 


(888) 


e/«»  =  cos  tt  +  J  sin  u 

Likewise, 

e-***  =  cos  tt  —  j  sin  tt  (889) 

The  factor  c^**,  therefore,  indicates  a  rota- 
-^  tion  of  tt°  in  the  positive  direction  and  e^"^ 
c    a  similar  rotation  of  tt^  in  the  negative  di- 
*)    rection.     By  adding  and  subtracting  equa- 
tions 888  and  889  or  from  the  diagram  in 
Fig.  467,  we  may  obtain  directly  Euler's 
expressions  for  the  sine  and  cosine. 


Fig.  467. 


COS  tt  = 


•and  sin  u  = 


^u  _  ^-j« 


(890) 


2  2j 

Vector  rotation  can,  therefore,  be  indicated  by  several  symbols 
or  operators.  A  rotation  of  0^  in  the  positive  direction  is  in- 
dicated by  any  one  of  the  following  equal  operators: 


cos 


^  +  j  sin  ^  =  ^  =  V^^  =  / 


29 


(891) 


Similarly  a  rotation  of  0°  in  the  negative  direction: 


-  e 29 

cos  6  —  jemO  =^  t"^  =  V  —  1  =  f  ^ 


(892) 
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For  a  continuous  rotation  with  ojt  as  the  variable, 


at  **** 


cos  («0  +  j  sin  («0  =  e*'*^  =  \/^^^  =  j  '  (893) 

COS  (0,0  -  i  sin  (0,0  =  6-^<-'> «  ;^A=ri  =  /- V  (^^) 

(0)  Hyperbolic  Sines  and  Cosines. — If  the  problem  involves 
vectors  that  vary  in  magnitude  as  well  as  in  phase  position  the 
notation  must  be  adjusted  to  comply  with  all  the  conditions. 
In  long  transmission  lines,  as  explained  in  Chap.  XXVII,  the 
voltage  and  current  vectors  differ  both  in  magnitude  and  in 
time  phase  along  the  line.  The  quantitative  relations  may  be 
expressed  by  exponential  equations  having  both  ''real  and  imagi- 
nary terms"  in  the  exponents.  As  stated  in  the  preceding 
paragraph  the  "imaginary"  part  of  the  exponent  (containing 
the  j  factor)  indicates  angular  displacement  or  relative  angular 
position  and  may  be  expressed  in  trigonometric  terms.  The  real 
part  of  the  exponent  represents  a  variation  in  the  length  of  the 
vector  and  may  be  expressed  in  similar  form  by  means  of  hyper- 
bolic sines  and  cosines. 

By  comparing  equations  (890)  and  (895)  it  is  seen  that  the 
exponential  expressions  for  the  sinh  and  cosh  are  strikingly 
similar  to  those  of  the  sine  and  cosine. 

sinh  u  = ^ ;  cosh  u  =  - — ^^ (895) 

Solving  for  the  exponential  terms  in  equation  (895), 

€+»*  =  cosh  u  +  sinh  u  (896) 

€-^  =  cosh  u  —  sinh  u  (897) 

It  is  often  more  convenient  to  develop  the  equations  in  the 
exponential  form  and  then  convert  into  trigonometric  form  when 
the  numerical  values  must  be  found.  Thus  in  Chap.  XXVII 
the  expressions  for  the  current  and  voltage  are  derived  in  the 
exponential  form  and  then  changed  into  trigonometric  terms  in 
order  to  use  the  tables  of  trigonometric  functions  when  calculat- 
ing the  numerical  results  for  any  given  transmission  line. 

(d)  Polar  Expressions  for  Complex  Quantities. — As  is  noted  oh 
page  479  the  product  of  two  operators  indicates  a  rotation  equal 
to  the  sum  of  the  separate  rotations  and  the  quotient  indicates 
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the  diflference  of  these  rotations,  etc.  When  dealing  with 
products,  quotients,  powers  and  roots  of  complex  quantities  it 
is  convenient  to  keep  the  expressions  in  polar  form  indicating  the 
scalar  length  and  the  angle  of  rotation. 

Let    C  ==  A  +  jB 

=  C(co8  a  +  j  sin  a) 

=  C(cos  tan-*  B/A  +  j  sin  tan"*  B/A) 

=  C/  tan-*  B/A 

=  C/_a 

where  C  is  the  scalar  value  and  a  or  tan"*  B/A  is  the  angle  of 
rotation. 
Likewise  let 

F  =  D+jE 

=  F(cos  fi  +  j  sin  /3) 

=  F(cos  tan-*  E/D  +  j  sin  tan-*  E/D) 

:=F/tan-*  Jg/D 

The  following  are  some  of  the  operations  easily  performed  with 
complex  quantities  in  this  form: 

CF  =  CF/_ct  +  P 

C/F  =  C/F/ci-P 

yjc  =  ^/c/«/2 

1/C  =  1/C/:l^  =  l/C/2ir-a 


yjC/F  =  iJC/F  /(«-/3)/n 

A  numerical  example  is  given  in  the  calculations  for  "Line  C." 
Chap.  XXVn. 


CHAPTER  XXVII 


LONG  TRANSMISSION  LINES 

In  transmission  lines  the  condensance,  inductance,  resistance 
and  leakage  are  uniformly  distributed  along  the  line;  or  the  line 
maybe  considered  as  equivalent  to  an  infinite  number  of  infinitesi- 
mal series  and  parallel  circuits  uniforiiily  distributed  along  its 
whole  length.  Each  infinitesimal  length  of  conductor  may  be 
represented  by  one  of  the  series  circuits  in  Fig.  468  and  the 
corresponding  infinitesimal  portion  of  the  dielectric  between 
the  line  elements  by  a  parallel  circuit.  The  resistance  and  the 
inductance  of  the  conductor  element  affect  the  voltage  in  pro- 


t 


i 


Fia.  468. 

portion  to  the  current  flowing  at  that  point.  Similarly  the  con- 
ductance and  susceptance  in  the  elemental  dielectric  circuit  aflFect 
the  current  in  proportion  to  the  voltage  at  the  point  selected. 
The  relative  phase  positions  of  the  voltages  at  successive  points 
along  the  line  differ  in  proportion  to  the  resistance  and  the  in- 
ductive reactance  in  each  elemental  series  circuit.  Likewise,  the 
phase  positions  of  the  currents  at  successive  points  along  the 
line  vary  in  proportion  to  the  conductance  and  susceptance  of 
the  parallel  circuits.  As  a  result  both  the  current  and  the  voltage 
change  continuously  in  magnitude  and  phase  position  along  the 
line. 

(a)  Development  X)f  Transmission-line  Equations. — In  Fig. 
469  is  shown  an  elemental  vector  diagram  of  the  currents  and 
voltages  for  two  points  at  a  distance  dl  apart,  along  the  line, 
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with  OX  and  OF  as  reference  axes.  In  the  original  develop- 
ment of  the  general  equations,  Dr.  C.  P.  Steinmetz  used  the 
polar  vector  diagram  notation,  and  the  same  system  has  gener- 
ally been  used  in  the  technical  literature  on  long  transmission 
lines.  To  facilitate  comparison  and  to  give  the  student  an  illus- 
tration of  the  reversal  of  signs  in  the  complex  equations,  the 
polar  vector  diagram  and  the  corresponding  complex  equations 
are  used  in  this  chapter.  Therefore,  the  symbol  for  inductive 
reactance  is  —jz  and  for  condensive  susceptance  — j6. 


e^j£bifi 


—  I 

lt€fi 


I 


A 


Fig.  469 


For  unit  length  of  line,  let: 

r  =  resistance  1  for    electric    and    magnetic     (series) 

X  =  reactance  J  circuits. 

g  =  conductance  1  for  leakage  and  dielectric  (parallel  or 

h  s  susceptance  J        shunted)  circuits. 

At  the  distance  I  from  the  receiver  end  of  the  line: 
At  the  distance  I  +  dl  from  the  receiver  end  of  the  line: 
From  the  vector  diagram  in  Fig.  469, 
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E  +  dE  =  e'  +  i'rdl  +  i"xdl  +  j(e"  +  t'VdJ  -  i'xdl) 
dii  -  i'rdl  +  i"xdl  +  j{i"rdl  -  i'xdl) 

dii 

-jr  =  i'r  +  i"x  +  ji'  r  —  ji'x 
dl 

-  (»'  +  ji")  (r  -  ix) 
^  =  /Z  (901) 

Similarly: 
/  +  d/  =  i'  +  e'gdl  +  e"bdl  +  j(i"  +  e"gdl  -  e'bdl) 

di 

■al  =  EY  (902) 

DiflFerentiating  (902)  with  respect  to  I: 

Substituting  (901)  in  (903) : 

-^  =  YZt  (904) 

di 
Multiplying  through  by  2  nr- 


Integrating: 


2'4^^2YZ4 
(U  dP  dl 

^  =  iYZ)^(t*  +  kr*)^ 

^^         =  iYZ)^dl 


(/« +  Ki*)^ 
Integrating: 

Log.[/  +  (/»  +  ki*)^]  +  k"  =  iYZ)^l  at 
Log.[/  +  (i«  +  ki*)^]  +  Log.X,  =  (yz)»*i 

Log.i:,[7  +  (t*  +  kt*)^]  =  {YZ)^i 
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Ay^^i     .       .       •    ^ 


-Kx* 


/  -  i,«<''^^'  -  i,«-<''^'*«  (905) 

Where  Ai  =  —^  and  Aj  =  — s — 
From  (902) : 

Differentiating  (906)  with  respect  to  l, 

§  =  (FZ)"  Ui*^^^"*'  +  i*-^''^'*')  (907) 

Substituting  (907)  in  (906) : 

^  =  O^iAjr^^i  +  X^iy^^i)  (908) 

Equations  (905)  and  (908)  give  the  current  and  voltage  at  any 

point  on  the  line.    Ai  and  A%  are  integration  constants. 

Equations  (905)  and  (908)  may  now  be  made  useful  for  actual 
computation  of  electrical  line  performances  as  follows: 

The  square  root  of  the  product  of  two  vectors  is  also  a 
vector: 

{YZ)^  ^a^jfi^  [(r  -  jx)(g  -  jb)]^ 
(a  -  i/3)«  =  (r  -  jz){g  -  jb) 
a*  -  /3»  -  j2aP  ^  rg  -  xb  -  j{rb  +  xg)     (909) 

From  (909)  it  is  evident  that: 

a«  -  /32  =  rg  -  xb,  and  2a/3  ^  rb  +  xg  (910) 

Squaring  equations  (910) : 

a*  +  /3*  -  2a«j32  =  r»g»  +  x*6«  -  2Txgb 

4a2/32  =  ftb^  +  x^g^  +  2rxgb  (911) 
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Adding  equations  (911): 

a^  +  p^  +  2a»/3*  =  r*g*  +  xH>^  +  r*6»  +  xV 

a«  +  /3«  =  zy  (912) 

From  (910)  and  (912) :. 

«  =  IK(«2/  +  rg  -  xh)]^ 

P  =  IHizy  -rg  +  xh)]^  (913) 

Equations  (905)  and  (908)  now  assume  the  forms : 

^  =  ^^[Ai€+^-^«'  +  A^-^«-^«'  ]  (914) 

Substituting  for  the  exponential  function  with  the  j  factor 
exponent  the  trigonometric  expression: 

€^^^  =  cos  /3I  ±  j  sin  0t 

Equations  (914)  change  in  form  to: 

7  =  Ai€  ^'^  (cos  fil  -  j  sin  pi)  -  A,€-"^(cos  pi  +  j  sin  $[) 


^  *  ^^T^[ai€  +"*  (cos  fil  -  J  sin  /SI) 


+  i2€  --^  (cos  j8l  +  i  sin  j80]     (915) 


Choosing  as  unit  length  the  entire  line,  2  =  0,  gives  /«  and  Ek 
at  the  receiver  end;  and  1  =  1,  gives  /<?  and  Ea  at  the  generator 
end  of  the  line,  and  Z  is  the  total  impedance,  Y  the  total  shimted 
admittance  of  the  entire  line. 

Neglecting  the  shunted  conductance,  that  is,  assuming  the 
power  consumed  by  leakage  and  dielectric  losses  in  the  line  as 
negligible  compared  with  that  consumed  by  the  effective  line 
resistance  r — as  is  always  done  for  low  frequencies — gives  from 
equations  (913) : 

a  =  [y2Kz  -  x)]^ 

fi  =  \}9>{z  +  x)Y  (916) 

and 

y  =  -  j6 
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Substituting  {  =  1  in  equations  (915) : 
la  =  ii€"^"  (cos  /5  -  j  sin  iS)  -  ije"  "  (cos  P+j  sin  0) 

Eg  =  ^^£^[Aic-»-«(cos  /3  -  i  sin  /8)  +  ife-^(cos /3  +i  sin/S)] 

(917) 

Substituting  Z  =  0  in  equations  (915) : 

•  •  • 

Ir  =  Ai  —  A2 

^«=^^^(ii  +  i2)  (918) 

•  • 

Solving  equations  (918)  for  A\  and  Ati 

ii  =  M  (/«  -  ;^i^«)  (919) 

Substituting  equations  (919)  in  (917) : 
^  =  H  [(/«  -  -—jfi^")  «■*■"  (cos  U  -isinp) 

+  (i'  +  ^^^*)  *  "'  ("**  /»  +  i  sin  /?)] 
-^-^  =  rZ^H  [(^«-  737^«)  «+- (cos  ^  -  i  sin /5) 

-  (^«  +  ^r~ri^^«)  *""  (^'^^  /»  +  J  sin  |5)]      (920) 

Since  a  is  a  small  quantity  even  in  very  long  lines,  because  in 
equation  (916),  b  is  small  at  25  cycles,  while  z  —  x  is  small  at  60 
cycles,  €**  may  be  replaced  by  the  first  terms  of  its  series: 

«*    =l±«+2-±-g+24±    •    •    . 

that  is,  by 

e^'  =1  ±  a  (921) 


or,  if  greater  acciiracy  is  desired,  by 


,t 


with  a  possible  error  of 


•  ±-=l±a+|-  (922) 

?! 
6' 
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Substituting  (922)  in  (920)  and  separating  Ir  and  Er  terms: 

^  =  M{/i^([l  +  «  +  ^][cos/3-jsin/3]  +  [l-a  +  y] 
[cosjS  +  isin/s])  +  ^B-^^p  ([^  ""  ^  +  ^][cos/3  +  jsin^] 

-  [l  +  a  +  ^][eos  /5  -  i  sin  /s])  }      (923) 

^o  =  K  I  ^«([l  +  «  +  f']  [cos  /3-i  sin/5]  +  [l  -  a  +^] 
[cos/3  +  jsin/s])  + /«?^f^([l  +  a +^][cos/3 -jsin/j] 

-  [l  -a+^][cos/3+jsin/5])  }  (923) 

Simplifying  coefficients  of  is  and  ErI 
1 1  +  a  +  "2  J  [cos  /3— j  sin  jSJ  =  cos  /3  +  a  cos  /3  +  ~  cos  /3 


.a« 


— j  sin  /3  —  ja  sin  /5  —  j  o;  sin  /3      (924) 

1 1  —  a  +  "2  J  [cos  /3  +  j  sin  jSj  =  cos  /5  —  a  cos  /3 

a*  a* 

+  ^  cos  /3  +  J  sin  j5  —  ja  sin  /5  +  j  -x-  sin  /3      (925) 

Adding  (924)  and  (925)  gives: 

2  cos  /3  +  a^  cos  /5  —  j2a  sin  /3 


or 


2  [cos  /3  (l  +  ^  -  ja  sin  js]  (926) 


Subtracting  (924)  from  (925)  gives: 

—  2a  cos  /3  +  j2  sin  /3  +j2  ^  sin  /3 


a^ 


2  [-  a  cos  /3  +isin/3  (l  +  ^)]  (927) 

Subtracting  (925)  from  (924)  gives: 

a* 

2a  cos  /3  —  j2  sin  fi  —  j2-^  sin  /3 


or. 


2  [a  cos  18  -  j  sin  /3  (l  +  |*)]  (928) 
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Substituting  (926),  (927)  and  (928)  in  (923): 

to  =  /«  [cos  /3  (l  +  ^)  -  i«  sin  p  J 

Bo  =  Eu[co&P  (l  +  ~)  -iasin/S  ] 

+  ^«^ir^  [acos/3~iBin/3  (l  +  ^')]       (929) 

Rationalizing  the  denominators  of  the  fractions: 

jb      ^  (a+JP)Jh  ^  {a+jm  ^  _  p  -  ja 
a  -  jP         a^  +  fi^  bz  ""  z 

and, 

-jb    "  b         "       b  ^^^"^ 

Substituting  equations  (930)  in  (929)  and  separating  j  terms: 

/o  =  /«[cos/3(l+^-iasin/3]+J^«  {^[aj3cos/3 
-asin/3(l+^)]  -ii[/3sin/3(l+Y)+«'^^'5]}  (»31) 
J&o  =  J^fi[cos/3  (l  +|-)-iasin/3]+ij,{  ^[aj3cos/3 
+  asini8(l  +  |*)]  -i^[/3sin/3  (l  +  ^  -  a^  cos/s]  }   (932) 

The  coefficients  of  /«  in  (931)  and  of  tlR  in  (932)  may  be  ex- 
pressed by  ai  —  jaj,  the  coefficient  of  Er  in  (931)  as  Ci  —  jcj,  and 
the  coefficient  of  /«  in  (932)  by  dx  —  jdj,  and,  finally,  expressing 
^«  by  i'b  +  jt''«  and  J&h  by  «'«  +  jc^'h,  equations    (931)  and 
(932)  become: 

ia  =  {i'r  +  ii"«)(ai  -  ias)  +  (e'a  +  ie"fi)(ci  -  icj) 

^G  =  {e'^  +i6"^)(ai  -iaa)  +  (z'«  +  jV'i.)  (di  -  jdt)    (933) 

If  in  equations  (936)  the  sign  of  I  is  reversed,  the  distance 
along  the  line  is  measured  in  the  opposite  direction;  that  is,  I  =  0 
gives  generator  voltage  and  current  Eq  and  to,  I  —  —1  gives 
receiver  voltage  and  current  Er  and  /«.  Remembering  that 
cos  (—  .5)  =  +  cos  /3  and  sin  (-  /3)  =  —  sin  /3,  the  only  change  re- 


490  ALTERNATING  CURRENTS 

suiting  from  this  substitution  is  a  reversal  of  the  sign  between 
the  two  products  in  equations  (933) : 

/«  «  (i'a  +  ji"a)  (ai  -  jat)  -  (e'a  +  je%)  (ci  -  jct) 

6r  =  {e'a  +  ie"o){ax  -  jaO  -  {i'o  +  jt"a)(di  -  jd^)       (934) 

Summary. — With  known  current,  voltage  and  power  factor  at 
the  receiver  end  of  the  line  and  choosing  the  time  when  e"R 
=  0,  the  current  and  voltage  vectors  at  the  generator  end  are 
found  from  equations: 

to  =  i'a  +  ji"a  =  (i «  +  it"ji)(ai  -  JO2)  +  6'«(ci  -  jct) 
i!o^e'G+  je^'a  -  e'iiCai  -  ja^)  +  (t'a  +  ii",)(di  -  jd^)      (935) 


where:  efs  ==  voltage 

i'«  =s  power  current 
i"«  =  reactive  current 


at  receiver  end  of  line. 


With  known  current,  voltage  and  power  factor  at  the  gen- 
erator end  of  the  line,  the  current  and  voltage  vectors  at  the 
receiver  end  are  found  from  equations: 

ta  =  i'a  +  ji^R  «  (*  o  +  ii"o){oL\  -  ja^  -  ^<?(ci  -  JC2) 

ilB  =  e'u  +  jV,  =  efoifli  -  ia,)  -  {i'o  +  i"o)(di  -  jd,)      (936) 


where:  ^q  «  voltage 

%'q  =  power  current 
1' o  ==  reactive  current 


at  generator  end  of  line. 


The  factors  ai  —  ja^y  C\  —  jc^  and  d\  —  jd2  are  line  constants, 
which,  when  once  computed,  give  the  performance  of  the  line, 
in  equations  (935)  for  all  load  conditions  at  the  receiver  end  and 
in  equations  (936)  for  all  conditions  under  which  power  may  be 
sent  into  the  line  at  the  generator  end.     These  constants  are: 

ax  —  ja%  =  (^  +  ^)  ^^®  ^  ""  i^  ^^^  ^ 

C\  —  jca  =  -   a/3  cos/3  —  a\\  +  -^-jsin/Sl 

-  i^[/3(l  +  f  )8in/3  +  a^cosp], 
di  -  id,  =  ^[ajS  cos  /3  +  a{l  +  ^)sin  /s] 

-iJ[/3(l+^)8in/3-  a'coBis], 
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where:  a  =- [}i  b{z  -  x)]^ 

/3  =  [1^  b(z  +  x)]^,  in  radians 
P  in  degrees  =  57.3/3 

z  =  [r*  +  x^]^  =  impedance 
6  =  2ir/C  ==  shunted  susceptance 
z  =  2t/L  =  reactance 
r  ==  resistance 
L  ==  inductance 
C  =  condensance 

/  =  frequency. 


of  entire  line 


a' 


Possible  error  of  calculation  is  -^* 

6 

After  the  line  constants  have  been  computed  and  with  the 
current,  voltage  and  the  power  factor  given  at  one  end  of  the  line 
the  corresponding  values  at  the  other  end  of  the  line  may  be  cal- 
culated by  means  of  equations  (935)  and  (936).  For  convenience 
the  order  for  making  the  computations  is  given  in  tabular  form. 

GnrEN  Data 


Let  the  current,  voltage  and  power  factor  be  given  at  the: 

Receiver  end 

Generator  end 

For  computing  data  at 
generator  end 

For  computing  data  at 
receiver  end 

i'a  +Ji"a 

i'H  +Ji"H 

Current  Vector 

e'o  +je"a 

e's  +je"s 

Voltage  Vector 

la  =  WaY  +  {i"oy\^ 

h  =  [(i'«)'  +  «"«)'!" 

Current 

Ea  -  [{e'oY  +  («"o)'l** 

Eh  =  [(«'*)•  +  (e",)«l^ 

Voltage 

Pa  -  «'o»'o  +  e'V'o 

P        —    ,«'    •'        _l_  x»"     V" 

Actual  Power 

Qa  "  Egla 

Qr  =  ^rJr 

Volt-amperes 

cos  flo   =  P(J  +  Oo 

cos  ^«   =  PjB   +  Qr 

Power  Factor 

Pa-Pu 

Po-Pr 

Line  Loss 

(b)  Transmission-line  Equations  with  Hyperbolic  Functions. — 

Using  hyperbolic  functions,  the  approximation  resulting  from 
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the  substitution  of  the  first  terms  of  its  series  for  e*"  may  be 
avoided. 

sinh  a  = s ;  cosh  a  = x (937) 

Solving  (937)  for  «*  and  €-«  gives: 

e+*  s  cosh  a  +  sinh  a  (938) 

€""  =  cosh  a  —  sinh  a. 

Substituting  (938)  into  (920),  this  equation  becomes, 

Iq  —  yi  \  /«([cosh  a  +  sinh  a]  [cos  fi—j  sin  /S]  —  [cosh  a  —  sinh  a] 
[cos  j8  +  j  sin  /S])  +  J&«  — ^Tfi  ((^osh  a  —  sinh  a][cos  /S  +  j  sin  /3] 

-  [cosh  a  +  sinh  a]  [cos  jS  -  j  sin  /?])  1     (939) 

^o  =  }4\  ^^([cosh  a  +  sinh  a]  [cos  j8  —  J  sin  /S]  +  [cosh  a  —  sinh  a] 

[cos  j8  +  j  sin  j8])  +  /^    _  .*f    ([cosh  a  +  sinh  a][cos  j3  —  j  sin  /3] 

—  [cosh  a— sinh  a][cos  j3  +  j  sin  P])  >  • 
Simplifying: 

Ig  =  t'a  +jV'(;  =  H'r  +ji"R)(a'i  -ja'2)  +  (e'^  +je"^){ci  -jc^^ 
Eo  =  e'o  +3e"o  =  We  +ie"H)(a'i-jV,)  +  (t'*+ii"«) 

(d'l-jd',)      (940) 

Following  the  same  reasoning  as  that  for  equation  (934) : 

U  =  i'n  +  3i"R  =  ii'o  +  jV'(.)(a'i  -ja'O  -  (e'c  +;V'o)(c'i  -;V,) 
En  =  e'i,+>"*  =  (e'(,+i6''<,)  {a\ -jV,)  -  (t'o+jW) (d'l -jd't)  (941) 
where  in  both  (940)  and  (941) : 
a'l  —  ja\  =  cosh  a  cos  fi  —  j  sinh  a  sin  j8, 

c'l  —  jVa  =  — ^;j-^[sinh  a  cosjS  —  j  cosh  a  sin/S] 

d'l  —jd't  =     _  ^^  [sinh  a  cos  j3  —  j  cosh  a  sin  j8] 

These  constants  correspond  to  those  used  in  equations  (935) 
and  (936)  and  should  be  used  in  their  stead  if  greatest  possible 
accuracy  is  desired. 

Constants  a  and  /S  are  the  same  as  for  (935)  and  (936). 

These  equations  are  equivalent  to  the  following  expressions 
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and  may  be  used  in  this  fonn  if  tables  of  complex  hyperbolic 
functions  are  available. 

o'l  —  J€i\  -  cosh  (a  —  jff)  _ 

d'l  -  Jd'2  =?-i:^8inh  (a  -  j/3)  =^  sinh  (a  -jW 

It  will  be  found  convenient  to  keep  the  components  of  these 
expressions  in  the  form  illustrated  in  the  problem  on  "Line  C." 

(c)  Transmission-line  Equations  Approximated  for  Prelimi- 
nary Computation. — Substituting  2  =  1  in  equations  (935)  and 
(908) : 

to  =  iie^^^>"  -  i.c-^^^'* 

Substituting  Z  =  0  in  equations  (905)  and  (908) : 

/•  • 

R  —  Ai  —  At 

Hb  =  ^[ii  +  i.]  (943) 

Solving  (913)  for  Ai  and  At: 

ii  =  M[/«  +  ^H  jyzyi\ 

i«  =  -  H  [/«  -  6b  If^yi]  (944) 

Substituting  (944)  in  (942): 

to  =  K[(/.  +  6'^n^y^''  +  (/.  -  ^.  H^h)  -^"^1 


In  the  converging  series  of: 

the  first  four  terms  may  be  used  to  represent  c  *  ^  ^^^     with  sufficient 
accuracy: 

A,  -  M  [(/.  +  &  jjl,-.)  (i  +  (KZ)" +  ¥  + i^ 

+  ('-*-(rU('-<^-)''+¥-^")] 


.^ k 
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(YZ) 


a 


s,-H'--y--[(t.  +  i:.j^){i  +  (rz)»+^+f^ 


-('-*.«fc)('-(^-)''+¥-^l] 


(946) 


Simplifying: 


io  =  h{i  +  ^)+  E,Y  ^  -^  ^^ 


YZ\ 
6  / 


(947) 


2.. -■(•  +  ¥) 

JBo  =  6r(i  +  ~)  +  IbZ  (l  + 
Since  Y  =  —  jb,  and  Z  =  r  —  jx, 

/.=  /.[l-|x-i^]+^.[-^%-i(6-?x)] 

-  i  (x  +  I  [r*  -  z*])  ]      (948) 

Final  equations: 
to  =  i'o  +  ji"o  =  (i'«  +  jV"«)(a"i  -  jo",>  +  c'.(c"i  -  jc",) 

^o  =  e'c  +  je"o  =  e',(o"i  -  ja"t)  +  (i'a  +  ii"i,)(d"i  -  jd"t) 

(949) 
Measuring  distance  from  generator  end: 

/«  =  i'a  +ji"H  =  (t'o  +  it"o)(o"i  -  jV',)  -  e'o(c",  -jc",) 

(950) 

^«  =  e',  +  je",  =  e'o(a"x  -  ia"j)  -  (i'o+ Ji"o)(d"i  -  jd"t) 
where  for  both  equations  (949)  and  (950) : 


a"i  -  ja",  -  1 


b  .b 


c"i  -  jc",  =  -  Q^  -3  {b  -  -^xj 
d'\-jd'\  =  r{l-\x)  -j  (x  +  |(r*  -  x»]) 


In  the  above  constants 

b  =  2ir/C  =  shunted  susceptance 

X  =  2ir/L  =  reactance 
C  =  condensance 
L  =  inductance 

/  =  frequency. 


of  entire  line 


k 
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In  case  it  is  desired  to  find  the  operating  conditions  at  the  low- 
tension  buses  on  both  ends  of  the  line,  the  equations  must 
include  the  constants  of  the  transformers.  Sufiiciently  accurate 
results  may  be  obtained  by  adding  the  equivalent  reactance  and 
resistance  of  the  transformers  to  the  reactance  and  resistance, 
respectively,  of  the  line.  This  procedure, would,  of  course,  dis- 
tribute the  transformer  reactance  and  resistance  imiformly  along 
the  whole  line,  whereas  for  greatest  accuracy  they  should  be 
treated  as  concentrated  on  both  ends. 

The  actual  low  bus  potential  and  current  are  obtained  from  the 
known  ratios  of  the  transformers. 

(d)  Arrangement  of  Conductors. — ^The  economy  in  copper  of 
the  three-phase  system  for  long  transmission  lines  was  shown  in 


o 


f 


aev.  JT'I. 
Pia.  470. 
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Chap.  XXV.  In  America  this  system  is  so  generally  used 
that  no  other  need  be  considered.  Assuming  a  balanced  three- 
phase  system,  with  the  corresponding  neutral  as  explained  in 
Chap.  XXV,  letting  Cq  and  e^  in  the  line  equations  represent  the 
voltages  to  neutral  and  using  in  the  line  constants  the  inductance 
and  condensance  to  neutral,  the  transmission  line  may  be  con- 
sidered as  three  single-phase  circuits.  The  complete  performance 
curves  for  the  line  may  be  found  by  analyzing  one  phase  to 
neutral  since  the  system  is  balanced. 

In  order  that  the  three  phases  shall  have  identical  performance 
ciu^es  the  electrical  constants  must  be  the  same:  that  is, 
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1.  The  three  conductors  must  be  of  the  same  length  and  cross- 
section  and  be  of  the  same  material  so  that  the  resistances  shall 
be  equal. 

2.  The  inductance  per  conductor  to  neutral  must  be  the  same 
for  the  three  phases. 

3.  The  condensance  per  conductor  to  neutral  must  be  the  same 
for  the  three  phases. 

The  first  requirement  is  always  met  in  long-distance  lines. 
The  inductance  and  condensance  of  the  three  phases  are  equal 
only  if  the  wires  are  properly  transposed.  Two  complete  trans- 
positions dividing  the  line  into  three  sections  of  equal  length 
give  a  balanced  arrangement.  In  Fig.  470  the  interaxial  spacing 
for  the  one-third  of  the  line  for  any  pair  of  conductors  is  Di, 
for  the  second  one-third,  Dt,  and  the  last  one-third,  Da. 

In  order  to  apply  the  equation  for  inductance  derived  in  Chap. 
XXI,  it  is  desirable  to  find  the  equivalent  equidistant  spacing 
which  gives  the  same  inductance  per  conductor  for  the  whole 
length  of  the  line  as  that  given  by  the  sum  of  the  inductances, 
each  for  one-third  of  the  length,  of  the  spacings  Di,  D2  and  Dp 
Let  D  ss  the  equivalent  equidistant  spacing. 

d  s  the  diameter  of  the  line  wire  in  the  same  imits  as  D. 
L  »  the  inductance  of  one  conductor  in  henrys. 
{  =  the  length  of  the  line  conductor  in  miles, 
fci  =  74.1  X  10-* 
fcs  =  8.05  X  lO-*^ 

L  =  ufci  logio  -7-  +  ^2)  henrys  (from  equation  (624)) 

=  HI {ki^ogio  ^  +  fc.)   +  HI  {ki  logxo  ^  +  h) 

+  Hl{kilogio^  +  k,)   (952) 

Eliminating  common  factors  and  solving  for  D, 

3  logio  2D     =  logio  2Di  +  logio  2D2  +  logio  2Ds 
logio  (2D)«  =  logio  (2»Di  X  D2  X  Dz) 
D«  =  (Di  X  D2  X  Dz) 
D  =  (Di  X  Da  X  Ds)^  (953) 

Therefore,  if  the  conductors  are  properly  transposed  and  a  spac- 
ing, D,  is  used  equal  to  the  cube  root  of  the  product  of  the  three 
unequal  spacings,  the  equation  for  the  inductance  (952)  may  be 
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used  on  all  practical  transmission  lines  whatever  be  the  arrange- 
ment of  the  conductors. 

Similarly  the  condensance  of  one  wire  to  neutral  for  lines  hav- 
ing imequal  spacings  maybe  expressed  by  equation  (634)  (derived 
in  Chap.  XXI)  provided  the  line  conductors  are  properly  trans- 
posed and  an  equivalent  spacing,  D,  is  used,  equal  to  the  cube 
root  of  the  product  of  the  three  unequal  spacings. 
C  =  the  condensance  of  one  conductor  to  neutral  in  farads. 
k  =  0.0388  X  10-« 
Df  Di,  Di,  Dzf  d  and  I  as  already  defined. 

k 


C-^l 


logio 


2D 

d 


_  I       k  I        k  I 

3 ,        2Di  "•■  3 ,        2Da  "^  3 ,        2D,  (954) 

logio -^  logio -J-  ^^ ^       ' 

Eliminating  the  common  factors,  I  and  k 

I     1  +  1 


-        2D       _,        2Di   '      ,        2D. 
logio-^       6  logio -J-       o  logio --J— 

Hence: 

„ ,        2Di ,       2D,  , 
2D  3  logio -^  logio-^  logio 

logiorr  -  — 


logic 

1 

2D, 

•  d 

1 

3  logio 

2Dt 
d 

2D. 

d       ,        2D,.        2D,,,        2Di,        2D,   .,        2Di,        2D, 
logio -^logio-^  +  logio  "^  logio-jj-  +  logio-^  logio —p 

=  H  logio  2Di  +  }4  logio  2D2  +  }4  logio  2Da  -  logio  d,  plus  a 
quantity  which  is  zero  for  equal  spacings  and  so  small  for  any 
unsymmetrical  spacing  used  in  practical  transmission  lines  that 
for  numerical  calculations  it  may  be  neglected. 
Therefore: 

2D 

logio  -^  ==  M  logio  2Di  +  }4  logio  2D2  +  }4  logio  2D8  -  logio  d 

logio2D  =M  logio  (2»Di  X  D2  X  Ds) 

D=  (Di  X  D2  X  Dz)^  (955) 

Likewise  the  condensance  to  ground  (Fig.  470)  is, 

^^  ^0.0388  X^  (956) 

logio -r- 
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where: 

(e)  Voltage  Regulation  by  Synchronous  Condenser  (Power- 
factor  Regulator). — The  most  important  problem  in  the  opera- 
tion of  long-distance  transmission  lines  is  the  voltage  regulation, 
which  must  be  automatic  to  give  satisfactory  results.  The  ratio 
between  the  generator  and  receiver  voltages  is  determined  by  the 
line  constants  and  the  nature  of  the  load,  but  the  equations, 
already  derived,  are  complicated.  As  in  most  alternating- 
current  phenomena  it  is  essential  to  first  understand  the  energy 
changes  involved.  The  amount  of  energy  stored  inductively 
in  the  magnetic  field  along  the  line  depends  on  the  current  in 
the  Une  while  the  energy  stored  condensively  in  the  dielectric 
depends  on  the  voltage.  Hence  the  energy  stored  magnetically 
is  very  small  at  no  load  and  increases  up  to  a  maximum  for  the 
maximum  current  in  the  line.  The  energy  stored  dielectrically, 
on  the  other  hand,  is  approximately  constant  for  all  loads  for 
systems  operating  at  practically  constant  potentials.  In  long 
transmission  lines,  operating  at  high  voltage  the  condensance  as 
well  as  the  inductance  is  of  considerable  magnitude.  The  energy 
stored  dielectrically  is  of  such  quantitative  value  in  comparison 
to  the  amount  stored  magnetically  that  they  balance  or  offset 
each  other  at  some  load  between  no  load  and  full  load.  At  no 
load  the  condensive  action  predominates,  while  at  full  load,  and 
particularly  for  the  maximum  current  in  the  line  the  inductance 
becomes  the  controlling  factor.  Variations  in  the  receiver 
load  during  the  daily  cycle  combined  with  the  ever-changing 
power  factor  of  the  commercial  load  continually  change  the  rela- 
tive effect  on  the  voltage  regulation  of  the  inductance  and  con- 
densance of  the  line. 

In  constant-potential  systems  it  is  imperative  that  the  receiver 
voltage,  6/8,  be  kept  constant  at  all  loads.  This  eliminates  one 
possible  variable  in  each  voltage  equation.  It  is  also  highly 
desirable  that  the  generator  voltage,  6^,  should  be  a  constant  for 
all  loads.  To  secure  satisfactory  voltage  regulation  it  is,  therefore, 
necessary  to  provide  some  means  by  which  the  voltage  at  both 

w 

ends  of  the  line  can  be  automatically  kept  constant  for  all  varia- 
tions in  the  load,  from  no  load  to  the  maximum  value  for 
which  the  line  is  designed.  As  mentioned  in  Chap.  XV  all  the 
conditions  required  for  automatic  voltage  regulation  are  met  by 
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the  use  of  synchronous  condensers  placed  at  the  receiver  end  of 
the  line.  The  field  excitation  of  the  synchronous  condenser  is 
adjusted  by  some  automatic  device,  as  the  TA  regulator  described 
in  Chap.  XIV,  so  that  the  cxu'rent  in  the  machine  is  lagging  at 
no  load  and  leading  at  maximum  load.  When  properly  designed 
and  installed,  this  arrangement  gives  the  required  automatic 
voltage  regulation  for  all  loads.  It  is  not  necessary  that  the 
receiver  and  generator  voltages  be  equal  but  only  that  they  shall 
remain  constant  at  all  loads.  With  a  given  generator  voltage  the 
receiver  voltage  should  be  selected  so  as  to  require  a  synchronous 
condenser  of  minimum  capacity. 

As  the  fimction  of  the  synchronous  condenser  is  to  provide  the 
required  reactive  kv.a.  for  all  loads  the  ratio  of  the  generator  and 
receiver  voltages  should  be  so  selected  that  the  maximum  lagging 
current  (at  no  load)  in  the  synchronous  condenser  should  be  equal 
to  the  maximum  leading  current  (at  maximum  load)  in  order  that 
the  capacity  or  size  of  the  machine  may  be  a  minimum.  By  solv- 
ing the  general  voltage  equation  (933)  for  the  reactive  current, 
i^R,  the  amount  of  reactive  power  (lagging  or  leading  current) 
that  will  be  required  to  give  constant  receiver  voltage  may  be 
calculated.    For  e"jj  =  0,  e'a  =  eg  from  equation  (933) : 

Eb  =  ea^ai  —  jai)  +  (i'a  +  ji'^s)  (di  -  jdi) 

=  c«ai  +  i^adi  +  i^^tiih  +  i(-  ««a2  +  i"«di  -  ^*'hc?2) 

e^o  =  {i''B)Kdi^  +  di^  +  2i%{eBaid2  -  6«a2di)  +  (i'«)Hdi»  +  d,^) 
+  2i'«(6«aidi  +  esChdft)  +  e«Hai^  +  «2^) 

1  ji  =  — 


^  Ldi«  +  di" 


di«  +  da*  '   Ldi«  +  di^  di«  +  dj^ 

eB*(aid2  -  a^iy  _  ,.,  .^  _  ^Cri'r  (aidi  +  a^idj)  1  ^ 
"^        di«  +  d2»  ^'^^^         '      di2  +  d2^         J 

_  eg(— oid2  +  ggdi)        r      Cq^       _  /eRJaidi  +  azd^)   .    .,  \n^ 
di*  +  da*  "^  W  +  da*       \       di*  +  da*        "^  ^  */  J 

(951) 

By  referring  to  Figs.  471  and  472  for  quantitative  values,  the 
method  for  determining  the  most  desirable  receiver  voltage  may 
be  more  easily  understood.  For  known  line  constants  and  given 
constant  generator  voltage,  plot  curves  for  the  reactive  power, 
equation  (951),  as  ordinates  and  the  kw.  receiver  load  as  abscissse 
for  three  values  of  the  receiver  voltage:  of  Cr  =  90  per  cent,  of  eo; 
^R  ^  eo]  and  e^  =  110  per  cent,  of  e^.     On  the  same  diagram. 
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Figs.  471  and  472,  draw  the  line  OD  representing  the  kv.a. 
load  for  the  specified  power  factors,  85  per  cent,  and  90  per  cent, 
respectively.  For  any  given  load  the  corresponding  ordinate 
to  the  line  OD  represents  the  reactive  power  in  the  receiver  load. 
Likewise  the  ordinate  to  the  curves  for  the  receiver  voltage 
selected  gives  the  amount  of  reactive  power  that  must  be  pro- 
vided in  order  to  give  the  desired  regulation.  The  function  of 
the  synchronous  condenser  is  therefore  to  supply  the  difference. 

By  interpolation  that  receiver  voltage  may  be  found  which  will 
require  an  amount  of  inductive  reactive  power  at  no  load,  ordi- 
nate OA,  equal  in  magnitude  to  the  condensive  reactive  power 
at  maximum  load,  ordinate  BD, 

The  receiver  voltage  thus  determined  can  be  maintained  auto- 
matically by  a  synchronous  condenser  of  minimum  capacity 
for  the  given  line,  load  and  generator  voltage.  Thus  for  line 
A,  Fig.  471,  for  the  given  generator  voltage,  €o  =  135,000  volts 
and  power  factor  of  load  =  85  per  cent.,  the  capacity  of  the 
synchronous  condenser  is  a  minimum  if  the  receiver  voltage 
Cr  «  123,000  volts.  Similarly  for  Ime  B,  Fig.  472,  for  eo  =  160,000 
volts  and  load  power  factor  =  90  per  cent.,  the  required  capacity 
of  the  synchronous  condenser  is  a  minimum  if  the  receiver 
voltage  Cr  =  155,500  volts. 

The  effect  of  varying  the  power  factor  of  the  load  is  apparent 
from  reactive  power  cm'ves,  Figs.  471  and  472.  For  loads  having 
power  factors  nearer  tmity  the  receiver  voltage  would  be  corre- 
spondingly increased  while  the  reverse  would  be  the  case  for 
loads  with  lower  power  factors. 

In  order  to  illustrate  the  application  of  the  theoretical  equations 
to  practical  transmission  lines  the  complete  solution  is  given  for 
two  typical  high-tension  systems.  The  complete  operating  char- 
acteristics of  the  two  lines  are  shown  in  Figs.  473  and  474. 

(/)  Performance  Computations  of  Long-distance  Trans- 
mission Lines. — Below  are  given  the  performance  computations 
of  two  transmission  lines  called  A  and  B.  The  computations 
are  given  in  parallel  columns  for  the  two  lines  in  order  to  facilitate 
comparisons;  the  pages  are  divided  so  that  the  treatment  of  line 
A  appears  on  the  left-hand  side  and  of  line  B  on  the  right. 
Statements  which  hold  true  for  both  lines  are  carried  across  both 
divisions. 
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(g)  Computation  of  Performance  Curves  for  Line  C. — The 

specifications  for  Line  C  are  the  same  as  for  Line  B,  except  that  it 
is  twice  as  long.  The  computation  illustrates  the  use  of  the 
polar  notation  in  the  solution  of  transmission-line  problems. 

For  Line  C : 

r  =  2  X  26.74  =  63.5  ohms 
X  =  2X  155.5  =  311.0  ohms 
2  =  2  X  157.78  =  315.6  ohms 
Z  =  315.6  /279.6° 

6  =  2  X  1.1068  X  10-»  =  2.214  X  lO"*  mho. 
Y  =  2.214  X  10-»  /270.0° 
a  =  2  X  0.03552  =  0.07104  radian 
/5  =  2  X  0.41638  =  0.8328  radian 
=  47.72° 
cosh  a  —  1.0025 
sinh  a  =  0.0711 
cos  IS  =  0.6727 
sin  /S  =  0.7398 

The  slide  rule  is  considered  as  sufficiently  accurate  for  the 
following  computations: 

cosh  (a  —  j'/S)  =  cosh  o  cos  j8  —  j  sinh  a  sin  j8 

=  0.674  -  i0.0526 

=  0.676  /3556° 
sinh  («  —  jj8)  =  sinh  o  cos  /3  —  j  cosh  a  fin  j8 

=  0.0478  -  jO.742 

=  0.743  /2737^ 
/^^         /2.214  X  10^  /270.0°  -  279.6° 

^^1^  =  V       315.6       /  _A 

=  2.646  X  lO-'  /355.2° 
^/ZjY  =  378  l_^ 
a\  -  ja't  =  0.676  /355.5° 
c'l  -  jc't  =  (2.645  X  10-'  /356.2^)  (0.743  7273.7°) 

=  1.967  X  10-'  /268.9° 
d\  -  jd\  =  (378  /4.8°)  (0.743  /273.7°) 
=  281  /278.5° 

The  complete  equations  for  the  lino  are  therefore: 

to  =  (0.676/355^) /„  +  (1.967  X  lO"*  /268.9^)B« 
ila  =  (0.676  /355.5°)£„  +  (281  /278.5°)/„ 
h  =  (0.676  /355.5°)7„  -  (1.967  X  10"'  /268.9°)i5„ 
En  =  (0.676  7355.5°) gp  -  281  (7278.5°)/„ 
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m 

In  order  to  show  the  method  of  evaluating  with  numeric  E 
and  /  consider  the  following  problem: 

What  are  the  vector  values  of  current  and  voltage  at  each  end 
of  the  line  when  power  factor  control  is  used  to  maintain  constant 
voltage  (92380  to  neutral)  at  both  ends  of  the  line?  What  are 
the  power  factors,  line  eflSciency,  etc.? 

Select  Ea  =  92380  as  the  reference  vector. 

Then  Er  =  92380  /^  where  ^  is  the  angle  of  phase  displacement 
with  respect  to  the  reference  axis. 

Substitute  in  the  equations  for  Eo  and  ^Ib  above  and 

92380  =  (0.676  /355.5°)  (92380  /^  +  (281  /278.5^^ 
and      92380  /V  =  (0.676  7355.5^(92380)  -  (281  /278.5°)/o 
From  which    /«  =  329  /81.5^  -  222  /77.0°  +  ^ 
and  io  =  222  /77.0"  -  329  /81.5°  +  ^ 

It  will  be  noted  that  the  loci  of  these  currents  are  circles,  that 
of  Ib  with  its  center  at  329  /81.5°  amperes,  and  that  of  h  with  its 
center  at  222  /77.0°  amperes  from  the  origin. 

An  easy  method  of  solution  is  to  assume  values  for  ^  and 
solve  for  Ib  and  /&.  When  these  are  obtained,  power,  power 
factor,  etc.,  may  be  readily  calculated. 

The  figures  for  ^  =  60.0''  follow: 

Ib  =  329  781.5^  -  222  /77.0°  +  60.0^ 
=48.6  +  i326  +  162  -  jm 
=  2K).6  +  il74  =  274  /39.6^ 
Eb  =  92380  /60.0° 
therefore  Sb  =  20.4''   leading,   cos  Bb  =  0.937    and   sin 

Bb  =  0.349 
Pb  =  (92380  X  274  X  0.937)/1000 

=  23700  kw.  per  phase 
to  =  222  /77.0"  _  329  /8L5"  +  OO.O'^ 

=  50+i216  +258  -  j206 
=  308  +  j9  =  308  l}^  (lagging) 
cos  Bo  =  0.9999,  sin  do  =  0.0297 

Pa  =  (92380  X  308  X  0.9999)/1000 
=  28450  kw.  per  phase 
Line  efficiency  =  23700/28450  =  0.832  =  83.2  per  cent. 
Solutions  for  other  points  may  be  obtained  in  the  same  way. 
If  complete  performance  curves  are  desired  it  is  convenient  to 
plot  curves  of  scalar  values  of  current  and  their  respective  phase 
positions,  and  power  as  found  above  against  ^. 

These  are  given  in  Fig.  475  for  values  of  ^  from  0**  to  90®  for 
Line  C.     Interpolated  values  from  these  curves  may  now  be 
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Fig.  477. — Vector  diagram  showing  loci  of  currents  and  voltage  for  ''Line 

C."    FuU  lines  for  ^  =  60^ 
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used  in  plotting  curves  such  as  those  in  Fig.  476  against  received 
power. 

Vector  diagrams  showing  the  loci  of  /«,  Ee,  and  to  are  shown  in 
Fig.  477.    The  full  lines  indicate  the  values  for  ^  =  60.0®. 

(h)  Artificial  Transmission  Lines. — ^It  has  been  shown  in 
Chaps.  XXI  and  XXVII  that  the  operating  characteristics  of 
transmission  lines  are  determined  by  the  electrical  constants  of 
the  line;  the  resistance,  inductance  and  condensance.  '  The  length 
of  the  line  and  the  size  and  spacing  of  the  conductors  are  merely 
factors  in  the  equations  giving  the  magnitude  of  the  electrical 
constants  of  the  line.  The  distance  or  space  feature,  therefore, 
is  not  an  essential  factor  in  the  electrical  phenomena.  The 
operating  characteristics  can  be  accurately  reproduced  in  lab- 
oratory structures  occupying  comparatively  small  space.  The 
artificial  transmission  line  at  Union  College,^  housed  in  a  small 
room,  is  electrically  equivalent  to  130  miles  of  an  actual  line  of 
No.  1  A.W.G.  copper  with  72-in.  spacing.  The  line  has  400 
units*  Each  unit  consists  of  a  glass  cylinder  6)^  in.  in  diame- 
ter and  5  ft.  long.  The  inside  of  the  tube  is  lined  with  tin-foil, 
and  on  the  outside  is  wound  a  helix  of  No.  8  A.W.G.  copper 
wire.  This  arrangement  gives  uniformly  distributed  resistance, 
inductance  and  condensance.  -  The  total  resistance  for  the  400 
units  is  93.6  ohms;  the  inductance,  0.394  henry;  the  condensance, 
1.135  microfarads.  Electrically  the  artificial  line  has  the  same 
constants  as  the  actual  130-mile  transmission  Une,  and  experi- 
ments have  shown  that  the  operating  characteristics  of  the 
actual  line  can  be  accurately  reproduced  in  the  laboratory 
apparatus. 

In  the  lumpy  type,  a  less  expensive  and  more  compact 
design,  the  uniformly  distributed  inductance  and  condensance 
are  represented  by  a  nimiber  of  small  inductance  coils  and  con- 
densers, connected  as  indicated  in  Fig.  468. 

Some  of  Dr.  A.  E.  Kennelly's  researches  on  long  transmission 
lines  were  made  on  a  lumpy,  artificial  line^  equivalent  to  1,500 
miles  of  No.  3/0  A.W.G.  aluminum  cable,  spaced  90.5  in.  The 
line  had  30  imits,  each  consisting  of  four  small  air-core  solenoids 
and  a  condenser.  Although  each  unit  was  equivalent  to  50  miles 
of  line,  it  occupied  less  than  1  cu.  ft.  of  space. 

^  Trans.  A.I.E.E.,  XXX,  245;  XXXI,  887. 

«  Trans.  A.I.E.E.,  XXXI,  1131;  Elec.  World,  Aug.  10, 1912;  June  14,  1914; 
Aug.  8,  1914. 


LONG  TRANSMISSION  LINE  525 

As  the  lumpy  type  only  approximatea  a  uniform  distribution 
of  the  line  resistance,  inductance  and  condensance,  the  size  of 
each  unit  must  be  small  In  comparison  to  the  total  length  of 
the  line. 

In  Fig.  478  is  shown  a  10-mile  tmit  of  the  lumpy  type  having 
adjustable  line  constants.  The  artificial  transmission  line  at  the 
University  of  Washington*  has  20  units  similar  to  Fig.  478.  The 
electrical  constants  of  each  unit  are  adjustable  within  the 
following  limits: 

Besistance,  minimum  value  =  2.59  ohms. 

Inductance,  maximum  value  =  0.021  henry. 

Condensance,  from  0.1  to  1.0  microfarad. 

The  resistance  may  be  increased  to  any  desired  amount  by 
moving  the  clamp  on  the  resistance  loop  or  by  inserting  resistance 


Fio.  478.- 

elements  between  the  units;  the  inductance  may  be  decreased  by 
turning  the  right-hand  coil  and  by  taps  in  the  lower  coil ;  and  the 
condensance  may  be  varied  in  steps  by  using  ten  or  a  less  number 
of  condensera  in  series.  Adjustments  can  be  made  so  as  to  give 
to  the  artificial  line  the  electrical  constants  equivalent  to  an  actual 
transmission  line  of  any  size  of  wire  up  to  No.  4/0  A.W.G.  hard- 
drawn  copper  and  for  any  spacing  up  to  120  in. 

For  Experimcntij  see  pngc  S53. 

'  Trans.  A.I.E.E.,  XXXV,  p.  1137. 
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Experiments  were  prepared  and  arranged  by  my  Colleague,  Assistant 

Professor  Leslie  F.  Curtis. 

Experiments  to  Chapter  n 

The  oscillograph  is  the  most  satisfactory  instrument  for  the 
study  of  wave  forms.  (See  Chap.  VIII.)  The  student  should 
become  thoroughly  familiar  with  its  principles  and  the  inter- 
pretation of  oscillograms.  In  the  following  experiment  the 
work  is  intended  to  give  a  conception  of  the  successive  instan- 
taneous values  of  alternating  current  and  voltage,  and  the 
angular  phase  displacement  between  waves  when  these  instan- 
taneous values  are  considered  to  be  recurrent  harmonic  functions. 
For  these  experiments  it  is  desirable  to*  use  power  from  an 
approximately  sine-wave  voltage  supply. 

Note  that  the  oscillograph  vibrators  are  essentially  sensitive 
D'Arsonval  galvanometers  and  are  used  with  multipliers  to 
indicate  voltage  and  with  shimts  to  indicate  current.  The 
direction  of  the  deflection  on  the  ground  glass  or  film  indicates 
the  sign  of  the  instantaneous  value  of  the  wave  being  measured. 
The  Vibrators  should  be  calibrated  with  the  multiplier  or  shunts 
as  used  in  volts  or  amperes  per  millimeter  deflection. 

1.  Alternating  Waves  with  the  Oscillograph. — Obtain  tracings 
of  simultaneous  values  of  alternating  ciurent  and  voltage  when 
the  .circuit  measured  contains: 

(a)  resistance 

(b)  inductance 

(c)  condensance 

(d)  resistance  and  inductance 

(e)  resistance  and  condensance 

(/)  inductance  and  condensance  (protected  by  resistance  on 
the  supply  side  of  the  meters) 

Letter  or  number  the  points  between  the  units  and  record 
voltages  as  Edb  or  Eu,  etc.,  indicating  that  the  direction  from 
a  to  6  or  from  1  to  2  is  an  assumed  positive  direction  around  the 
circuit.  When  more  than  one  device  is  connected  obtain  voltage 
waves  across  each  as  well  as  of  the  total.  Show  that  the  algebraic 
siun  of  the  instantaneous  values  of  the  component  voltages  is 
the  same  as  the  total  voltage. 
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Calculate  the  maximum  and  effective  values  of  each  wave 
from  the  tracings  and  check  the  latter  with  meter  readings. 

Interpret  the  spacing  between  waves  in  terms  of  time  and 
angular  phase  displacement. 

Experiments  to  Chapter  IV 

The  object  of  the  following  experiments  is  to  show  the  relations 
between  the  effective  values  of  current  and  voltage  in  simple 
series  circuits  of  constant  impedance  and  to  give  methods  of 
calculating  the  constants  of  these  circuits. 

The  supply  voltage  should  be  as  nearly  a  sine  wave  as  possible 
and  of  constant  frequency.  The  resistances  used  should  have 
negligible  temperature  coeflBcients  within  the  range  of  current 
used  and  the  inductances  should  have  air  cores.  Fairly  large 
currents  (6  amperes  or  more)  are  desirable  so  that  voltmeter 
currents  will  be  negligible. 

!•  Resistance  and  Inductance. — Connect  a  non-inductive 
resistance  in  series  with  a  coil  having  a  reactance  of  not  less  than 
half  or  more  than  twice  the  value  of  the  resistance  in  ohms. 
Letter  the  terminals  and  the  junction  between  the  units  to 
correspond  to  a  recorded  diagram.  Place  meters  for  determining 
the  component  and  total  voltages,  the  current  and  frequency. 

Tabulate  several  sets  of  readings  for  different  values  of  current. 
Record  voltages  E^b,  Ehc,  etc.,  indicating  the  points  between 
which  the  readings  were  taken  and  the  assumed  positive  direc- 
tions around  the  circuit  by  the  subscripts.  In  laboratory  work 
it  is  desirable  to  use  the  notation  with  distinctive  subscripts, 
as,  for  example,  Ea>y  Zj,,  etc.,  corresponding  to  the  circuit 
diagram  until  the  final  interpretation  of  results. 

Calculate  the  component  and  total  impedances  from  the 
voltmeter  and  ammeter  readings,  find  the  mean  values  and 
plot  the  impedance  triangle  for  the  circuit.  Letter  the  vertices 
of  the  triangle  to  correspond  to  the  letters  on  the  circuit  diagram. 

The  value  of  the  non-inductive  resistance  is  the  scaled  value 
between  the  letters  assigned  to  the  terminals  of  that  unit  as 
plotted.  The  resistance  of  the  coil  may  be  found  from  the 
component  of  the  impedance  of  the  coil  parallel  to  the  non- 
inductive  resistance.  Check  the  scaled  values  of  these  resistances 
on  the  impedance  diagram  with  the  resistances  between  the 
same  points  when  measured  by  direct  current. 
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The  reactance  of  the  coil  is  the  component  of  the  coil  impedance 
at  right  angles  to  the  resistance  line.  From  the  reactance  and 
frequency  calculate  the  inductance  of  the  coil  and  check  the 
resultant  figure  with  that  calculated  from  the  dimensions  of 
the  coil. 

Express  the  impedance  of  the  circuit  and  its  component  parts 
in  the  form  of  r  ±  jx. 

Draw  a  current  and  voltage  vector  diagram  for  the  circuit  for  a 
current  of  10  amperes. 

2.  Resistance  and  Condensance. — As  far  as  is  practicable 
follow  the  procedure  of  Experiment  1,  using  a  condensance  in 
place  of  the  inductance. 

Experiments  to  Chapter  V 

The  object  of  the  following  experiments  is  to  show  the  relations 
between  the  effective  values  of  current  and  voltage  in  parallel 
circuits  of  constant  admittance.  The  same  precautions  regard- 
ing wave  form  should  be  observed  as  in  the  experiments  on  series 
circuits. 

1.  Resistance  and  Inductance. — Connect  a  non-inductive 
resistance  in  parallel  with  a  coil  having  a  reactance  of  not  less 
than  half  or  more  than  twice  the  value  of  the  resistance  in  ohms. 
Place  meters  to  determine  the  component  and  total  currents,  the 
voltage  and  frequency. 

Tabulate  several  sets  of  readings  in  a  manner  similar  to  that 
used  for  series  circuits  using  distinctive  subscripts  for  the  current 
in  each  case. 

Calculate  the  component  and  total  admittances  from  the  meter 
readings  and  plot  the  admittance  triangle.  From  the  diagram 
scale  the  component  and  total  conductances  and  the  susceptance. 
Check  the  component  values  with  those  calculated  from  the 
resistance  and  reactance  data. 

Express  the  component  conductances  and  susceptances  and 
total  admittances  in  the  form  of  g  -f  jb. 

Draw  a  current  and  voltage  vector  diagram  for  the  circuit  at 
100  volts. 

2.  Resistance  and  Condensance. — As  far  as  is  practicable 
follow  the  procedure  of  Experiment  1,  using  a  condensance  in 
place  of  an  inductance. 
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Experiments  to  Chapter  VI 

While  the  experiments  outlined  below  are  particularly  adapted 
to  the  study  of  series-parallel  circuits,  the  methods  employed  are 
suitable  for  routine  commercial  tests.  The  student  should 
master  the  checks  afforded  by  wattmeter  measurement  upon 
the  phase  angles  between  each  of  the  component  currents  and  the 
voltages. 

1.  Series-parallel  Circuits. — Take  any  complex  circuit  such 
as  that  in  Fig.  72.  Letter  the  branch  points  and  if  desired 
nimiber  the  units  as  shown.  Measure  the  currents  in  all  of  the 
branches.  Measure  the  voltages  between  all  of  the  lettered 
points. 

With  a  wattmeter  having  its  current  coil  in  the  supply  lead  and 
with  one  side  of  its  potential  coil  connected  to  the  same  side  of 
the  line  take  readings  when  the  "high*'  side  of  the  potential 
coil  is  tapped  to  all  of  the  branch  points.  Change  the  current 
coil  to  one  of  the  branch  circuits  and  repeat. 

Plot  a  topographic  voltage  diagram,  the  distances  between 
points  on  the  plot  being  proportional  to  the  voltages  between 
the  points  in  the  circuit.  Locate  the  phase  angles  of  the  ciurent 
vectors  by  means  of  the  wattmeter,  voltmeter  and  anmieter 
readings  where  W  ==  EI  cos  6.  (See  Chap.  VII.)  (Note  that 
6  is  not  necessarily  a  power  factor  angle  as  E  may  be  only  a  por- 
tion of  the  total  voltage.)  Complete  the  current  diagram  by 
plotting  all  of  the  ammeter  readings,  observing  Kirchoff'slaw 
for  currents.  If  desired  the  vectors  indicated  in  the  topographic 
plot  may  be  transferred  to  a  vector  diagram  with  a  common 
origin  for  the  coordinates.  The  phase  angles  and  lengths  will 
be  the  same  in  either  plot. 

2.  Circle  Diagram  with  Resistance  Variable. — Arrange  meters 
for  determining  the  vector  relations  and  the  constants  of  a 
series  circuit  containing  resistance  and  reactance.  Keep  the 
supply  voltage,  frequency  and  reactance  fixed  and  vary  the 
resistance  through  as  wide  a  range  as  possible. 

Show  the  loci  of  the  component  voltages  and  current  by  vector 
diagram  using  the  total  voltage  as  the  reference  vector. 

Tabulate  and  plot  to  rectangular  coordinates  all  of  the  readings 
and  calculated  constants  of  the  circuit  with  the  resistances  as 
abscissse. 

3.  Circle  Diagram  with  Reactance  Variable. — Repeat  Experi- 
ment 2  with  reactance  variable  and  the  resistance  constant. 
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If  possible  keep  the  resistance  of  the  reactance  coil  constant  by 
keeping  the  total  amount  of  wire  in  series  the  same  for  all 
readings. 

4.  Voltage  Resonance  with  Variable  Frequency. — ^Voltage 
resonance  is  obtained  in  a  series  circuit  when  the  inductive  and 
condensive  reactances  neutralize,  thus  making  the  total  voltage 
equal  to  the  resistance  drop.  A  protective  resistance  in  series 
with  the  circuit  may  be  necessary  to  prevent  excessive  voltage 
across  the  oondensance  at  resonance. 

Adjust  the  inductance  and  condensance  so  that  resonance 
may  be  obtained  within  the  available  range  of  frequency.  Hold 
the  voltage  across  the  two  units  in  series  at  a  constant  value 
(as  high  as  is  safe  for  the  condensance  at  resonance)  and  take 
readings  of  component  voltages,  current  and  their  phase  rela- 
tions for  a  wide  range  of  frequency. 

Calculate  the  resistance,  reactance,  impedance  and  power 
factor  for  the  component  and  total  circuits. 

Show  the  loci  of  the  voltages  and  current  by  vector  diagram 
using  the  total  voltage  as  the  reference  vector. 

Plot  curves  in  rectangular  coordinates  showing  the  variation 
of  current,  voltages,  reactance,  impedance  and  power  factor  with 
frequencies  as  absciss®. 

6.  Current  Resonance  with  Variable  Frequency. — Current 
resonance  is  obtained  in  a  parallel  circuit  when  the  inductive  and 
condensive  susceptances  neutralize  to  give  a  minimum  line 
current. 

Adjust  an  inductance  in  parallel  with  a  condensance  so  that 
resonance  may  be  obtained  within  the  available  range  of  fre- 
quency. Hold  the  voltage  across  the  two  units  at  a  constant 
value  and  take  readings  to  obtain  component  and  total  currents, 
voltage  and  their  phase  relations  for  a  wide  range  of  frequency. 

Calculate  the  conductance,  susceptance  and  admittance  for 
the  component  and  complete  circuits.  Plot  in  rectangular 
coordinates  the  currents  and  the  constants  of  the  circuits  with 
frequencies  as  absciss®. 

Show  the  loci  of  the  currents  by  vector  diagram  using  the 
voltage  as  the  reference  vector. 

Experiments  to  Chapter  Vn 

1.  Wattmeter  in  Single-phase  Measurements. — (a)  Measure 
the  current  and  power  input  with  an  ammeter  and  wattmeter 
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in  several  of  the  circuits  used  in  previous  experiments.  Check 
the  resistance  as  calculated  by  other  methods  with  P//*.  Calcu- 
late the  power  factors  and  the  reactive  volt-amp)eres. 

(6)  Show  how  to  correct  for  errors  introduced  by  losses  in  the 
current  and  potential  coils  of  the  wattmeter. 

(c)  Show  how  to  correctly  connect  a  wattmeter  provided  with 
a  compensating  coil. 

(d)  Connect  an  ammeter,  wattmeter  and  voltmeter  to  a  load 
and  determine  its  power  factor.  Leaving  the  voltmeter  con- 
nected across  the  potential  coil  of  the  wattmeter,  connect  a  2- 
microfarad  telephone  condenser  between  these  two  potential 
circuits  in  parallel  and  the  "high"  side  of  the  load.  Take  the 
new  readings  of  the  meters. 

Show  that  the  wattmeter  reads  EI  cos  6  where  E  is  the  voltage 
across  the  potential  coil,  /  is  the  current  through  the  series  coil, 
and  0  is  the  phase  displacement  of  these  vectors.  In  making 
the  calculations,  assume  that  the  potential  circuits  of  the  volt- 
meter and  wattmeter  are  non-inductive.  Show  how  this  method^ 
may  be  used  to  determine  whether  a  current  lags  or  leads. 

Experiment  to  Chapter  Vin 

!•  Indicating  Instruments. — The  object  of  the  following 
experiment  is  to  show  how  to  correct  for  the  errors  introduced 
by  the  instruments. 


Low    VOLTACr 


Fia.  A. 


(a)  Determine  for  several  types  of  alternating  current  instru- 
ments the  effect  of  stray  fields,  the  errors  when  used  on  direct 
current  circuits  and  the  methods  of  eliminating  the  above. 

1  Jour,  of  EleCf  June  1,  1919,  p.  530. 
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(b)  Determine  the  resistance  and  inductance  of  a  voltmeter, 
ammeter  and  wattmeter  suitable  for  measuring  small  amounts  of 
power  at  low  power  factors.  An  impedance  bridge  is  convenient 
for  this  measurement.  A  convenient  diagram  for  this  is  shown 
in  Figure  A. 

When  no  sound  is  heard  in  the  telephone  receiver, 

R  =  ^andL  =  ABC 

(c)  Show  by  measurement  and  calculation  how  readings  of 
the  meters  measured  above  should  be  corrected.  Simultaneous 
readings  should  be  taken  of  all  the  instnunents,  the  coils  of  which 
are  to  be  treated  like  fundamental  circuits  with  known  constants. 
A  careful  diagram  of  connections  must  be  made  to  show  whether 
the  instruments  are  in  series  or  parallel  with  each  other  and 
the  load.     Vector  diagrams  should  be  drawn. 

Experiments  to  Chapter  IX 

The  phase  relations  between  voltages  in  polyphase  circuits, 
especially  if  from  meter  readings,  are  best  indicated  by  a  topo- 
graphic diagram.  The  current  relations  are  best  indicated  by  a 
current  triangle  for  each  branch  point,  the  phase  angles  being 
checked  against  the  voltage  diagram. 

An  important  consideration  of  these  vector  diagrams  is  the 
phase  sequence  or  the  order  in  which  the  individual  vectors 
reach  a  maximum.  It  is  possible  to  make  two  plots  from  volt- 
meter readings,  one  the  reverse  of  the  other,  only  one  of  which 
is  correct.  It  is  usually  necessary  to  add  to  the  system  a  vector 
of  known  phase  position  and  include  it  in  the  diagram  before 
the  correct  plot  can  be  selected. 

The  following  experiments  are  typical  of  a  large  niunber  which 
may  be  arranged  to  show  the  interrelations  of  polyphase  voltage 
and  current  vectors. 

1.  Delta-y  and  Star-connected  Loads. — (a)  Make  measure- 
ments of  line  currents,  line  and  phase  voltages,  and  phase  rota- 
tion, with  star-connected  non-inductive  load  resistances  for  a 
general  case  (unequal  adjustments  of  load  resistances).  Make 
a  topographic  plot  of  the  voltage  vectors,  being  careful  to  show 
the  correct  phase  rotation.  On  the  same  sheet  make  a  current 
triangle  from  the  ammeter  readings  assuming  that  the  phase 
currents  and  voltage  are  in  time-phase. 
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Predict  what  will  happen  to  the  shape  of  the  diagram  and 
check  the  result  by  actual  measurement;  when  one  leg  of  the 
star  is  short  circuited,  when  one  leg  is  open  circuited,  and  when 
all  legs  are  of  equal  resistance. 

(b)  Make  measiu*ements  of  line  voltages  and  line  and  phase 
currents  with  a  delta-connected  set  of  imequal  load  resistances 
and  make  a  complete  voltage  and  current  diagram,  as  in  (a). 

Predict  what  will  happen  to  the  shape  of  the  plot  and  check  by 
meter  readings;  when  one  leg  is  open  circuited,  when  two  legs 
are  open  circuited,  and  when  all  legs  are  of  equal  resistance. 

(c)  Show  that  for  balanced  resistances  and  line  voltages,  the 
voltage  to  neutral  is  l/\/3  times  the  line  voltage  for  a  star  con- 
nection and  the  phase  current  is  l/y/S  times  the  line  current 
for  a  delta  connection.  Show  that  for  the  same  line  voltages 
and  currents  the  vector  diagram  for  these  vectors  is  independent 
of  the  type  of  connection. 

2.  Polyphase  Windings. — It  is  desirable  to  have  for  this 
experiment  an  alternator  with  six  or  more  separate  circuits  each 
giving  the  same  effective  voltage  but  differing  in  phase  position. 
A  six  pole  alternator  having,  for  example,  seventy-two  slots 
with  a  distributed  winding  may  be  easily  modified  to  provide 
twelve  separate  circuits  of  the  same  number  of  tiuns  but  differing 
in  phase  position  by  one  slot  pitch.  A  smaller  number  may  be 
used  but  it  will  be  noted  that  to  produce  three-phase  connections 
a  multiple  of  three  coils  must  be  used  and  that  for  two-phase 
connections  a  multiple  of  two. 

Number  or  letter  all  of  the  terminals  and  determine  the 
effective  value  of  the  voltage  generated  by  each  of  the  separate 
coils  with  definite  field. current  and  speed.  Inter-connect  the 
terminals  from  one  end  of  each  coil,  making  a  careful  record  of 
the  numbers  so  connected.  Measure  the  voltages  between 
all  of  the  other  terminals.  It  should  be  noted  that,  if  twelve 
separate  coils  are  used,  a  total  of  seventy-eight  separate  read- 
ings may  be  obtained. 

Connect  between  two  of  the  terminals  which  are  at  a  decided 
difference  of  potential  a  phase  splitting  device  such  as  that 
shown  in  Fig.  117  and  take  a  sufficient  number  of  readings  to 
determine  the  phase  sequence  of  the  original  vectors. 

Plot  a  topographic  diagram  of  the  voltages  as  read,  numbering 
the  points  to  correspond  to  the  interconnection  used.  Include 
the  readings  taken  with  the  phase  splitting  device. 


534  EXPERIMENTS 

From  this  diagram  show  what  connections  may  be  made  to 
produce  symmetrical  two-phase  three-wire,  three-phase  deha, 
three-phase  star,  and  single-phase  windings,  using  all  of  the 
coils  in  such  a  manner  that  the  maximum  voltage  combinations 
are  obtained.  Check  these  calculated  results  by  meter  readings 
at  no-load. 

•  Assume  current  ratings  for  the  coils  and  calculate  the  relative 
volt-ampere  ratings  of  the  complete  machine  for  each  of  the 
types  of  connection  used. 

Experiments  to  Chapter  X 

It  is  desirable  to  study  the  performance  of  wattmeters  in 
polyphase  work  on  imbalanced  circuits  before  proceeding  to  the 
balanced  circuit  which  is  more  usually  met  in  practice. 

1.  Three-phase  Vectors  and  Power. — ^Arrange  an  unbalanced, 
star-connected  lamp  bank  load  from  a  supply  of  imbalanced 
three-phase  voltage.  Place  anuneters  and  the  current  coils 
of  wattmeters  in  each  line  wire.  Connect  the  "low"  side  of 
each  wattmeter  potential  coil  to  the  adjacent  line  and  the 
"high*'  side  to  a  flexible  lead  conmion  to  all  the  wattmeters. 
Use  a  voltmeter  with  flexible  leads,  which  may  be  tapped  in 
at  any  point. 

With  a  fixed  load  read  all  of  the  meters  with  the  flexible  leads 
tapped  to  all  of  the  branch  points.  These  branch  points  should 
be  lettered  or  numbered  and  the  readings  marked  accordingly. 
There  should  be  six  voltmeter  readings  and  four  readings  (one 
of  which  should  be  zero)  for  each  wattmeter. 

Plot  a  topographical  vector  diagram  using  all  of  the  possible 
checks  in  determining  the  positions  of  the  vectors.  It  should  be 
noted  that  each  wattmeter  reading  may  be  used  in  the  calcula- 
tion of  the  cosine  of  the  included  angle  between  the  voltage  and 
current  applied  to  its  coils.  This  may  be  used  to  check  the 
angles  plotted  from  the  voltmeter  readings  alone. 

Assume  a  "neutral"  point  at  any  point  whatsoever  on  the 
same  sheet  with  the  topographical  plot.  Draw  Unes  from  this 
point  representing  the  voltage  from  this  point  to  each  of  the  line 
wires.  Calculate  the  total  power  as  being  equal  to  the  simmia- 
tion  of  the  products  of  these  voltages  to  "neutral,"  the  line 
currents  and  the  cosines  of  the  respective  included  angles.  Take 
care  to  observe  the  proper  algebraic  signs.    Check  this  calcu- 
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lated  value  with  the  sum  of  the  wattmeter  readings  when  the 
flexible  lead  is  tapped  to  any  one  branch  point  in  the  system. 

For  the  same  assumed  "neutral"  point  as  above  ealciilatethe 
total  reactive  power  as  being  the  summation  of  the  products 
of  the  voltages  to  "neutral,"  the  line  currents  and  the  sines  of 
the  respective  included  angles.  This  should  be  zero  for  the 
lamp  bank  load. 

Show  that  two  wattmeters  may  be  used  to  measure  the 
total  power  in  any  polyphase  three-wire  system,  balanced  or 
unbalanced. 

2.  Two-wattmeter  Method  on  Balanced  Circuits. — (a)  Arrange 
two  wattmeters  to  measure  the  total  power  in  a  balanced  three- 
phase  system,  the  power  factor  of  which  may  be  varied  over  a 
wide  range. 

Calculate  the  power  factor  as  the  total  power  divided  by  the 
voltamperes  and  by  the  "tangent  method."  Show  why  the 
latter  method  is  the  more  accurate  and  preferable  for  most  work. 

Show  why  both  methods  fail  in  the  calculation  of  the  power 
factor  of  unbalanced  circuits. 

(6)  Develop  a  method  whereby  the  ratio  of  two  wattmeter 
readings  in  a  balanced  two-phase  three-wire  system  may  be  used 
to  calculate  the  power  factor.    Check  by  actual  measurement. 

Experiments  to  Chapter  XI 

1.  Ironclad  Circuits. — With  an  iron-cored  inductance  show 
the  variation  of  impressed  voltage,  coil  impedance,  inductance 
and  eCFective  resistance  with  exciting  current  at  constant  fre- 
quency. Use  a  separately  excited  generator  with  no  resistance 
in  the  leads  for  the  supply  in  order  to  prevent  a  distortion  of  the 
voltage  wave  form.  Plot  curves  with  exciting  current  as  a 
base  and  be  sure  to  obtain  the  high  point  on  the  inductance 
curve. 

Show  the  effect  of  iron  loss  on  the  shape  of  the  impedance  tri- 
angle in  one  representative  case.  Compare  the  wattmeter 
readings  with  the  copper  loss  and  compute  the  iron  loss. 

2,  Mutual  Inductance. — Place  two  air-cored  coils  in  such  a 
position  that  their  mutual  inductance  is  as  great  as  possible. 
One  coil  will  be  used  as  the  primary  and  the  other  as  the  second- 
ary of  an  air-cored  transformer.  Number  the  terminals,  paying 
particular  attention  to  the  beginnings  of  the  windings  when 
considered  as  helices  along  the  same  axis. 
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Place  voltmeterSi  ammeters  and  wattmeters  for  finding  the 
simultaneous  phase  positions  and  values  for  the  vectors  of  both 
coils.  An  anuneter  and  the  current  coil  of  a  wattmeter  should 
be  placed  in  series  with  each  coil.  One  terminal  of  the  first 
coil  should  be  connected  to  one  terminal  of  the  second  outside 
of  the  meters.  Voltmeter  readings  may  be  taken  across  each 
coil  and  across  the  combination  of  two  coils.  Checks  upon  the 
angles  indicated  by  the  above  may  be  had  by  calculating  their 
cosines  from  wattmeter  readings  taken  when  the  potential  coil 
of  one  wattmeter  is  tapped  successively  to  two  of  the  voltages 
in  question. 

Determine  the  complete  vector  diagram  for  no  load  upon  the 
coil  selected  as  the  secondary. 

Keeping  the  supply  voltage  constant,  repeat  for  several  values 
of  non-inductive  load  on  the  secondary  up  to  short  circuit. 

Determine  the  loci  of  the  vectors  in  a  topographical  plot  for 
the  various  loads. 

Calculate  the  resistances  and  self-inductances  of  the  coils  and 
their  mutual  inductance.  Calculate  the  equivalent  resistance 
and  self-inductance  when  the  whole  circuit,  including  the  load, 
is  considered  as  a  unit  for  one  adjustment. 

3.  Steimnetz's  Coefficient  and  Exponent. — Iron  loss  may  be 
expressed  by  the  equation 

Wi  =  V{afB'  +  bB^P) 

where  V  is  the  volume  of  iron  in  cubic  centimeters,  B  is  the 
maximum  flux  density  in  lines  per  square  centimeter,  /  is  the 
frequency,  and  a,  6,  and  x  are  empirical  figures. 

For  the  purpose  of  this  experiment,  the  eddy-current  loss, 
Pt  =  bVB^P,  will  be  separated  from  the  hysteresis  loss,  aP  = 
aVB'f,  and  the  constants  a  and  x  of  the  latter  will  be  determined. 

A  suitable  apparatus  for  this  experiment  is  a  ring  made  up  of 
annular  punchings  of  large  diameter  from  the  sample  to  be 
tested  and  uniformly  wound  with  two  exactly  similar  distributed 
coils.  One  of  the  coils  is  to  be  used  as  an  exciting  winding  and 
should  be  connected  in  series  with  an  ammeter  and  the  current 
coil  of  a  wattmeter.  The  other  coil  is  to  indicate  the  voltage 
induced  by  the  flux  and  is  connected  to  a  voltmeter.  The  watt- 
meter potential  coil  is  connected  across  the  primary. 

The  induced  voltage  in  either  coil  is 

E  =  4:.44NABfl0r* 
Thus  B  =  KE/f 
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Thus  by  keeping  E/f  cooBtant,  B  may  be  kept  constant. 

Take  readings  of  voltage,  current,  frequency  and  watts  over 
as  wide  a  range  of  frequency  and  voltage  as  possible.  Several 
runs  should  be  made  either  with  constant  flux  density  or  with 
constant  frequency.  It  is  usually  easier  with  the  apparatus 
available  to  make  several  runs  (6  or  8)  at  different  constant 
frequencies. 

Determine  the  copper  loss  in  the  primary  and  subtract  it  from 
the  wattmeter  readings  and  obtain  the  iron  loss. 

A  table  made  up  with  the  values  in  the  order  given  will  be 
useful:/,  E,  /,  TTo,  B,  RP,  Wi,  and  Wi/f. 

Plot  curves  with  Wi/f  as  ordinates  and  B  as  absciss®  for  each 
value  of  /.  Interpolate  in  the  above  and  find  the  values  of 
Wi/f  for  six  or  eight  values  of  B  and  plot  against  /.  These 
curves  should  be  straight  lines  and  will  give  a  means  of  separating 
the  eddy  current  and  hysteresis  losses. 

Since  at  any  given  flux  density  (as  for  each  one  of  the  curves 
above), 

Wi/f  =  aVB'  +  bVB^f 

in  which  Wi  and  /  are  the  only  variables,  aVB'  is  the  intercept 
of  these  ciures  with  the  Y  axis.  Values  of  aVB'  might  now 
be  plotted  against  B,  but  the  curves  would  give  no  means  of 
determining  a  and  z.  It  is  best  to  plot  log  (aVB*)  against  log  B. 
This  curve  should  be  a  straight  line  of  slope  x  and  intercept 
log  (aV)  on  the  Y  axis.  These  values  give  the  desired  solution. 
Similar  methods  may  be  used  for  finding  the  constants  in  the 
expression  for  eddy  currents. 

Experiments  to  Chapter  XII 

1.  Preliminary  Study. — (a)  Polarity, — Check  the  marking  of 
leads  of  a  standard  single-phase  distributing  transformer  accord- 
ing to  the  Standardization  Rules  of  the  A.I.E.E.  (600  to  607). 
The  transformer  should  be  excited  by  applying  low  voltage  to 
one  of  the  high-tension  coils. 

(6)  Raiio. — Determine  the  ratio  of  the  transformer,  and,  if  it  is 
provided  with  more  than  one  primary  or  secondary  winding,  all 
of  the  possible  ratios  using  standard  connections.  The  ratio 
of  the  transformer  may  be  taken  as  the  voltage  ratio  at  rated 
voltage  and  no  load.     (Standardization  Rules  200  to  214.) 
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2.  Losses  and  Efficiency. — (a)  Care  Loss, — Excite  the  low- 
tension  winding  of  the  transformer  from  a  separately  excited 
generator  without  resistance  in  the  load  circuit  at  normal  fre- 
quency. Keep  the  secondary  circuit  open  and  take  readings  of 
meters  for  a  wide  range  of  voltage  up  to  110  per  cent,  of  normal. 

Plot  volts  and  watts  core  loss  against  amperes  as  abscissas. 
Determine  if  any  correction  should  be  made  for  the  primary 
copper  loss. 

(6)  Copper  Loss. — Short  circuit  the  low-tension  winding 
through  an  ammeter  and  supply  low  voltage  at  normal  frequency 
to  the  high-tension  winding.  If  more  than  one  high  or  low- 
tension  coil  is  provided,  connect  them  in  series.  Take  readings 
for  a  range  of  current  up  to  200  per  cent,  of  normal  rated  load 
current. 

Calculate  the  equivalent  resistance  and  reactance  (referred 
to  the  high-tension  winding)  for  each  of  the  readings.  Check 
this  resistance  with  the  value  calculated  from  the  ohmic  resis- 
tances of  the  windings  and  the  ratio  of  transformation. 

Plot  the  total  copper  loss  and  the  equivalent  resistance  and 
reactance  drop  in  volts  against  secondary  load  current. 

(c)  Efficiency. — Calculate  and  plot  the  eflSciency  for  all  loads 
up  to  160  per  cent,  of  rated  load  at  unity  power  factor  with 
normal  secondary  voltage. 

Calculate  and  plot  the  efficiency  for  a  series  of  power  factors 
(current  leading  and  lagging)  at  full  kv.-a.  load  and  with  normal 
secondary  voltage. 

3.  Regulation. — (a)  Using  the  calculations  for  the  equivalent 
resistance  and  reactance  drop  in  volts  from  the  previous  experi- 
ment, calculate  and  plot  the  primary  voltage  necessary  to  give 
normal  secondary  voltage  for  all  loads  up  to  150  per  cent,  of 
rated  load  at  unity  power  factor.  Neglect  the  increase  of  the 
primary  current  due  to  the  exciting  current. 

Repeat  for  rated  load  at  various  power  factors,  current  lagging 
and  leading.  Calculate  and  plot  the  regulation  of  the  trans- 
former for  all  power  factors.     (Standardization  Rule  565.) 

(6)  Check  the  regulation  and  efficiency  as  previously  calculated 
by  input-output  readings  at  approximately  full  load  and  unity 
power  factor.  Note  that  a  slight  error  in  the  meter  readings  may 
produce  a  big  discrepancy  in  the  results. 

4.  Transformer  Connections. — (a)  Connect  the  high-  and  low- 
tension  wmdings  of  a  standard  distributing  transformer  in  series. 
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Determine  what  ratios  may  be  obtained  when  using  it  as  an 
auto-transformer.  Measure  the  line,  coil  and  load  currents  as 
well  as  the  voltages.  Make  out  a  table  giving  these  ratios  and 
the  corresponding  kv.-a.  ratings  of  the  apparatus  when  used  at  a 
voltage  and  current  not  exceeding  normal,  for  any  winding. 

(6)  Show  how  to  connect  the  low-tension  coils  of  two  standard 
distributing  transformers  as  a  V-connected  auto-transformer  for 
reducing  a  three-phase  supply  to  one-half  voltage.  Give  circuit 
and  vector  diagrams. 

(c)  Connect  three  transformers  with  their  high-tension  wind- 
ings in  star  and  low-tension  in  delta,  and  vice  versa.  Give 
vector  diagrams  and  check  the  expected  voltage  ratios  by  actual 
readings.  Show  what  happens  if  one  phase  of  the  primary  or 
secondary  of  the  delta-star  connected  transformers  is  reversed. 

Connect  the  transformers  in  delta-delta.  How  may  the 
connections  be  checked  in  a  delta  connected  secondary  before 
the  third  winding  is  connected? 

6.  Instrument  Transformers. — (a)  Connect  the  primaries 
of  two  current  transformers  in  two  leads  of  a  three-phase  load 
circuit.  Place  an  ammeter  in  series  with  each  secondary  termi- 
nal. Connect  a  third  ammeter  outside  of  the  other  two  meters 
and  in  parallel  with  the  two  secondary  circuits.  Show  that 
the  meters  give  readings  proportional  to  the  current  in  the  three 
mains  irrespective  of  conditions  of  balance.  . 

(6)  Connect  two  potential  transformers  in  "V"  on  an  un- 
balanced three-phase  supply.  Show  that  three  voltmeters  may 
be  used  on  the  secondaries  to  give  readings  proportional  to  the 
primary  line  voltages. 

(c)  Connect  the  current  coil  of  a  wattmeter  in  one  lead  of  a 
balanced  three-phase  load.  Connect  two  potential  transformers 
between  this  lead  and  the  other  two  mains.  Show  how  to 
connect  the  potential  coil  of  the  wattmeter  in  series  with  the 
secondaries  of  both  potential  transformers  so  that  the  wattmeter 
will  read  either  proportional  to  the  total  power  or  to  the  reactive 
volt-amperes. 

Experiments  to  Chapter  XIII 

1.  Operation  by  Loading. — ^Load  an  induction  motor  (pref- 
erably a  squirrel  cage  machine)  by  means  of  a  prony  brake 
when  supplied  from  a  constant-frequency  and  constant-voltage 
source.    Take  a  series  of  readings  of  voltage,  current,  watts, 


540  EXPERIMENTS 

frequency,  speed,  scale  reading  and  slip  up  to  150  per  cent, 
of  rated  load.  Correct  the  scale  reading  for  the  dead  weight 
of  the  brake  arm  which  is  to  be  taken  as  the  mean  of  readings 
with  positive  and  negative  friction  at  rest.  Calculate  torque, 
watts  output,  power  factor  and  eflSciency.  Plot  performance 
curves  against  watts  output  as  absciss®. 

When  the  motor  is  near  synchronism  the  slip  may  be  very 
satisfactorily  measured  by  means  of  a  disc  attached  to  the 
shaft  and  painted  with  alternate  bl&ck  and  white  sectors,  as 
many  of  one  color  as  there  are  poles  in  the  machine.  The 
apparent  rotation  of  the  disc  when  viewed  by  the  light  of  an  arc 
lamp  supplied  from  the  same  source  as  the  motor  is  the  slip  in 
revolutions  per  minute. 

If  the  speed  is  far  below  synchronism  the  slip  may  be  most 
readily  calculated  from  the  actual  speed  of  the  machine  as  read 
with  a  tachometer. 

2.  Method  by  Losses. — ^Any  induction  machine  may  be  used 
for  the  following  experiment.  Two  standard  methods  for  the 
calculation  of  the  performance  curves  of  induction  motors  re- 
quire the  measurement  of  the  friction  and  core  losses  and  the 
equivalent  resistance  and  reactance  of  the  stator  and  rotor. 
The  experiment  outlined  below  gives  the  determination  of  these 
quantities;  the  calculation  of  the  characteristics  is  left  for 
Experiments  3  and  4. 

(a)  At  rated  frequency  take  no  load  (running  light)  readings 
for  as  wide  a  range  of  voltage  as  possible.  If  the  machine  is  a 
single-phase  motor,  read  volts,  amperes  and  watts,  but  if  a 
polyphase  motor,  volts  and  watts  (two  meters).  Line  ammeter 
readings  should  be  taken  with  three-phase  machines  merely  to 
determine  if  the  load  is  balanced  and  as  a  rough  check  on  the 
calculated  current.  Calculate  the  power  factor  from  the  ratio 
of  the  wattmeter  readings,  and  the  equivalent  single-phase 
current  from  the  total  watt«,  power  factor  and  line  voltage. 
Measure  the  equivalent  single-phase  resistance  of  the  stator. 
Then  treat  as  a  single-phase  machine. 

Deduct  the  stator  copper  loss  from  the  input  giving  the  iron 
and  friction  losses.  Plot  equivalent  single-phase  exciting 
current,  power  factor,  and  core  loss  against  volts.  Interpolate 
on  the  curve  for  values  at  normal  voltage. 

(6)  With  blocked  rotor,  take  readings  at  rated  frequency  with 
low  voltage  on  the  stator.     This  is  readily  obtained  from  a 
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separately  driven  under-excited  alternator.  Reduce  readings 
to  equivalent  single-phase  quantities  as  in  (a).    . 

Calculate  the  equivalent  single-phase  resistance  of  the  whole 
machine  from  the  total  power  and  the  equivalent  single-phase 
current.  Subtract  the  equivalent  single-phase  stator  resistance 
from  this  figure  to  give  the  rotor  resistance.  Calculate  the 
power  factor  and  equivalent  rotor  reactance. 

(c)  With  the  machine  loaded  take  voltmeter  and  wattmeter 
readings  at  normal  frequency  and  voltage  up  to  150  per  cent, 
of  rated  load.  If  a  single-phase  motor  is  used  ammeter  readings 
must  also  be  taken. 

3.  Circle  Diagram. — Using  the  data  from  Experiment  2, 
calculate  and  plot  the  performance  curves  of  the  machine  up 
to  the  pull-out  point  by  the  circle  diagram  method.  Check 
with  values  obtained  as  in  Experiment  1. 

4.  McAllister's  Method. — Using  necessary  data  from  Experi- 
ment 2,  calculate  and  plot  the  performance  curves  of  the  motor 
by  the  method  outlined  on  page  200.     Check  by  other  methods. 

6.  Starting  Torque  of  Wound-Rotor  Motor. — (a)  Find  the 
primary  current  and  power  factor,  the  torque  and  torque  eflS- 
ciency  at  standstill  for  different  balanced  star-connected  rotor 
resistances  and  plot  against  equivalent  single-phase  rotor  circuit 
resistance. 

Use  as  large  currents  as  are  permissible.  If  it  is  not  possible 
to  use  full  rated  voltage  on  account  of  excessively  large  line 
current,  use  lower  voltage  and  reduce  readings  to  equivalent 
values  at  full  voltage  before  plotting.  Be  sure  that  the  rotor 
is  in  exactly  the  same  position  for  each  reading.  Take  all  pre- 
cautions to  reduce  friction  to  a  minimum  and  to  correct  for  it  in 
the  brake  readings. 

(b)  Find  the  variation  in  starting  torque  for  a  given  voltage 
and  rotor  resistance  with  the  position  of  the  rotor.  Take  about 
ten  or  twelve  readings  equally  spaced  over  one  pole  pitch. 

6.  Split-phase  Starting. — (a)  Connect  one  phase  of  a  three- 
phase  induction  motor  in  parallel  with  a  resistance  and  react- 
ance in  series,  and  supplied  from  a  readily  controlled  supply  of 
voltage  at  about  one-half  the  rated  voltage  of  the  machine. 
Connect  the  third  lead  to  the  point  between  the  resistance  and 
reactance  through  a  switch.  Arrange  a  sufficient  number  of 
meters  to  obtain  a  complete  diagram  of  all  the  currents  and 
voltages. 
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Determine  the  best  adjustment  of  resistance  and  reactance 
for  starting.  There  are  two  conditions  to  be  satisfied;  an  adjust- 
ment to  give  rotation  with  minimum  line  current  and  one  to 
give  shortest  time  to  full  speed. 

It  is  suggested  that  with  some  definite  value  of  resistance  and 
reactance,  the  voltage  be  brought  up  from  a  low  value  until  the 
rotor  begins  to  turn.  Record  the  critical  line  current.  Make 
other  trials  with  new  values  of  resistance  until  rotation  is  obtained 
with  the  smallest  line  current.  Leaving  the  resistance  in  this 
position,  adjust  the  reactance  for  a  still  lower  minimiun. 

Since  the  reactance  of  the  rotor  varies  with  the  speed  of  rota- 
tion, it  may  be  that  this  adjustment  will  not  bring  the  machine 
up  to  full  speed  in  a  reasonably  short  time.  If  not,  adjust  the 
units  for  minimum  time  to  full  speed. 

(b)  With  the  most  satisfactory  adjustment  from  (a)  take 
readings  for  vector  diagrams  with  constant  supply  voltage 
(one-half  to  three-quarters  normal) : 

1.  With  the  motor  at  standstill  and  with  the  resistance  and 
reactance  across  the  line  but  not  interconnected  with  the  motor. 

2.  With  the  motor  blocked  and  the  third  lead  connected. 

3.  With  the  motor  at  full  speed  and  with  the  third  lead  still 
connected. 

4.  With  the  motor  alone  at  full  speed. 

Note  that  there  are  six  possible  current,  and  six  possible 
voltage  vectors  for  each  connection,  some  of  which  may  be  zero, 
or  duplicates  of  other  vectors.  Plot  all  four  vector  diagrams  and 
interpret. 

Experiments  to  Chapter  XIV 

1.  Saturation  and  Short  Circuit  Curves. — (a)  Determine  the 
no-load  saturation  curve  for  a  three-phase  machine  with  ascend- 
ing and  descending  values  of  field  current  up  to  150  per  cent, 
of  normal  rated  voltage.  Take  readings  of  all  three  line  voltages 
and  plot  the  mean  values  against  field  current.  Keep  the  speed 
constant  at  its  rated  value. 

(6)  Short  circuit  the  terminals  of  the  machine  through  star- 
connected  ammeters  and  take  the  short-circuit  curve  up  to  200 
per  cent,  of  normal  rated  armature  current.  Reduce  the  mean 
readings  to  equivalent  single-phase  values  and  plot  against  field 
current  on  the  same  sheet  with  (a). 

(c)  Connect  the  generator  to  an  unloaded  synchronous  motor. 
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Vary  the  field  currents  of  both  machines  to  hold  normal  full  load 
armature  current,  reading  terminal  voltage  and  field  current. 
This  gives  the  zero-power-factor  saturation  curve  (see  A.I.E.E. 
Standardization  Rule  585).     Plot  on  the  same  sheet  with  (a). 

(d)  Determine  the  equivalent  single-phase  resistance  of  the 
armature.  From  (a)  and  (b)  estimate  the  equivalent  single- 
phase  impedance  drop  and  calculate  the  equivalent  single-phase 
reactance  drop.  Plot  RI  and  XI  against  equivalent  single- 
phase  load  current. 

(e)  Estimate  the  zero-power-factor  saturation  curve  by  the 
method  in  A.I.E.E.  Rule  586.    Compare  with  that  taken  in  (c). 

2.  Regulation. — (a)  Using  the  data  from  Experiment  1,  give 
a  diagram  for  finding  the  no-load  voltage  for  any  load  current  at 
any  power  factor  at  rated  terminal  voltage. 

(6)  Plot  the  no-load  voltage  against  power  factor  for  rated 
terminal  voltage  at  rated  current. 

(c)  Plot  the  no-load  voltage  against  load  current  for  rated 
terminal  voltage  at  unity,  0.5  lagging  and  0.5  leading  power 
factors. 

(d)  Check  the  unity  power-factor  curve  in  (c)  by  readings  for 
the  highest  load  possible. 

(e)  Give  the  regulation  curve  of  the  machine  for  all  power 
factors. 

3,  Efficiency. — (a)  Determine  the  losses  of  a  synchronous 
generator  as  enumerated  in  A.I.E.E.  Standardization  Rule  441 
and  explained  in  Rules  420  to  458.  Plot  curves  of  core  loss 
against  internal  generated  voltage.  Plot  load  and  copper  losses 
against  equivalent  single-phase  load  current.  Give  values  for 
windage  and  friction  losses. 

On  account  of  the  small  value  of  the  load  loss,  the  tests  should 
be  made  only  after  the  copper  has  reached  a  uniform  temperature. 
Friction  and  windage  should  be  measured  both  before  and  after 
the  run.  The  resistances  of  the  generator  and  driving  motor 
should  be  measured  hot  inmiediately  after  the  run.  For  the 
simplest  calculation  of  losses  in  the  driving  motor,  hold  constant 
speed  by  adjusting  the  impressed  voltage,  keeping  the  motor 
field  current  and  therefore  the  motor  core  loss  constant.  The 
«ame  precautions  must  be  observed  in  taking  the  generator  core 
loss. 

(6)  From  the  experiment  on  regulation  calculate  the  field 
current  necessary  to  produce  rated  terminal  voltage  for  various 


544  EXPERIMENTS 

loads  at  specified  power  factor.    Plot  field  current,  field  losses 
and  field  rheostat  losses  against  load  current. 

(c)  Calculate  the  efficiency  of  the  machine  as  a  generator  at 
specified  power  factor  from  0  to  150  per  cent,  of  rated  load. 

(d)  Check  by  loading  the  machine  (input-output  method) 
to  as  high  a  load  as  possible. 

4.  Heat  Runs  (see  A.I.E.E.  Standardization  Rules  300  to 
392). — ^Before  starting  measure  the  cold  resistances  and  the 
temperature  of  the  windings.  Thermometers  may  be  held  in 
place  by  small  Imnps  of  oil  putty  over  the  stem  and  bulb.  They 
should  be  arranged  to  read  the  temperatures  at  various  places 
on  the  following  parts:  armature  coils,  laminations,  frame,  ventil- 
ating ducts,  field  coils,  collector  rings,  commutator,  leading  and 
trailing  pole  tips,  bearings  and  room.  Thermometers  on  acces- 
sible stationary  parts  are  read  every  half-hour  during  the  run, 
others  after  the  run  is  completed. 

Load  the  machine  as  in  Rules  322  and  325.  Keep  a  ''log" 
of  the  test,  recording  all  available  readings  every  half-hour. 
Calculate  the  temperature  of  field  coils  by  the  resistance  method 
(Rule  348)  for  each  reading. 

If  the  temperatures  do  not  become  constant  during  the  run, 
estimate  the  final  temperature  rise  by  exterpolating  on  the 
logarithmic  curve  of  temperature  rise  plotted  against  time. 

At  the  end  of  the  run  immediately  make  measurements  to 
calculate  the  temperature  rise  of  all  windings  by  the  resistance 
method.  Record  final  temperatures  by  thermometer,  allowing 
sufficient  time  for  each  thermometer  to  reach  its  maximum 
reading  after  the  machine  is  stopped.  It  is  convenient  to  record 
the  reading  of  each  thermometer  in  chalk  every  few  seconds 
until  successive  readings  show  a  fall  of  temperature.  This  may 
require  several  minutes  after  shutdown  owing  to  the  stopping  of 
ventilation. 

Apply  the  proper  "Hottest  Spot"  correction  for  each  part, 
and  determine  whether  or  not  the  machine  is  properly  rated. 

6.  Synchronizing. — (a)  Synchronize  one  phase  of  a  three- 
phase  generator  with  a  single-phase  supply.  It  is  convenient 
to  use  a  direct  current  motor  for  driving.  Synchronize  with 
lamps  arranged  for  dark  and  for  bright  indication,  with  and  with- 
out potential  transformers. 

^6)  Check  the  sequence  of  phases  of  the  three-phase  machine 
and  supply,  and  synchronize  as  a  polyphase  generator  with  the 
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lamps  arranged  to  indicate  synchronism  when  dark.  Repeat 
when  the  lamps  are  arranged  to  show  the  rotating  effect. 

(c)  Synchronize  using  a  synchroscope  with  and  without 
potential  transformers. 

6.  Parallel  Operation. — Wire  a  three-phase  generator  and  a 
balanced  star-connected  lamp  bank  load  in  parallel  with  the 
laboratory  supply  or  with  another  three-phase  machine.  Use  a 
sufficient  number  of  meters  to  obtain  the  vector  diagram  of  all 
the  currents  and  voltages. 

(a)  Carry  the  entire  load  from  the  laboratory  supply  and 
synchronize  the  alternator.    Draw  vector  diagram. 

(6)  Change  the  alternator  field  excitation  and  note  the  meter 
indications.     Show  the  change  by  vector  diagram. 

(c)  Regulate  the  driving  torque  of  the  generator  until  it  carries 
its  share  of  the  load  at  unity  power  factor  and  note  the  meter 
indications.  Note  that  unity  power  factor  is  most  readily  indi- 
cated when  both  wattmeters  read  alike.     Plot  the  vectors. 

(d)  Note  the  shift  in  the  vectors  when  the  field  is  changed 
while  the  machine  is  loaded. 

Experiments  to  Chapter  ZV 

1.  Characteristics  and  Circle  Diagram. — Determine  and  plot 
three  "V"  curves  for  as  widely  different  constant  loads  as 
possible,  plotting  amperes  armature  and  power  factor  as  ordi- 
nates  against  field  amperes  as  abscissse. 

If  the  supply  fluctuates  either  in  voltage  or  frequency,  reliable 
readings,  especially  at  no  load,  cannot  be  obtained.  A  separately 
excited  laboratory  generator  connected  only  to  the  motor  is  the 
best  source  of  power. 

Figure  the  power  factor  by  the  tangent  method  as  differences 
in  the  generated  wave  forms  of  motor  and  generator  will  give 
rise  to  wattless  circulating  currents  of  a  higher  frequency  than 
the  fundamental.  These  affect  the  r.m.s.  value  of  the  current 
but  not  the  power. 

Plot  the  loci  of  the  current  readings  in  a  vector  diagram. 
These  should  be  portions  of  circle  diagrams. 

Experiments  to  Chapter  XVI 

1.  Preliminary. — The  measurements  in  the  first  experiment 
on  the  synchronous  converter  need  not   be  made  with  great 
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accuracy.  The  test  is  to  make  the  student  familiar  with  the 
features  of  converters. 

(a)  Start  the  converter  as  a  direct  current  shunt  motor  in  the 
usual  way.  Measure  the  direct  and  alternating  terminal  volt- 
ages and  determine  the  voltage  ratio.  Does  a  change  in  the 
strength  of  the  field  current  alter  this? 

(6)  Apply  a  balanced  load  to  the  alternating  current  side  keep- 
ing the  direct  voltage  and  field  current  constant.  Determine 
the  ratio  of  the  alternating  current  to  the  increase  in  direct 
current  from  no  load. 

(c)  Synchronize  the  machine  with  a  supply  of  the  rated 
voltage  and  frequency.  Find  the  eflfect  of  a  change  in  the  field 
current  when  the  machine  is  loaded  on  the  direct  current  side. 

(d)  Start  as  an  induction  (hysteresis)  motor  at  part  voltage 
with  the  field  switch  open.  Note  the  line  current  and  the 
conmiutator  voltage  before  and  after  connecting  the  field  across 
the  conmiutator  brushes.  Note  the  operation  of  the  machine 
when  this  connection  is  reversed.  It  is  convenient  to  use  a 
direct-current  voltmeter  with  the  zero  in  the  center  of  the  scale 
across  the  commutator  brushes. 

Determine  the  effect  of  changing  the  resistance  in  the  field 
circuit  for  both  positions  of  the  field  switch.  Note  that  with 
proper  manipulation  of  the  switch  and  rheostat,  the  direct 
voltage  may  be  made  to  reverse  polarity,  or  to  build  up  as  in  a 
shunt  generator. 

2.  Characteristics. — Use  a  separately  controlled  alternating 
supply  for  driving  a  converter  at  rated  voltage  and  frequency. 
Determine  the  characteristics  of  the  converter  with  the  field 
rheostat  adjusted  so  as  to  give  unity  power  factor  at  full  load. 
The  field  circuit  should  be  supplied  from  the  direct-current  side 
of  the  machine.  Plot  supply  amperes,  power  factor,  eflBciency 
and  direct  voltage  against  load  amperes. 

3.  Compounding. — Run  the  converter  from  an  alternating 
supply  of  rated  voltage  and  frequency.  Adjust  the  field  rheostat 
so  as  to  give  unity  power  factor  at  the  converter  terminals  at 
one-half  load  for  the  following  cases: 

(a)  When  using  only  the  shunt  field  and  with  no  reactance  in 
the  supply  leads. 

(6)  With  the  series  field  helping  the  shunt. 

(c)  With  both  fields  and  with  reactance  in  each  supply  lead 
to  give  from  10  per  cent,  to  15  per  cent,  reactance  drop  in  the 
coils  at  one-half  load. 
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Take  readings  and  plot  slip  ring  voltage,  commutator  voltage, 
supply  current,  converter  and  supply  power  factors  and 
overall  efficiency  against  load  current. 

4.  Three-wire  Generator. — (a)  Arrange  to  run  the  converter 
from  a  normal  alternating  supply.  If  it  is  a  single-phase  machine 
connect  two  low-tension  coils  of  a  transformer  in  series  across 
the  supply  leads.  Bring  out  the  transformer  neutral  as  the 
neutral  of  a  direct-current  three-wire  system.  *  If  it  is  a  three- 
phase  machine  connect  the  low-tension  coils  of  three  single- 
phase  transformers  in  distributed  or  interconnected  star  to  the 
supply  and  bring  out  the  neutral. 

Connect  meters  in  the  supply  and  load  circuits  in  the  usual 
way  and  in  one  compensator  lead  place  a  direct-current  ammeter, 
a  universal  alternating  and  direct-ciu'rent  ammeter  and  a  current 
transformer  and  secondary  ammeter.  The  field  should  be 
excited  from  the  direct-current  brushes. 

Load  one  side  of  the  direct-current  three-wire  system  and 
determine  the  direct-current  line  voltages  and  voltages  to  neutral, 
alternating,  direct  and  total  compensator  currents,  supply 
current,  power,  power  factor,  etc.  Plot  curves  against  load 
current. 

(6)  Show  how  to  use  the  machine  as  a  "two  to  one"  or  a  "one 
to  two"  direct-current  "transformer."  Take  a  few  typical 
readings  in  each  case. 

Experiments  to  Chapter  ZVn 

A  compensated  series  motor  of  the  same  general  type  as  used 
for  railway  work  is  most  desirable  for  these  experiments.  If 
special  types  are  available  the  experiments  should  be  modified 
to  suit  the  apparatus. 

1.  Preliminary. — (a)  Remove  the  power  brushes  and  place  a 
special  pair  of  narrow  brushes  in  two  holders  and  connect  them 
to  a  voltmeter.  These  may  be  metal  strips  but  must  be  narrow 
enough  to  prevent  the  short  circuiting  of  adjacent  commutator 
segments. 

Disconnect  the  compensating  field  and  excite  the  main  field 
from  a  constant  low-voltage  alternating  supply. 

Block  the  rotor  and  determine  the  value  and  phase  position 
of  the  brush  voltages  with  reference  to  the  exciting  field  voltage 
and  current  for  all  possible  brush  holder  positions.    The  phase 
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relations  may  be  determined  in  a  similar  way  to  those  in  the 
experiment  on  Mutual  Inductance  (Chap.  XI,  Exp.  2). 

Plot  results  against  angular  brush  shift.  Give  a  complete 
vector  diagram  for  one  of  the  above  positions. 

(b)  Drive  the  armature  by  a  belt  at  a  suitable  speed  with  the 
same  excitation  as  above  and  repeat  (a).  Compare  the  space- 
phase  and  time-phase  relations  of  the  voltages  induced  by  the 
speed  and  transformer  fields. 

2.  Series  Motor  Characteristics. — Carefully  set  the  power 
brushes  in  the  running  position.  This  may  be  done  by  exciting 
the  main  field  at  standstill  as  in  Experiment  1  and  finding  the 
position  for  zero  voltage  between  brushes.  Connect  the  fields 
in  series  with  the  armature.  The  proper  polarity  of  the  com- 
pensating field  is  obtained  when  the  drop  across  the  armature  and 
compensating  field  is  a  minimum  when  carrying  alternating 
current. 

(a)  Compare  the  starting  torque  for  alternating  and  direct 
currents  and  plot  against  amperes. 

(6)  Take  the  characteristics  of  the  motor  when  loaded  on  a 
supply  of  normal  voltage  and  frequency.  Plot  speed,  current, 
torque  and  power  factor  against  watts  output. 

(r)  Determine  the  resistances  of  the  fields  and  armature  and 
take  a  sufficient  number  of  voltage  readings  across  the  fields  and 
armature  to  plot  a  complete  vector  diagram  at  full  load. 

3.  Other  Single -phase  Motors. — Connect  the  machine  used 
in  the  previous  experiments  as  an  inductively-compensated 
series-excited  motor  or  as  a  repulsion  motor.  Place  a  sufficient 
number  of  meters  to  obtain  the  values  and  phase  positions  of  all 
the  currents  and  voltages. 

Plot  typical  vector  diagrams.    Plot  load  characteristics. 

Experiments  to  Chapter  XVIII 

1.  Induction  Generator. — Wire  a  synchronous  motor,  a 
balanced  lamp  bank  load  and  an  induction  machine  in  parallel. 
To  start  the  set  first  drive  the  synchronous  machine  as  a  gen- 
erator. Drive  the  induction  generator  and  connect  it  in  parallel 
with  the  synchronous  machine,  being  careful  to  obtain  the  proper 
direction  of  rotation  and  speed.  Throw  the  belt  off  of  the 
pulley  of  the  synchronous  machine.  Adjust  the  field  of  the 
synchronous  motor  to  obtain  the  desired  line  voltage. 
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The  induction  machine  will  supply  the  losses  in  the  synchron- 
ous machine  which  will  in  turn  supply  the  magnetizing  com- 
ponent of  the  exciting  current  for  the  induction  generator.  In 
ordinary  operation,  induction  generators  are  connected  in 
parallel  with  large  synchronous  generators.  For  this  test  the 
unloaded  synchronous  motor  is  selected  so  that  the  current  in 
it  will  be  as  small  as  possible,  making  the  readings  much  easier 
to  interpret. 

The  meters  should  be  so  placed  that  the  phase  relations  of  all 
the  currents  and  voltages  may  be  obtained  when  the  set  is 
loaded. 

(a)  Load  the  set  with  the  field  of  the  synchronous  machine 
and  the  speed  (of  the  induction  machine)  constant  and  adjusted 
to  give  normal  voltage  and  frequency  at  no  load. 

(6)  Repeat,  keeping  the  frequency  and  field  excitation 
constant. 

(c)  Repeat,  keeping  the  frequency  and  terminal  voltage 
constant. 

With  watts  useful  output  as  absciss®,  plot  frequency,  speed, 
voltage,  field  current,  induction  generator  current  and  power 
factor,  and  synchronous  motor  current  and  power  factor  in 
each  case. 

2.  Phase  Converter. — Start  a  three-phase  induction  motor  on 
a  polyphase  supply  and  then  disconnect  one  line  lead.  Connect 
balanced  load  resistances  to  the  motor  terminals. 

Take  readings  for  the  magnitude  and  phase  relations  of  all 
the  currents  and  voltages.  It  is  important  to  take  readings  on 
all  three  phases  as  the  values  will  not  be  the  same. 

Plot  curves  of  line  current  and  power  factor,  load  currents  and 
voltages,  and  motor  currents  against  total  watts  output. 

Show  a  complete  vector  diagram  for  the  above  at  full  load. 

Experiments  to  Chapter  XIX 

A  small  paper  condenser  is  a  convenient  test  sample  for  the 
investigation  of  dielectrics.  One  made  of  tinfoil  and  a  few 
square  centimeters  of  0.002-in.  varnished  paper  giving  a  con- 
densance  of  from  0.1  to  1.0  m.f.  will  serve  the  purpose.  It 
should  be  tightly  compressed. 

1.  Leakage  Resistance. — (a)  Use  a  high-resistance  direct 
current  voltmeter  in  series  with  the  condenser  on  a  direct  current 
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supply.  Vary  the  impressed  voltage  across  the  voltmeter  and 
condenser  in  series  from  a  low  value  to  500  volts,  reading  the 
voltmeter  and  supply  voltage.  Measure  the  resistance  of  the 
voltmeter.  Calculate  and  plot  ohms  insulation  resistance 
against  voltage  across  the  dielectric. 

(b)  Arrange  the  condenser  with  a  voltmeter  in  series  on  a 
constant  supply  of  about  150  volts.  Place  the  condenser  in  a 
small  oven  or  thermostat.  Slowly  raise  the  temperature  to 
ISO^C,  taking  frequent  measurements  of  insulation  resistance. 
Allow  the  condenser  and  oven  to  slowly  cool  and  repeat  the 
measurements.  Plot  curves  of  leakage  resistance  against 
temperature. 

2.  Effective  Capacitance  and  Dielectric  Losses. — The  im- 
pedance bridge  is  the  most  satisfactory  apparatus  for  the  investi- 
gation of  dielectric  losses  due  to  alternating  currents.  A  vacuum 
tube  may  be  used  to  supply  sufficient  energy  for  the  operation 
of  the  bridge  at  any  desired  frequency  and  a  telephone  receiver 
as  detector.  The  apparatus  should  be  grounded  and  the  bridge 
as  a  whole  shielded  electrostatically  to  prevent  imbalance  by 
the  capacitance  of  the  body.  A  large  air  condenser  may  be 
used  as  a  standard  if  carefully  constructed  to  eliminate  leakage. 

(a)  Investigate  the  effective  resistance  and  condensance 
(considered  as  a  series  circuit)  of  a  small  mica  condenser.  Plot 
curves  against  frequency  up  to  the  limit  of  audibility. 

(b)  Repeat  with  a  paper  condenser  having  rather  low  insula- 
tion resistance  or  with  an  artificial  leak  in  parallel.  Show  that 
at  high  frequencies  the  relative  effect  of  the  leakage  is  reduced 
and  that  the  principal  losses  are  due  to  dielectric  hysteresis. 
Plot  effective  resistance  and  condensance  against  frequency. 

Experiment  to  Chapter  XX 

A  100-kv.  transformer  is  suitable  for  the  following  experiment. 
It  should  be  provided  with  ample  protection  to  prevent  contact 
with  live  terminals.  The  high-tension  winding  should  be  pro- 
tected against  high-frequency  spark  discharges  by  water  tube 
resistances  in  series  with  the  test  circuit.  It  is  convenient  to 
provide  a  tertiary  winding  for  a  voltmeter  which  will  give  a 
reading  proportional  to  the  no-load  high-tension  voltage.  This 
may  be  calibrated  by  comparison  with  a  standard  sphere  gap. 
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1.  Corona  and  Spark  Over. — (a)  Determine  the  critical  visual 
corona  and  spark  over  voltages  for  parallel  wires  in  air.  Plot 
kilovolts  against  spacing  in  centimeters. 

Read  the  room  temperature  and  barometric  pressure.  Calcu- 
late the  critical  voltages  from  the  empirical  equations  and  com- 
pare with  the  measured  values. 

The  critical  corona  voltage  may  be  detected  by  careful  visual 
observation  in  a  dark  room  or  by  the  soimd  emitted. 

(6)  Use  a  stroboscope  driven  by  a  small  synchronous  motor 
on  the  same  supply  as  the  transformer  to  observe  the  difference  ^ 
in  corona  during  different  parts  of  the  cycle.    This  may  be 
conveniently  driven  in  front  of  the  lens  of  a  surveyor's  telescope 
for  observation  from  a  distance. 

Experiments  to  Chapter  XXn 

1.  Phase  ControL — Stimulate  the  effect  of  a  short  single-phase 
transmission  line  by  lumped  resistance  and  reactance.  Drive 
an  idle  synchronous  motor  in  parallel  with  a  lamp  bank  load 
at  the  end  of  this  line.    Control  the  field  of  the  motor  so  that: 

(a)  Eg  =  0.9Er 

(6)  E„  =       Er 

(c)    Eg  =   l.lEr 

Hold  Eg  constant. 

Plot  generator  current  and  power  factor,  synchronous  motor 
current  and  overall  efficiency  against  load  current  or  watts  out- 
put in  each  case. 

Experiments  to  Chapter  XXTII 

1.  Oscillograms. — Take  several  oscillograms  of  current  in 
circuits  containing  inductance  and  condensance  adjusted  for 
the  resonance  of  one  of  the  higher  harmonics  of  a  commercial 
voltage  wave. 

A  variometer  of  a  maximum  inductance  of  200  m.h.  in  series 
with  an  adjustable  condenser  of  from  1  to  4  m.f.  is  convenient. 
Approximate  resonance  of  the  harmonics  may  be  determined  by 
the  sound  in  a  telephone  receiver  in  series  with  a  0.001  m.f. 
condenser  placed  in  parallel  with  the  adjustable  condenser.^ 

*  Method  outlined  in  BvU.  No.  8,  University  of  Washington,  Engineering 
Experiment  Station. 
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Take  one  oscillogram  of  open  circuit  voltage.  When  in 
resonance  read  the  effective  value  of  the  current  and  take  a 
film.  Add  a  .small  measured  non-inductive  resistance  in  series 
(2  or  3  ohms)  and  repeat.  Measure  the  condensance  used  to 
produce  resonance. 

Calibrate  the  vibrator  of  the  oscillograph  in  amperes  per 
millimeter  deflection.  Note  that  for  frequencies  above  a  few 
hundred  cycles  errors  are  introduced  by  mechanical  resonance 
of  the  vibrator  strip.  Determine  whether  such  correction  should 
be  applied  to  the  oscillograms  taken. 

2.  Wave  Analysis. — Analyze  the  films  taken  in  Experiment  1. 

Calculate  the  maximiun  and  effective  values  of  each  of  the 
harmonic  components  of  the  complex  wave.  Check  the  effective 
value  of  this  wave  as  determined  by  the  ammeter  readings  with 
the  square  root  of  the  sum  of  the  squares  of  the  components. 

From  the  frequency  of  the  harmonic  in  resonance  and  the 
condensance,  calculate  the  inductance  of  the  complete  circuit. 
From  the  reduction  in  the  harmonic  current  upon  the  addition 
of  the  known  resistance,  calculate  the  effective  resistance  of 
the  circuit  to  the  harmonic. 

Calculate  the  impedances  of  the  circuit  to  the  fundamental 
and  to  the  harmonic  in  resonance.  Assimie  that  the  effect  of 
resistance  on  the  impedance  to  the  fundamental  is  negligible. 
Calculate  the  generated  voltages  corresponding  to  the  measured 
component  currents  and  calculated  impedances.  Check  these 
values  with  those  scaled  from  the  film  of  open-circuit  voltage. 

Experiments  to  Chapter  XXVII 

1.  Line  Constants. — Measure  the  resistance,  inductance  and 
condensance  of  each  unit  of  an  artificial  transmission  line  and 
adjust  to  correspond  to  the  constants  of  some  actual  three- 
phase  line  (one  wire  to  neutral). 

Measure  the  currents  and  voltages  and  their  phase  relations 
at  both  ends  of  the  line  at  open  circuit  and  short  circuit.  Be 
careful  to  obtain  the  relations  of  the  vectors  at  one  end  with 
respect  to  those  at  the  other. 

Calculate  the  constants  of  the  line  for  use  in  Equations  940 
and  941  from  these  readings.  Note  that  on  open  circuit  tr 
is  zero  and  on  short  circuit  Er  is  zero.  Therefore  from  the  open- 
circuit  readings 
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a'l  -  ja't  =  ^ 
and  ^  (1) 

C'l  -  JC'2  =  £ 

and  from  the  short-circuit  readings 

a  1  -  jaz  =Y 
and  (2) 

d\  -  jd't  =  f' 

Compare  the  measured  values  of  these  constants  with  those 
calculated  from  the  constants  of  the  individual  units. 

2.  Voltage  Distribution  and  Charging  Current. — Impress  a 
sine  wave  of  voltage  of  constant  amplitude  and  frequency  upon 
the  open  line  used  in  the  previous  experiment.  Place  meters  at 
the  generator  end  of  the  line  and  arrange  to  determine  the  values 
and  phase  relations  of  the  current  and  voltage  at  several  equi- 
distant points  along  the  line.  Check  the  phase  relations  with 
the  generator  or  voltage  current  as  well  as  between  the  vectors 
at  the  different  points. 

Plot  charging  current  and  voltage  against  distance  from  the 
receiving  end  of  the  line  in  per  cent,  of  the  total  length  of  the 
line.  Plot  a  vector  diagram  showing  the  loci  of  the  current  and 
voltage. 

3.  Loading  and  Power  Factor. — Place  meters  at  each  end  of 
the  line. 

(a)  Load  the  line  at  unity  power  factor  with  constant  generator 
voltage  and  frequency.  Plot  generator*  current  and  power 
factor  and  load  voltage  against  load  current. 

(6)  Load  the  line,  adjusting  the  load  power  factor  (lagging  or 
leading)  for  each  load  so  that  the  receiver  voltage  is  the  same 
as  the  generator  voltage.  A  small  synchronous  motor  in  parallel 
with  a  lamp-bank  makes  a  convenient  load. 

Plot  generator  current  and  power  factor  and  load  current, 
load  power  factor  and  wattless  current  or  reactive  power  against 
watts  load.    Plot  representative  vector  diagrams. 
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Admittance,  40,  44 
Alternators,  211 

armature,  212 

efficiency,  232,  543 

experiments,  542 

field,  211 

losses,  231 

parallel  operation,  233,  241, 

rating,  230 

regulation,  226,  543 

synchronizing,  544 

wave  forms,  212 
Amortisseur  winding,  265 
Analysis  of  wave  forms,  422 
Arcing  grounds,  435 
Armature  reactance,  216 

reaction,  216 

resistance,  216 
Arrangement    of    transmission 

conductors,  495 
Arresters,  436 

aluminum,  445 

electrolytic,  443 

horn-gap,  437 

non-arcing  metal,  440 

oxide  film,  448 

reactors  ^choke  coils),  438 
Artificial  transmission  lines,  524 
Asynchronous  generators,  313 
Autotransformers,  160 
Auxiliary-pole  rotary,  283 
Average  values,  19 

Balanced  systems,  458 
Bellows  type  relay,  449 

Cable,  efficiency,  473 

voltage  gradient,  335 
Capacitance,  9 
Capacity,  5,  9 


Characteristic     curves,      induction 
motors,  189,  203 
induction  generators,  316 
series  railway  motor,  299 
single-phase  commutator  motor, 

310,  311 
synchronous  motor,  261 
545  transmission  line,  516,  518,  521, 

522 
Charging  current,  329 

lightning  arrester,  445 
Choke  coils  (see  reactors),  438 
Circle  diagram,  asynchronous  gen- 
erator, 315 
induction   motor,   single-phase, 
196 
polyphase,  188 
reactance  variable,  529 
line  resistance  variable,  529 

transformer,  145 
Clock  diagrams,  26 
Commercial  circuits,  75 
Commutating-pole  rotary,  283,  288 
Commutator   motors,   single-phase, 

291 
Compensated  series  motor,  294 
Compensating  winding,  295 
Complex  quantities,  29 
Condensance,  5,  9,  326,  370 
Condenser  bushings,  341 
Conductance,  9,  41,  44 

effective,  128 
Constant-current  transformer,  164 
Constant-speed,  single-phase  motor, 

306 
Corona,  351,  354,  551 
a.  c.  cycle,  363 
apparatus,  360 
density  factor,  356 
energy  losses,  362 
visual,  354 
555 
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Crank  diagrams,  26 

Crest  factor,  425 

Critical  disruptive  gradient,  362 

Current,  delta  connection,  98 

loci,  67 

for  synchronous  motor,  248 

star  connection,  100 

Darafs,  327,  337 
Delta  connection,  96,  532 
Diametrical  connection,  280 
Dielectric  circuit,  9,  324,  364 
through  air,  351 

circuits  in  parallel,  344 
in  series,  346 

energy,  5,  324 

induction,  331 

lines  of  force,  2,  327 
Disruptive  strength,  332 

voltage  gradient,  362 
Distorted  voltage  waves,  397 

waves,  effective  values,  424 
equivalent  sine  wave,  426 
power-factor,  426 
resonance,  428 
Distortion  factor,  426 
Distributed  Y  connection,  286 
Distribution  factor,  214 
Division  of  load,  alternators,  241 
Double-delta  connection,  281 

'T  connection,  284 

-V  connection,  282 
Duddell  oscillograph,  85 

Eddy  currents,  115,  120 

in  iron  wire,  123 

in  thin  plates,  122 
Effective     resistance,  '  conductance 
and  susceptance,  128 

values  of  voltage  and  current, 
19,  424 
Efficiency,  alternators,  232 

asynchronous  generators,  316 

cables,  473 

condensers,  330 

distribution  net  work,  470 

high  voltage  lines,  472 

polyphase  induction  motor,  183 

rotary  converters,  273 


Efficiency,    single-phase    induction 
motor,  198 

synchronous  motors,  258 

transformers,  148 

transmission  lines,  472 
Elastance,  326 
Elastivity,  9 
Electrical  degrees,  93 
Electric  field,  1,  8 

power,  76 
Electrolytic  arrester,  443 
Electron  theory,  353 
Energy  in  dielectric  field,  5,  8 

in  magnetic  field,  4,  8 

kinetic,  6 
Equivalent  impedance,  63 

single-phase  values,  199,  262 
Ergs,  7 
Experiments,  526 

Farad,  6,  7 

Field,  alternator,  211 

dielectric,  3 

electric,  1,  8 

magnetic,  2 
Fleming's  rule,  12 
Floating  neutral,  467 
Form  factor,  21,  425 
Fourier's  series,  396 
Frequency,  21,  93 
Fundamental  equation,  21 

General  Electric  Co's.  three-element 

oscillograph,  87 
General  transformer,  316,  320 
Generated  voltage  waves,  402 
Generation  of  electromotive  force,  12 
Generators,  211,  542,  547 
Gradient,  voltage,  334 
Grounded  neutral,  467 

Harmonic  factor,  426 
Harmonics,  396 
Henry,  6,  7 
Horn-gap  arrester,  437 
Hunting,  synchronous  motor,  264 
Hyperbolic  functions  in  transniisaion 
line,  491 
sine  and  cosine,  481 
Hysteresis,  115 
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Hysteretic  angle  of  advance,   118, 
134 
power  component,  119,  134 

"Ideal"  transformer,  132 
Imaginaries,  28,  476 
Impedance,  36,  44 

in  series  circuit,  73 
triangle,  38 
Independent  systems,  466 
Inductance,  4,  9,  125,  535 
Induction,  dielectric,  331,  528 
electrostatic,  331 
generators,  313 
magnetic,  115,  527 
meters,  209 

motor,  circle  diagram,  186,  196, 
541 
efficiency,  183,  198 
equivalent  circuits,  185,  195 
experiments,  539 
McAllister's  method,  200,  541 
performance  curves,  189,  200, 

203 
polyphase,  168 
revolving  field,  168,  190 
single-phase,  190 
slip,  178 
split-phase,  207 
starting,  203,  208,  541 
torque,  179 

transformer  features,  184 
two-phase  four-phase,  174 
three-phase  six-phase,  176 
mutual,  125 
synchroscope,  240 
Inductive  reactance,  33 
Instantaneous  values,  18 
Insulation,  321 
Insulators,  suspension,  348 
Interlinked  systems,  456 

"  j "  as  an  operator,  28,  476 
Joules,  7 

Kinetic  energy,  6 
Kirchoff's  laws,  42,  45 

Lead-covered  cable,  335 
Leakage  current,  134,  321 


Lenz'  law,  13 
Lightning,  433 
Lincoln  synchroscope,  239 
Line  leakage,  373 

transformers,  383 
lines  of  force,  1 

Load   curves,    synchronous    motor, 
260 

transmission  line,  507,  509 
Long  transmission  lines,  482 
Losses,  alternator,  231 

asynchronous  generators,  316 

corona,  362 

eddy  currents,  121 

hysteresis,  120 

induction  motor,  184,  198 

insulation,  322 

rotary  converter,  273 

single-phase  series  motor,  298 

synchronous  motor,  258 

transformer,  147 

transmission  line,  469 

Magnetic  circuit,  9 

energy,  4 
Magnetic  hysteresis,  115 

leakage,  135 

lines  of  force,  2,  8 
Magnetization  curve,  alternator,  221 
Magnetizing    current,    transformer, 

134 
"Mechanical  Power,"  248 
Mershon's  diagram,  376 
Mho,  41 
Microfarad,  6 
Motors,  commutator,  291 

compensated  series,  300,  547 

induction,  168 

repulsion,  301 

series,  292,  548 

split-phase,  207 

synchronous,  245,  545. 

Neutral,  floating,  467,  473 

grounded,  467,  472 
Non-arcing  metal  arrester,  440 

Ohm's  law,  37,  42,  44 
Operators,  476 
Oscillographs,  85,  87 
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Parallel  circuits,  40,  53 

operation   of  altematore,   233, 
241 

plates,  voltage  gradient,  336 
Peak  factor,  425 
Permeance,  9 
Permittance,  0 
Permittivity,  9 
Phase  control,  390 
Piercing  pressure,  332 
Polar  coordinates,  23 
Polar-phase  diagrams,  25 
Polyphase  systems,  455,  533 
Power,  electric,  76,  129 

factor,  78,  426 

in  three-phase  systems,  106,  110 

in  two-phase  systems,  104  ' 

limiting  reactances,  453 

reactive,  81,  112,  130 
Protective  appliances,  433 
Pulsating  condensance,  419 

inductance,  410 

resistance,  420 

Quadrature  component,  28,  81,  119 

Rating,  alternators,  230 

rotary  converters,  280 

synchronous  motors,  258 

transformers,  150 
Reactance,  33,  35,  438,  627 

in  series,  71 

power  limiting,  454a 
Reactive  power,  81,  112 
Reactors  (choke  coils),  438 
Rectangular  codrdinates,  23 
Regulation,  alternators,  226 

by  power-factor,  390 

transformers,  146 

transmission  lines,  384 
Regulator,  T.  A.,  226,  228 
Relays,  definite  time  limit,  451 

instantaneous,  451 

inverse  time  limit,  453 

reverse  power,  454 
Reluctance,  9,  135 
Repulsion  motor,  301 
Residual  charge,  331 
Resistance,  32,  44,  128,  527 


Resistance,  leads,  298 
Resistivity,  9 

-Resonance,  51,  60,  428,  530 
Reverse  power  relay,  451 
Revolving  field  of  induction  motor, 

168,  190 
Ring  connection,  283 
Root  mean  square,  r.m.s.,  20 

minus  one,  28,  476 
Rotary  converter,  268,  545 

Saturation  curve,  221,  224 
Scott  connection,  158 
Sectional  pole  converter,  289 
Sequence  of  phases,  101 
Series  circuits,  32,  45,  347 

motor  characteristics,  299,  548 
compensated,  300,  547 
comparative  size,  297 
Short  circuits,  435 

pitch,  213 

transmission  lines,  366 
Single-phase    commutator     motors 
291,  312 

constant-speed  motor,  306 

squirrel-cage  motor,  308 

systems,  92 

winding  diagram,  92 
Slip,  induction  motors,  178 
Spark-over,  357 
Special  ground  wire,  436 
Specific  dielectric  strength,  333 
Sphere  spark-gap,  360 
Split-pole  rotary,  283,  289 
Squirrel-cage  induction  motor,  180, 

190 
Standard  wave  form,  429 
Star  connection,  100 
Susceptance,  41,  44,  128 
Suspension  insulators,  348 
Synchronizing  current,  234 
Synchronous  booster,  283,  287 

condenser,  245,  254,  256,  498 

converter,  268,  289,  545 

horsepower,  189 

motor,  245,  262,  545 

reactance,.  221 

watts,  189,  198 
Synchroscopes,  237 
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Systems,  balanced,  458 
grounded,  467 
independent,  456 
interlinked,  456 
isolated,  467 
polyphase,  92,  455 
single-phase,  82 
unbalanced,  458 
ungrounded,  467 

T  connection,  158 
Three-phase  systems,  96,  153,  534 
Time  constant,  53 
Topographic  method,  474 
Torque,  91 

induction  motor,  179 

in  synchronous  watts,  189,  198 

single-phase    commutator    mo- 
tors, 299,  305,  307,  311 
repulsion  motor,  305 
Transformer,  circle  diagram,  145 

connections,  152,  280,  413,  538 

constant  current,  164 
potential,  131 

core-type,  132 

efficiency,  149 

equivalent  circuit,  144 

experiments,  537 

general,  316 

ideal,  132 

instrument,  166,  539 

losses,  148,  538 

magnetic  leakage,  135 

magnetizing  current,  134 

monocyclic  connection,  160 
Transformer  rating,  151 

regulation,  146,  538 

Scott  connection,  159 

shell  type,  131 

T  connection,  159 

three-phase,  162 

vector  diagrams,  138 

voltage  ratios,  151 

V  connection,  156 
Transmission  line,  arrangement  of 
conductors,  495 

artificial,  524 

computations,  500,  519 
condensance,  370 


Transmission  line,  constants,  374, 552 

dielectric  circuit,  337 

efficiency,  469 

equations,  482 

in  hyperbolic  functions,  491 

inductance,  367 

leakage,  373 

load  curves,  507,  509 

long,  482 

performance  computations,  500, 
519 
curves,  516,  518,  521,  522 

phase  control,  390 

regulation,  384,  390,  498 

short,  366 

special  cases,  375 

transformers,  383 

voltage  gradient,  340 
Two-phase  diagram,  95 
Two-phase  systems,  93 

Unbalanced  systems,  458 

V  and  O  curves.  258 

V  connection,  155 
Vector  diagrams,  24 

Velocity  of  propagation  of  electric 

field,  373 
Visual  corona,  354 
Voltage,  delta  connection,  98 

gradient,  334 

regulation,  228,  390,  498 

star  connection,  100 

transmission  line  load  curves 
507,509 
Voltmeters,  89 

Wattless  current,  81 
Wattmeters,  91,  209,  530 
Wave  forms,  generated,  14,  402 
alternator,  212 
analysis,  422,  552 
distorted  voltage,  397 
current,  404 
standard,  429 
Weam's  chart  for  transmission  lines, 
380 

V  connection,  96 
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